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^ y^ *^ PHEFACE TO THE THIRD EDITION. 

J Some time after the publication of an OctaYo Edition of Euelidfa 

t Elements with Qeometricai Exercises, &c, designed for &e use of 

^ Academical Students ; at the request of some schoolmasters of emi- 

o aence, a duodecimo Edition of the Six Books was put forth on the* 

same plan for the use of Schools. Soon after its appearance, Pro- 

fessor Christie, the Secretary of the Royal Society, in the Preface to 
his Treatise on Descriptive Geometry for the use of the Royal Military 
Academy, was pleased to notice these works in the following terms :— - 
** When the greater Portion of this Part of the Course was printed, 
and had for some time been in use in the Academy, a new Edition of 
Euclid's Elements, by Mr, Robert Potts, M.A., of Trinity College, 
Cambridge, which is likely to supersede most others, to the extent, at 
least, of the Six Books, was published. From the manner of arrang* 
ing the Demonstrations, this edition has the advantages of the 
aymbolical form, and it is at the same time free from the manifcdd 
objections to which that form is open. The duodecimo edition of this 
Work, comprising only the first Six Books of Euclid, with Deductions 
from thtm, having been introduced at this I&stitution as a text-book^ 
now renders any other Treatisi on Plane Geometry unnecessary m 
our course of Mathematics." 

For the very favourable reception which )ioth Editions have mei 
with, the Editor's grateful acknowledgements are due. It has been hit 
desire in putting fc rth a revised Edition of the School Euclid, to render 
the work in some degree mo*-« worthy of the favour which tne .former 
editions have received. In the present Edition several errors and 
oversights have been corrected and some additions made to the notes: 
the questions on each book bar** been considerably augmented and a 
better arrangement of the Geometrical Exercises has been attempted: 
and lastly, some hints and remarks on them have been given to assist 
the leanier. The additions made to the present Edition amount to 
more than fifty pages, and, it is hoped, that they will render the work 
more useful to the learner. 

And here an occasion may be taken to quote the opinions of some 
able men respecting the use ana importance of the Mathematical 
Sciences. 

On the subject of Education in its most extensive sense, an ancient 
writer "directs the aspirant after excellence to commence with the 
Seience of Moral Culture; to proceed next to Logic; next to Mathe- 
matics ; next to Physics ; and lastly, to Theology." Another writer 
OB Education would'^lace Mathematics before Logic, which (h« 
remarks) ** seems the preferable course : for by practising itself in the 
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former, the mind beoomee stored with distinctions ; the faculties ol 
constancy and firmness are established; and its rule is always to dis- 
ting:msh between okiTiMfaig and investigation— between ehw retuoning 
and croM teMwumg i for the contrary of all which habits, those are for 
Itemost part noted, who apply themselves to Logic without studying 
In soBBie department of Mathematics; taking noise and wrangling for 
prdficieney, and thinking refutation accompli^ed by the instancmg 
of a d<mbt> vThis will explidn the inscription placed by Plato over the 
^OQor of hit house: ' Whoso knows not Geometry, let him not enter 
herein' On tiie precedence of Moral Culture, however, to all the other 
SflienceSy the adcnowledgement is general, and the agreement entire* 
fhe same writer recommends the stndy of the Mathematics, for the 
eaH oT ''compound igncraiie^.'' ** Of this," he proceeds to say, " the 
csaeiiee if opinion not agreeable to fact; and it necessarily involves 
aBciber opinion, naawly, that we are already possessed of knowledge. 
So'that besides not knowing, we know not that we know not; and 
heaccite designation of compound ignorance. In like manner, as of 
many chronic complaints and established maladies, no cure can 6e 
efieeted' by physicians of the body : of this, no cure can be effected by 
pfaysiclaac of the mind : for with a pre-supposal of knowledge in onr 
own regard, the pursuit and acquirement of further knowledge is not 
to be looked for. The approximate cure, and one from which in the 
main much benefit may be anticipated, is to engage the patient ih the 
study of measures (Geometry, computation, &c.); for in such pursuits 
tiM true and the £dse are separated by the clearest interval, and ne 
room Ib left for the intrusions of fancy. From these the mind may 
discover the delight of certainty; and when, on returning to his own 
opinions, it finds in them no such sort of repose and gratification, it 
may discover their erroneous character, its ignorance may become 
flunple, and a cdipacity for the acquirement of truth and virtue be 
obtained.** 

Lord Bacon, the founder of Inductive Philosophy, was not insen- 
sible of the high importance of the Mathematical Sciences, as appears 
in the following passage from his work on ** The Advancement of 
Ig^enung." 

** The MatiiematicB are either pure or mixed. To the pare Mathe- 
matics are those sciences belonging which handle quantity determinate, 
nm^Y eevered from any axioms of na/tural philosophy; and these are 
two^ Geometry, and Arithmetic; the one handling quantity continued, 
tmd the other dissevered. Mixed hath for subject some axioms or 
parts of natural philosophy, and considereth quantity determined, as tt 
ie auxiliary and incident unto them. For many parts of nature can 
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iieifli«r be invented witSi Boftdent sabtiet^, nor demonsbmited with 
sofiicient penpictdty, nor aocommod«ted unto tise with foffip^ein^ 
dexterity^ without the aid and intervening of th^ Maih«Knatie8 : o/t 
which 8brt are perspective, tntine, astronomf , oosmogra^y, aircUr 
teeture, enginery, and divers others. 

*' In the Mathematics I canr^sort no deAoienoe, except it be tbifl 
men do not firafficientlT* nnderatand ih« «z)ocllent use 4>l the fwrt 
Mathematics, in that ihey do remedy and enre many defects ia the 
wit and faculties intellectuaL For, if the wit be duli» they-sharpan tt i 
if too wandering, tiiey fix it ; if-too inhesent in the senses they abstiact 
it So that as tennis is a game of no use iniiUdf, but of great off ia 
reipect that it mriie^ a quick e^e, jomI a body ready to put itsdf wto 
all postuires; so in the IfaUiemalios, that^e which is eeUat^al •b4 
interrenieht, Is no less woiihy than that which is priocipal and 
intended. And as for the miited Mathematios, i may only mikjB .tUl 
prediction, ^at there cannot 'Atil to bemareidads el themras natpre 
groivk'firirther disclosed/^ 

Bow truly has this prediction been MfiUfd in .-^e fub^efnqnt 
advancement of the Mixed 6denees, and ia the afpUoatioBS of |Jbi 
pore Mathematics to Natural Philbse^byf 

Dir. 'MTheweH, m his **The»ugbtt 4Mi ^e. Study oi Matbi^a^*. 
has maintained, that mathematicil istadies jndissoasly pAusued* Zona 
one 'of the most difectiv^ means of devel^puag and eultivating the 
reason: and that ''the object of a li^era^ «ciifoaii0f»is,t(S devejippe th« 
whold mental system of manj^^to make his speculative inliBiiisx^cea 
oomcide with his j^ractical convictions j'—to enable him to render f 
reason for ihe belief that is in him, and not to leave him in the ooqi> 
dition 6f Solomon's sluggar<^ who is wiser in his own conceit tbaa 
seven men that can render a reason." And in his more recent wock 
entitled, *' Of a Liberal Education, ftc." he has more fully shewn tbf 
importance of Geometry as one of the most effectual instrumei^tP 
of intellectual education. In ))age 65 he thus proceeds: — *'But 
besides the value of Mathematical Studies in Education, as a perfeot 
example and complete exercise of demonstrative reasoning; JJathfh 
matical Truths have this additional recommendation, that they havf 
always boei} referred to, by each successive generation of thoughtftd 
and cultivated men, as examples of truth and of demonstatian ; and 
have thus become standard points of reference, -among cultivated mex^ 
«rkeixever they speak of truth, knowledge, or proot Thus Mathe- 
matics has not only a disd^al but an historical interest Thiajiii 
peculiarly the case with those portions of Mathematics which we have 
mentioned. We find geometrical proof adduced in illustration of tha 
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nattire of reasoning, in the earliest specidations on this sulijecty Uui 
Dildogues of Plato ; we find geometrical proof one of the main Bub«' 
jecte Of diseuseion in some of the most recent of sach speculations, as 
those of Dugald Stewart and his contemporaries. The recollection 
of the"^ truths of Elementary Geometry has, in all ages, given a meaning 
and a reality to the best attempts to explain man's power of arriying 
at truth. Other branches of Mathematics have, in like manner, 
b^ome recQgluzed examples, among educated men, of man's powers 
of attaining truth." 

Dr. Pemberton, in the pre&ce to his view of Sir Isaac Newton's 
Discoyeries, makes mention of the circumstance, " that Newton used 
to speak with regret of his mistake, at the beginning of his Mathe- 
matical Studies, in haying applied himself to the works of Descartes 
and other Algebraical writers, before he had oonsidered the Elements 
of Euclid with the attention they deserye." 

To these we may subjoin the opinion of Mr. John Stuart MlU« 
which he has recorded in his invaluable System of Logic, (VoL II. 
p. 180) in the following terms. ** The value of Mathematical instruc- 
tion as a preparation for those more difficult investigations (physiology; 
society, government, &c.) consists in the applicability not of its doo* 
trines, but of its. method. Mathematics will ever remain the most 
perfect type of the Deductive Method in general ; and the applications 
of Mathematics to the simpler branches of physics, furnish the only 
school in which philosophers can efiectually leam the most difficult 
and important portion of their art, the employment of the laws of 
simpler phenomena for explaining and predicting those of the more 
Complex. These grounds are quite sufficient for deeming mathemati- 
cal training an indispensable basis of real scientific education, and 
regarding, with Plato, one who is aycwMcT^iTov, as wanting in one of 
the most essential qualifications for the successful cultiyation of the 
higher branches of philosophy." 

In addition to these authorities it may be remarked, that the new 
Regulations which were confirmed by a Grace of the Senate on the 
11th of May, 1846, assign to Geometry and to Geometrical methods, 
Bmore important place in the Examinations both for Honors and 
for the Ordinary Degree in this University. 

Trinity Colleoe> B. P. 

March 1, 1850. 

The supplement to the School Euclid (about fbrty-eight pages) has 
been incorporated with this impression of the Fifth Edition* 

Trinitt College, 
October, 1863. 
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EUCLID'S 

BLBMBNTS OF GEOMijSTaY. 



I 



BOOK L 

DBFINITIONBL 

L 
|4 t<>t^f Is fh»t ifhicb ]]M no p9jrt»» or which h^fl no xoagnil?^ 

IL 
A line it length without hreadth^ 

m. 

Ibe extremities of ft line are poiiltk 

IV. 
A straight line is that which lies eyenly between its extreme points. 

« 

A supemcies is that which has only length and breadth. 
The extremities of a superfi^es are lines. 

vn. 

A plane superficies is that in which any two points being tsken, the 
fltraignt line between them lies wholfyin that superficies. 

' • ■ • yw* ' • •• • 

A plane angle is the inclination of ti^ lines to each other ia % 
plane, which meet together, but are not m the same direction. 

IX. 

A plane rectilineal angle is the inclination of two straight lines to 
one another, which meet together, but are not in the same straight line. 
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Euclid's elements. 



K.B. If there be only one angle at a point, it may be expressed by 
• letter placed at that point, as the angle at E : but when several angles 
are at one point B, either of them is expressed by three letters, of which 
the letter tiiat is at the vertex of the angle, that is, at the point in which 
the straight lines that contain the angle meet one another, is put between 
the other two letters, and one of these two is somewhere upon one of 
these straight lines, and the other upon th^ other line. Thus the angle 
which is contained by the straight lines AB, CB, is named tiie angle 

ABC, or CBA ; that which is contained by AB^ DB, is named the angle 

ABD, or DBA; and that which is contamed by DB, CB, is called tiie 
angle DBC^ or CBD, 



When a straight line standing on another straight line, makes tiie 
adjacent angles equal to one another, each of these angles is called a 
right angle ; and the straight line which stands on the other is totted 
a perpendicular to it 



XL 



An obtuse angle is that which is greater than a right angle* 



xn. 



ibiaoote angle is that whidi is less than a right angla. 




xni. 

A term or ooundary is the extremity ot any thm^. 



XIV. 

A figure is that which is enclosed bv one or more boundaries. 



DEFINITIONS. 



XV. 

A oiicle 18 a plane figan contained by one, line, which is called. the 
^NmrnlbYence, and is such that all straight lines drawn from a certain 
point within the figure to the circumference, are equal to one another. 




XVI. 
And this point ii called the center of the circle. 

xvn. 

A diameter of a drole Is a straight line drawn through the oenteTt 
and terminated1y>th wayi by tfie circumferenflo,. 




xvm. 



^ , 



A lemicircle is the fifi[ure .contained by a diameter and the part ef 
the dreumferenoe cut on by the diameter^ 



^z::^ 



XIX. 
The center of a semicircle is the same with that of the cirde. 

XX. 

Bectilineai figures are those which ere contained by straight linea. 

XXI. 

Trilateral figures, or triangles, by three straight lines. 

xxn. 

Quadrilateral, by four straight lines. 

xxin. 

Holtilateral figures, or polygons, by more than four straight linee. 

b2 



SUCilD^S S£BMlftNT8. 



XXIV, 

tflre^ e^^ ndeiu 




An 



XXV. 

is that ^tilfih baa two ndet eqvaL 




> «. ' 






A lealeM triangle w tetvkidi hMithuMttta^aia iita. 




A iigh(«ngled triangla u that wMc^ haa a xif^ aaslak 







XXVIIL 
Aq obtuse-angled triangle is that which has an obtose angl^ 




xxix; 




Of qoadrilateral or fonr-sided figuses, a m^vinp bM all' Iti^i^e* •^Vll 
and all its angles right angles. 




l>BnillTIOH& ft. 

XXXL 

An oblong u that whioh ha* all il» angles right anglesi but has not 
an its sides equaL 




JLJOOL 
A rhombus has all its sides equal, but its angles are not right angleSi 

n 

xxxnt 

A rhomboid has its opposite sides equal to each other^ but aU Us 
sides are not equal* npr its angles right angles. 



a 



XXXIV. 

AU other four-sided figures besides these, are palled, 

XXXV. 

Parallel straight lines are such as are in the same plane, and whteb 
bf^ predoeed e^nvso- ht both wajfs, do niot meefr 



A parallelogram is a four-sided figure, of which the opposite sides 
are parallel : and the diameter, or we diagonal in Uie ntraight line 
joinmg two of its opposite angles. 



POSTULAl Ea. 

1. 

Let it be granted that a straight line may be drawn from any one 
IHWnt'&f ttf dthir^wint ' * . t - 

IL 

., TiUkt.ft top^inated straight Ijna may be pfodnoed to any length la 
• straight line. 

ra. 

And that a circle may be described from any center, at any distanoe 
from that center. 



6 BUGUD'S ELEMENTS. 

AXIOBiS. 

L 
Thingb which are equal to the same thing are equal to one another* 

IL 
If equals be added to equals, the wholes are equaL 

m. 

If equals be taken from equals, the remainders are equaL 

IV. 

If equals be added to unequals, ther wholes are unequaL 

'■'■•■ • ' . V. ^ 

If equals be taken from unequals, the remainders are uneqnaL 

VI. 
Things which are double of the same, are equal to one anothex. 

vn. 

Things which are halves of the same, are equal to one another. 

vm. 

Magnitudes which coincide with one another, that ii| which CMMcOj 
IH the same space, are equal to one another. ^ 

IX. 
The whole is greater than its part 

X. 

Two straight lines cannot enclose a space. 

XL 
All right angles 9Xfi equal to one another. 

xn. 

If a straight line meets two straight lines, so as to make the two 
interior angles on the same side of it taken tosether less than two 
right angles ; these straight lines being continuaUy produced, shall at 
limgth meet upon that side on which are the angles which are less than 
two right angles. 
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BOOK I. PROP. I^ II. 

PROPOSITION L PROBLEM. 
Tb deterib^ an equilateral triangle upon a given finite etraight Ume^ 

» Let ABhe the given straight line. 

It is required to describe an equilateral triangle upon AB* 

\ 




Fhnn the center A^ at the distance AB, describe the circle BOD \ 

(post. 3.) 

from the center B, at the distance BAj describe the circle ACE\ 

and from C, one of the points in which the circles cut one another, 

draw the straight lines CA, CB to the points A^ B. (post. 1.) 

Then ^J^C shall be an equilateral triangle. 

Because the point A is the center of the circle BCD, 

therefore ^ C is equal Xjo AB\ fdef. 15.) 

and because the point B is the center or the circle ACS, 

therefore J^Cis equal to AB; 

but it has been proved that ^ C is equal to AB; 

therefore AC, £Care each of them equal to AB; 

bot things which are equal to the same thing are equal to one anothert 

therefore ^Cis equal to BU; (ax. 1.) 
wherefore AB, liC, CA are equal to one another: 

and the triangle ABCIb therefore equilateral, 
and it is described upon the given straight line AB. 

Which was required to be done. 

PROPOSITION II. PROBLEM. 
Fiwm a given pomif to draw a itraight line equal to a given etraigkt Km. 

Let A be the given point, and BC the given straight line. 
It is required to draw from t^e point A^ a straight line equal to Bd 




From the point Avo B draw the straight line AB\ (post. !•) 
upon AB describe the equilateral triangle ABD^ (1. 1.) 
' and produce the straight lines DA^ DB to E and F\ (post. 2^ 
from the center B, at the distance BC, describe the ourde CuJBf 

^posL 3.) cutting DF in the poiAt Q : 
and mm the center D, at the distance DG, deiMcribe the circle OKLt 

cutting .^.fi^ in the point L. 



■w»»^ 



Then the straight line AL shall be equal to J9C. 
Beoauae the point B is the center of the eirele CQM^ 
therefore BC\& equal tf^BO^ (def^ Id.) 
a94 because D is the center of the circle OKL, 
therefore DL is equal to DG', 
and DAt DB parts of them are equal ; (1. 1.) 
therefore the remainder AL is equal to the remainder BQ\ (ax. 8.} 
but it has been shewn that BC\& equal U> BO, 
wherefore AL and J? Care each of them equal Xjo BG\ 
Slid thinn Uiat are equi^ to the same thing are eoual to one another; 
^erefore the straigttt line AL is e^ual to ^C (ax. 1.) 
Wheiefore from the ^fen pp.int A, a straieht line AL has been dra#D 
equal to the given straight line BCL Which was to be done. 

FROPOSmOKm. PUOStElf. 
Fftm timff^aUfr of two giftm ^MrnighA Imetto cut iiff^paH cjual to the i«tt. 

Let ^^ahd Cbe the two giyen straight lines, of which AS u the 
greater. 
It is re^uiradto cut off from^i^ the greater, a part equal to C, the lees. 

D 




EB 

From t^e point A draw the straight line AD equal to C; (I. 2.) 
^ind fro^ t)ie. center A, at the dist^ce AD, describe the circle D£F 
(post 3.) cutting ^^ in the point B. 

Theii AJS shall be equal to €1 
Beoi^e A is the center of the circle DEFf 
therefore ^JS; is equal to^2>; (def. Id.) 
;^ ' but the straight line C is equal to ^I>; (conStr.) 
whence AB and C are each of them equal to AD ; 
wherefore the straight line AE is equal to C (ax. 1.) 
And therefore from AB th^ greater of two straight lines, a part AE 
Has been cut off equal to C, the less. Which was to be done. 

PROPOSITION IV. THEOREM. 

If tmo iriangUs have two tides of the one equal to two sides of the other , 
eaeh to each, and have likewise the angles contained by those sides equal to 
each other; they shaU likewise have their bases or third sides equals and 
ihe two trianjgles shedl be eqwU^ and their other angles shall be equal, each 
to each, vie, thoe&to which the equal sides are opposite, 

■ ' , ' ■ 

iM ABCf DEFhe two triangles, which have the two sides AB^ 

A equal to the two sides DE, DF, each to each, vix. AB to DE^ and 
^Cto DF, and the included angle BAC equal to the inolvded angle 

^ IfF. 
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Then shftU the base ^Cbe eaual to the base EF; and the triangle 
A SC to the triangle DEF\ ana the other angles to which the eoual 
sides are opposite shall be equal, each to each, vis. the angle ABC to 
the angle nEF, and the angle A CB to the angle DFE. 





Woit, M the triangle ABC be applied to the triangle DBF, 

•0 ijtAX the point A may be on A ud the straight line AB.ou DBi 

then the point B shall coincide with tae point ^ 

because AB is equal to DJ?; 

asid AB coinciding with DE, 

the straitt^tlinft ^Oshall £eill on />JP, 

•becailM the angle!&il C is equal to the angle EDF\ 

therefore lalso the point C shall coincide with the point J^, 

because j1 C is eqpial to i^LP; 
but the point B was shewn to coincide with the point E\ 
Whel«fbr« thil base ^C shall* ooinoide with the base EF-, 
because the point B coinciding with S, and C with F, 
if the base BO do not coincide with the base EF, the two straight lines 
Be and EF ^ould enclose a«pace, which is irapossiblew (ftx. 10.) 
Therefore the base BC does coincide with EF, and is equal to it; 
and the ^hole triangle ABC coincides with the wIiq£b triangle 
DEFf and is e^ual to it ; 
also the remaining ancles of one triangle ooiaoide with the Minain- 
ing aiigles of the omer, and are equal to them. 

Til. the angle ABC to the angle DEF^ 
and the angle ACB to DFE, 
Therefore, if two triangles have two sides of the one equal to two 
sides, &0. Which was to be demonstrated. 

PKOPOSmONV. THEOREM. 

J%e angUi at the bate of an isosceles triangle are equal to each other ; 
and if the eqtial sides be produced, the angles on the other side of the basi 
shall be equals 

Let ABChe an isosceles triangle of which the side AB is equal to A C. 

and let the equal sides JiB, AC he produced to D and E. 

Then the angle ^^C shall be equal to the ang^le ACB, 

and the |ngle DBC to the angle ECB. 

In BD take any point F; 

from AEthe greater, cut off AG equal to AF the less, (I. 3.) 

and join FC, GB. 

Because AFis equal to AG, (constr.) and AB to AC; (hyp.) 

the tn'O sides FA, ACt^re equal to the two GA, AB, each to each ; 

and they contain the angle FA G common to the two triangles 

AFCAGBi 

b5 
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therefore the base FC is equal to the base OB^ (1. 4.) 

and the triangle AFC\% equal to the triangle AGB, 

also the remaining angles of the one are equal to the ^remaining angles 

of the other, each to each, to which the equal sides are opposite] 

viz. the angle A CF to the angle ABO, 

and the angle AFC to the angle A OB. 

And because the whole AF is equal to the whole AOf 

of whicii the parts AB, AC, are e<]ual ; 

therefore the remainder BF is equal to the remainder CQ ; (ax. 8.) 

and FC has been proved to be equal to OB ; 
hence, because the two sides BF, FCtae equal to the two CO, OB, 
each to each ; 
nd the anele BFChss been proved to be e({ual to the angle COB, 
also the oase ^^^'is common to the two tnangles BFCf COB; 
wherefore these triangles are equal, ||l. 4«) 
and their remaining angles, each to each, to which tne equal rides 
are oppMite ; 

therefore the angle FBCis equal to the angle OCB, 
and the angle J? CF to the angle CBG. 
And, since it has been demonstrated, 

that the whole angle ABO\% equal to the whole ACF, 

the narts of which, the angles CBO, BCFaxe also equal ; 

therefore the remaining angle A B Cis equal to the remaining angle A CB, 

which are the angles at the base of the triangle ABCi 

and it has also been proved, 

that the angle FBC is equal to the angle OCB, 

which are the angles upon the other side of the base. 

Therefore the angles at the base, &c. Q.E.D. 

Cos. Hence an equilateral triangle is also equiangular. 

PROPOSITION VI. THEOREM. 

If two angU» of a triangU h§ equal to §aeh other; tho tidei oho which 
auhtmd, or are opposite to, the equal anglee, shall be equal to one another. 

Let ABChetL triangle having the angle ^BC equal to the angle ^CA 
Then the ride A B shall be equal to the side AC. 
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For, if ^^ be not eoual to AC^ 

one of them is greater than the other. 

If possible, let ABhe greater than A (7; 

and from BA cut off BD equal to CA the less, (i. 3.) and join DC. 

Then, in the triangles DBC, ABC, 

because DB is. equal to ^ C, and 5C is common to both triangles, 

the two sides DB, BCwe equal lo the two sides A C, CB, each to each; 

and the angle DBC is equal to the angle A CB ; (hyp.) 

therefore the base DC is equal to the base AB, (l. 4.) 

and the triangle DBC is equal to the triangle ABC, 

the less equal to the greater, which is absurd, (ax. 9.) 

Therefore ^^ is not unequal to A C, that is ^^ is equal to AC» 

Wherefore, if two angles, &c. Q.E.D. 

Colu Hence an equiangular triangle is also equilateraL 

PROPOSITION Vn THEORE3ir. 

Upon the same base, and on the same side of it, there cannot 6# two 
triangles that have their sides which are terminated in one extremity of th0 
base, equal to otie another, and likewise those which are terminate m the 
f^her extremity. 

If it be possible, on the same base AB, and upon the same side of 
it, let there be two triangles A CB, ADB, which have their sides CA^ 
DA, terminated in the extremity A of the base, equal to one another^ 
and likewise their sides CB, DB, that are terminated in B. 

c D 




A B 

Join CD. 
Vvntm When the vertex of each of the triangles is without thA 
other triangle. 

Because ^C is equal to AD in the triangle ACD, 
therefore the angle ^Z)C is ^eqiial to the angle A CD; (l. 5.^ 
but the angle A CD is greater than the angle BCD; (ax. 9.) 

therefore also the angle ADCin greater than BCD ; 

much more therefore is uie angle ^DC greater than BCD, 

Again, because the side ^Cis ecjual to BD in uie triangle BCD, (hyp.) 

therefore the angle BDC is equal to the angle BCD; (i, 5.) • 

but the angle BDC was proved greater than the angle BCD, . 

kence the angle BDC is both equal to, and greater than the angle BCDi 

which is impossible. 
Secondly. Let the vertex D of the triangle ADB fall within the 
" ACB. 

B 
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Produce AC to E, and AD to -F, and join CD. 
Then because -40 is equal to AD in the triangle ACD, 
therefore the angles JECD, FDC upon the other side of the base CIK 
are equal to one another ; (i. 5.) 

but the angle BCD is greater than the angle BCD; (ax. 9.) 

" therefore also the angle FDC is greater than the angle BCD ; 

much more then is the angle BDu greater than the angle BCD. 

Again, because BG is equal to BD in the triangle SCD, 

therefore the angle BDC is equal to the angle BCD, (i. 6.) 

but the angle BDC has been proved greater than BCD, 

wherefore the angle BDC is both equal to, and greater than the 

angle BCD ; • which is impossible. 

Thirdly. The case in which the vertex of one triangle is upon a 
side of the other, needs no demonstration. 
Therefore, upon tibie same base and on the same aide of it, &0. ^b.ix 

pROPosmoif niL theobbm. 

If two friangUt heme two sides of the one equal to two tides of the other^ 
tdchto each, and have likewise their bases equal; the angle which iscon- 
t€dned by the two sides of the one shall he equal to the angle contained by 
the two sides equal to them, of the other. 

Let ABC, DBF be two triangles, having the two sides AB,AC, 
equal to the two sides DE, DFy each to each, via. AB to DE, and 
ACXo DF, and also the base BC equal to the baae SF. 

D G 





Then the angle BA C shall be equal to the angle EDF, 
For, if the triangle ABC he applied to DEFj 
so that the point B be on E, and the straignt line BC on EF\ 
then because -BC is equal to EF, (hj^).) 
therefore the point C shall coincide with the point F* 
wherefore 5 C coinciding with EF, 
BA and A C shall coincide with ED, BF\ 
for, if the base .BC coincide with the base EF, but the sides BA, A C, 
do not coincide with the sides ED, DF, but have a different situatiot 
as EG, GF: 

then, upon the same base, and upon the same side of it, there can 

be two triangles which have their sides which are terminated in one 

extremity of the base, equal to one another, and likewise those sides 

trhich are terminated in the other extremity; but this is impossible, (t. 7.) 

Therefore, if the base ^C coincioe wiUi the base EF, 

the sides BA, ^C cannot but coincide with the sides ED, DF\ 

wherefore likewise the angle BA C coincides with the angle EDF, and 

is equal to it. (ax. 8.) 

Therefore if two triangles have two sides, &c. Q.B.D. 
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PROPOSITION IX. PROBLEM. 

To biitet a ^ttn reeHim$al ntffk, thai if, ta divide it inHy two efuai 
4m^iee, 

Let ^^C be the given rectilineal angle. 
It is required to bisect it. 




In AB take any point I>i 

from ^CcQt oSAE equal to AD, (I. 3.) and join Di7i 

on the side of DJE nemote from Af 

describe the equilateral triangle DJEF (I. h), and join AK 

Then the straight lint AF shall bisect the angle JBA C . 

Because AD is equal to AE, (constr.). 

tad AFiB ecHumon to the two triangles BAF, EAF\ 

the. two sides DA^ AF^ are equal to the two sides BA, AF, each to ead^ 

and the base JDJ'is e^ual to the base EFi (constr.) 

therefore the angle Dw^^ 18 equal to the angle JSU^. (1.8.) 

Whezefore the angle BA C is bisected by the straight line AF. Q»e.f. 

PROPOSITION X. PROBLEM. 



Tobiiec$»0ivm/mUiiym0hilin§^ikU i$^to dipid0 U mio im 9pul 
parli. 

Let AB be the given straight line. 
It is required to divide AB into two equal parts* 
Upon AB describe the equilateral triangle ABC\ (L 1.) 




and bisea the angle ACB by the straight line CD meeting AB in tha 
point D. (I, 9.) 

Then AB shall be cut into two equal parts in the point 2>. 

Because ^Cis equal to CB, (constr.) 

and CD is common to the two triangles A CD, BCDs 

the two sides AC^ CD are equal to the two BG, CD, each to each; 

and the angle ACl) is equal to BCD^ (constr.) 

therefore the base ^jD is equal to the base BD, (I. 4.) 

Wherefore the straight line AB is divided into two equal parts in the 

point D. QrE.F. 
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PROPOSITION XI. PROBLEM. 

To draw a tiraight line at righi cmglet to a given etraighi /mm, from a 
given point in the tame. 

Let ABhe the given straight line, and Ca given point in it 
It is required to draw a straight line from the point C at right 
angles to AB 

w 




In ^ C tAke any point 2), and make CJS equal to CD; (I. 8.) 
upon DS describe the equilateral triangle DBF {I. \,) and join CF. 
Then CJ" drawn' from the point Cyshall be at right angles to AB. 
Because DCv& equal to EC^ and JFCis common to the two triangles 
DCF, ECF\ 
the two sides DC, CFbtb equal to the two sides EC, CF, each to eaoh| 
and the base .D^is eoual to the base EF; (constr.) 
therefore the angle DCFu equal to the angle EOF: (I. 8.) 
and these two angles are adjacent angles. 
But when the two adjacent angles which one straight line makes 
trith another straight line, are equal to one another, ea«h of them is 
Mlled a right angle : (def. 10.) 

therefore each of the angles DCF, ECF is a right angle. 
Wherefore horn the ^ven point C, in the given straight line AB, 
^Chas been drawn at right angles to AB. Q.E.F. 

Cob. By help of this problem, it may be demonstrated that two 
jtraiffht lines cannot have a common segment. 

If it be possible, let the segment AB be common to the two straight 
Ubm ABC, ABD. 




From the point B, draw BE at right angles to AB ; (1. 11.) li 

then because ^^C is a straight line, ? 

therefore the angle ABE is equal to the angle EBC. (def. 10.) ;: 
Similarly, because ABD is a straight line, : 

therefore the angle ABE is equal to the angle EBD; 
but the an^le ABE is equal to the angle EBC, 
wherefpre the angle EBD is equal to the angle EBC, (ax. 1.) 

the less equal to the ^eater angle, which is impossible. 
Therefore two straight hues cannot have a common segment 

PROPOSITION Xn. PROBLEM. 

To draw a etraight line perpendicular to a given straigki hno of itif* 
Utnited length, from a given paint wUhout it. 
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Let AS be the given straight line, which may be produced any 
length both ways, and let C be a point without it. 

It is required to draw a straight line perpendicular to AB from the 

point C. 

c 




Upon the other side of AB take any ^oint D^ 
and from the center C, at the distance CD, describe the circle EOF 
meeting AB, produced if necessary, in F and O : (post. 3.) 
bisect FO in iST (I. 10.), and join CH. 
Then the straight line CH drawn from the gi>en point C, shall be 
perpendicular to ue given straight line AB, 

Join FC, and CO. 

Because FH is equal to HO, (constr.) 

and HC k conunon to the triangles FHC, OHC\ 

the two sides FH, HC, are equal to the two OH, HC, each to each | 

and the base C^is e<^ual to the base CO\ (def. 15.) 

therefore the angle FHC is equal to the angle OHC; (I. 8.) 

and these are adjacent angles. 
But when a straight line standing on another straig^ht line, makes 
the adjacent angles equal to one another, each of them is a right angle, 
and the straight line which stands upon the other is called a perpen* 
dicular to it. (def. 10.) 

Therefore from the ^ven point Q a perpendicular CH has been 
dr%wn to the given straight Ime AB, Q.E.F. 

PROPOSITION Xmv THEOREM. 

!%€ anglea which one Hraipht line tnakee with another upon one eide of 
U, are either two right angUe, or are together equal to two right angles. 

Let the straight line AB make with CD, upon one side of it, the 

angles CB^, ^^D. 

Then these shall be either two right angles, 
or, shall be together, equal to two right angles. 

B 
A A 




B 



For if the angle CBA be equal to the angle ABD, 

each of them is a right angle, (def. 10.) 

But if the angle CBA be not equal to the^mgle ABD, 

from tho point i draw BB at right angles to CD, (1. 11.) 

Then the angles CBE, EBD are two right angles, (def. lOJ 
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And because the angle CBB is equal to the angles CBA^ ABB, 

add the angle EBt) to each of these equals ; 

^herefoi'e the ai^'glies CBEy EBD are equal to the three angles CBA^ 

ABE, EBD, (ax. 2.) 
Again^ because the angle DBA is equal to the two angles DBE, EBA, 

add to each of these equals the angle ABC; 
therefore the angles DBA, ABCtLre equal to the three angles DBEy 
EBA, ABC. 
But the angles CBE, EBD have been proyed equal to the same 
"Jiree angles ; 

and things which are equal to the same thing are equal to one another; 
iherefore the an^es CBEj EBD are equal to the angles DBA,ABC\ 

but the angles CBEj EBD are two right angles ; 
therefofe the angles DBAt ABC axe together equal to two right angles^ 
(ki. 1.) 

Wherefore, when a straight line, &c. Q.S.9 



PRQPOSITION XIV. THEOREM. 

Jf^ point in a straight /tn^, two otner straight lines, tMpii ths opposite 
sides of i^ iniake the adjacent atu/tes together equal to two right angles ; then 
these two atraight lines shall be tn one and the same straight line. 

At the point S in the straight line AB, let the two straight lines 
B.C, BD upon the opposite side^ otAB, make the adjacent angles- 
ABC, ABJ} togedier equal to two right angiies. 

llien BD shall be in the same straight Ime with BC 




For, if BD be not in the .same straight line with BC, 
if possible, let ^J^be in the'same straight line with it. 
Then because AB meets the straight line CBE\ 
therefore the adjacent angles CBA^ABE are equal to two right angles f: 
(L 13.) 
but the angles CBA, ABD are equal to two right angles ; (hyp.) 
therefore the angles CBA, ABE are equal to the angles CBA, ABDv 
(ax. 1.) 
take away from these equals the common angle CBA, 
therefore the remaining angle ABE is equal to the remaining angle 
ABD ; (ax. 3.) 

the less imgle equal to the greater, which is impossible : 
therefore iEv& not in the same straight line with BC, 
And in the same manner it may be demonstrated, that no^ other 
can be in the same straight line with it but BD, which therefore is ia 
the same straight line with BC. 

Wherefore, if at a point, &c. q.e.d. 
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PROPOSITION XV. THEOREM. 

If two straight littea cut one another^ the vertical^ or opposite anglep 
shaU be egttal. 

Let the two straight lines A By CD cut one another in the point £, 

Then the ancle A^C shall be equal to the angle DEB, and tb€ 
angle CBB lo the angle A ED, 

c 




• Because the straight line AE makes with CD at the point E, the 
adjacent angles CEA^ AED\ 

these angles are together equal to two right angles, f L IdL) 
Again, because, the straight line DE makes with AB at tJie point Ef 
the adjacent angles AED, DEB ; 

these angles also are equal to two right angles ; 
but the angles CEA, AED have been' shewn to be equal to two right 

angles ; 
wherefore the angles CJBi4,^£i)jBre equal to the vHf^XwA-BBfiDEBi 

take away from each the common angle AED^ 
and the remaining angle CEA is equal to the remaining angle DEBi ^ 
(a^. a.) 

In the same manner it may be demonstrated, that the angle CEB 
is equal to the angle AED, 

Therefore,. if two straight lines cut one another, &c. Q.E.D. 
Cor. 1. From this it is manifest, that, if two straight lines cut each 
other, the angles which they make at l^e point where they cut, are 
together equal to four right angles. 

Cor. 2., And consequently that all the angles n^ade by any num- 
ber of lines meeting in one point, are together equal to four riglxt ^ 
angles. 

PROPOSITION XVI. THEORY. 

JfoM side of a triangle be produced^ the exterior angle ts greater than 
either of the interior opposite anglet. 

Let ^^Cbe a triangle, and let the side ^Cbe produced U>D. 
Then the exterior angle A CD shall be greater than either of the 
interior opposite angles VBA or BAC* 

A F 




Bis^t AC in E, (I. 10.) and join BE; 
produce BE to F, making EF equal to BE, (I. 3.) and join fOi 
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Because A Sis equal to £Ct and B£ to EF; (constr.) 
the two sides AE, EB are emial to the two CE^ EF, each to each, in 
ihetriwngleaABE, CFJS; 

and the angle AEB is equal to the angle CEFt 

because they are opposite vertical angles ; fl. 15.) 

therefore the base AB is equal to the base CFf(l. 4.) 

and the triangle AEB to the triangle CEP, 

and the remaining angles of one triangle to the remaining angles of 

the other, each to each, to which tne equal sides are opposite ; 

wherefore the angle BAE is equal to the angle ECF\ 
but the angle ECD or A CD is greater than the angle ECF; 
therefore the angle ACJ) is greater than the angle BAE or BAC. 
In the same manner, if the side ^C be bisected, and ^Cbe pro- 
duced to G' ; it may be demonstrated that the angle BCQ^ that is, the 
angle ACD, (l. 16.) ia greater than the angle ABC, 

Therefore, if one side of a triangle, &c« Q.E.D. 



PROPOSITION XVn. THEOREM. 

Jbujf Uso tmglu of a triangU art togtfher leu than two right angU$^ 

Let ABC he any triangle. 
Aen any two of its angles together shall be less than two right angleflk 

A 




Produce any side BC \xi D* 
Then because ACD is the exterior angle of the triangle ABC; 
therefore the angle A CD is greater than the interior and opposite angle 
ABC', (1. 16.) 

to each of these unequals add the angle A CB ; 
therefore the angles A CD, ACB are greater Uian the angles ABC, 
ACB; 

but the angles A CD^ A CB are equal to two right angles ; (l. 13.) 
therefore the angles ABC, ACB are less than two right angles. 

In like manner it may be demonstrated, 

that the angles BA C, A CB are less than two right angles, 

as also the angles CAB, ABC, 

Therefore any two angles of a triangle, &c. Q.B.IV 



PROPOSITION XVra. THEOREM. 
7%0 greater tide of every triangle ia opposite to the greater angle* 
Let ABC\}% a triangle, of which the side AC \m greater than the 
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Then the angle ^^C shall be greater than the angle ACB 




Since the side AC\b greater than the side AJR, (hyp.) 

make AD equal to AB, (I. 3.^ and join BD. 

Then, becauRe AD is equal to ^^, m the triangle ABD. 

therefore the angle ABD is equal to the angle ADBt (l. 6.) 

but because the side CD of the triangle BDv'iB produced to A, 

therefore the exterior angle ADB is greater than the interior aa^ 

opposite angle DCB; (l. 16.) 
but tne angle ADB has been proved equal to the angle ABD, 
therefore the an^le ABD is greater tnan the angle DCB ; - 
^Therefore much more is the angle ^£C greater than the angle ACP^. 

llierefore the greater side, &c. Q.E.D. 

PROPOSITION XIX. THEOREM. 

The greaigr angle of every triangle ie mbiended 6y the greaier eide^ or, 
has the greater side opposite to it. 

Let ABC be a triangle of which the angle ABC is greater than ths 
angle J9C^. 

Then the side ^C shall be greater than the side AB. 




For, if u^Cbe not greater than AB, 

^Cmust either be equal to, or less than AB; 

if AC were equal to A B, 

fhen the angle ABC would be equal to the angle A CB ; (l. 6.) 

but it is not e<^ual ; (hyp.) 

therefore the side AC is not equal to AB, 

Again, if AC were less than AB, 

then the angle ^^C would be less than the angle ACB; (1. 18«) 

but it is not less, (hyp.) 

therefore the side ^Cis not less than ABt 

and A C has been shewn to be not equal to ABi 

therefore ^Cis greater than AB. 

Wherefore the greater angle, &c. Q.E.D. 

PROPOSITION XX. THEOREM. 
Any two tidet of a triangle are together greater than the third side. 

Let ABC he a triangle. 

Then any two sides of it together shall be greater than the third side^ 

Til. the sides BA, A C greater than the side BC; 
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AB, ^C greater than AC\ 
and BCi CA greater than AB. 




Produce the side BA to the point D, 

make AD equal to A C, (l. 3.) and join DC 

Then because ^J9 is equal to AC, (constr.) 

therefore the angle A CD is equal to the angle ADC; (l. S.) 

but the angle BCD is greater than the angle A CD ; (ax. 9.) 

therefore also the angle BCD is greater than the angle ADC* 

And because in the triangle DBC, 

the angle BCD is greater than the angle BDC, 

and that the greater angle is subtended by the greater side ; (1. 10.) 

therefore the side DB is greater than the side BC; 

but DB is equal to BA and AC, 

dierefore the sides BA and ^ C are greater than BC* 

In the same manner it may be demonstrated, 

that the sides AB, BCare greater than CA | 

also that BC, CA are ereater than AB. 

Therefore any two sides, &o. Q.E.D. 

PROPOSITION XXI. THEOREM. 

If from the enda of a tide of a triangle, there be drawn two etraipht 
hne$ to a point within the triangle; these shall be less than the other two 
sides of the triangle, but shall coTUain a greatef angle. 

Let ABC he a triangle, and from the points B, C, the ends of the 
side BC, let the two straight lines BD^ CD be dc&wn to a point D 
within the triangle. 

Then BD and DC shall be less than BAnndAC the other two 

Bides of the triangle^ 
but shall contain an angle ^DC greater than the angle BAC 




Produce BD to meet the side ACvn B, 
Because two sides of a triangle are greater than the third side, (l. 20.) 
therefore the two sides BA, AE of the triangle ABB are greater 
than BE\ 

ta each of these unequals add EC\ 
therefore the sides BA, ACtae greater than BE, EC. (ax. 4.) 
Again, because the two sides CE, ED of the tsiaDgla CED aj» 
greatw than DC; (l. 20.) 

add DB to eacn of these unequals ; 
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therefore the sides CJ?, EB are greater than CBy D3. (ax. 4.) 
But it has been shevn that BA, AC axe greater than BS, £Ci 

much more then are BA, A C greater than BD, DC, 
Again, because the exterior angle of a triangle is greater than the 
interior and opposite angle ; (I. 16.) 

therefore the exterior angle ^DCof the triangle CDB Is gmeter 
"than the interior and opposite an^le CED ; 

for the same reason, the exterior angle CED. of the triangle ABB 
is greater than the interior and opposite angle BAC; 
and it has been demonstrated, 

that the angle BDCia greater than the angle CEB; 

much more therefore is the angle i?jDC greater than the i^^gle BAC» 

Tlierefore, if from tbe ends of tne side, &c« Q.X.D. 

PROPOSITION Xni. PROBLEM. 

7b maJb a triangU of %Dhieh the 9uU$ »haU be equai to three piven 
etraiffhi Uneef htU any two whatever of theee muet be greater than the tJ&^d, 

Let A, Bf Che the three given straight linest 

of which any two whatever are greater than Uie third, (l. 20.) 

namely, A and B greater than C; 

A and C greater than B ; 

and B and C greater than A. 

It is required to make a triangle of which the sides shaU be equal 

io A, Bf G, each to each. 




Take a straight line DE terminated at the point D, but unlimited 
towards E, 

make DF equal to A, FQ equal to B, and 6rJJ equal to C; (i. 3.) 
from the center Ff at the distance FJOt describe the circle DEL; 
(post 3.) 

from the center O, at the distance OJIf describe the circle ElLK\ 
from K where the circles cut each other, draw KF, KQ to the points 

Then the triangle KFQ shall have its sides equal to the three 
straight lines A, B, C. 

Because the point F is the center of the circle DKL^ 

therefore FD is equal to FK; (def. 15.) 

but FD is equal to the straight line A; ' 

therefore FK is equal to A. 

Again, because O is the center of the circle HKLt 

therefore OH is equal to GK^ (def. 15.) 

but OH is equal to C; 

therefore also OK is equal to C; (az. l«y 

and FO is equal to B; 



tfcfti«foi« the three ftnight linei £P, JY?, GK, m nspectmlj 

Miul to the three, A, B, C: 
flad therelbre the triangle KFG hat its three sides KF, FG, GK, 

#i|ttai to the three given straight lines Af B^ C. as-r. 

PBOPOSinoK XX m, peobleh. 

Ai « ffWA |Nmi/ in a gwtn ttraighl tins, to wutks a rtetUmetd angU 
$fual to a gwon rectUmoal angle. 

Let AB be the giyen straight line, and A the given point in it, 

ana DCE the given rectilineal angle. 
It is required, at the given point ^ in the given straight line AB, to 
make an angle that shalTbe equal to the given rectilin^ angle DCB, 





In CDf CE, take any points 2>, B^ and join DB\ 
on ABt make the triangle AFO, the sides of which shall be equal 
to the three straight lines CD, DB, BC, so that AF be equal to 
CD, A O to CB, and FO to DB. (i. 22.) 

llien the angle FAG shall be equal to the angle DCB, 

Because FA, AG are equal to 2>C, CB, each to each, 

and the base FG is equal to the base DB\ 

therefore the angle FA G is equal to the angle DCB. (L 8^ 

Wherefore, at the given point A in the ^ven straijrht line AB, the 

txi%\e FAG\m made equal to the given rectilineal angle DCB, Q.sjr. 

PROPOSinOX XXIY. THEOREM. 

if two irianglBt hai»§ two tides ofths one equal to two ndet of the other, 
each to each, but the angle contained by the two eidee of one of them greater 
than the attgU contained by the two eidee equal to them, of the other; the 
bate of that whieh hat the greater angle, shall be greater than the bate 
of the other. 

Let ABC, DBF he two triangles, which have the two sides AS, 
AC, equal to the two DB, DF, each to each, namely, AB equal to 
DB, and A Cto DFi but the angle B^ C greater than the angle BDF 
Then the base BC shall be greater than the base BF, 
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Of the two sides DE, DF, let DB be not greater than LF, 

at the point Z), in the line DE^ and on the same side of it. as DF^ 

make the angle EDO equal to the angle BAC} (l. 23.) 

make DO equal to DFox AC, (I. 3.) and join EO, OF. 

Then, because DE is equal to AB^ and DO to A C^ 

the two sides DE, DO are equal to the two AB, AC, each to eacl!» 

and the angle EDO is equal to the angle BA C; 

therefore the base EO is equal to the base BC. (l. 4.) 

And because DO is equal to DJ*in the triangle DFO, 

therefore the angle DFO is equal to the angle DOF\ (i. 5.^ 

but the angle D OF is greater than the angle EOF; (ax. 9.) 

therefore the angle DFof is also greater than the angle EOF; 

jDUch more therefore is the angle EFO greater than the angle EOF. 

And because in the triangle EFO^ the angle EFO la greater thaD 

the anele EOF, 

and that the greater angle is subtended by the greater side ; (1. 19.) 

therefore the side EO is greater than the side EF; 

but EO was proved equal to BC; 

therefore ^C is ^eater than EF. 

Wherefore, if two triangles, &c« Q.E.I>. 

PROPOSITION XXV. THEOREM. 

If two triangUt have two iide$ of the one equal to two neUi of tko oih§r, 
each to eaehf btit the base of one greater than the bate of the other ; tho 
angle contained by the tide* of the one which ha$ the greater baee, thaU bo 
greater than the angle contained by the tidee, equal to them, of the other. 

Let ABC, DEFhe two triangles which have the two tides AS, AC9 
squal to the two sides DE, DF, each to each, namely, AB equal to 
DE, and ^ C to DF; but the base BC greater than the base EF. 
Then the angle BA C shall be greater than the angle EDF. 





¥€«, if the angle BA C be not greater than the angle EDF^ 

it must either be equal to it, or less dian it. 

If the angle BA C were equal to the angle EDF, 

then the base ^C would be equal to the base EF; (L 4.) 

but it is not equal, (hyp.) 

therefore the angle BA C is not equal to the angle EDF. 

Again, if the angle ^^Cwere less than the angle EDF, 

then the base ^C* would be less than the base EF; (L 24.) 

but it is not less, (hyp.) 

therefore the angle BACib not less than the angle EDF; 

andithas been shewn, tiiat theanele BA Cis noteoual to theangle^DJP' | 

therefore the angle BA C is ^eaier than the angle EDF. 

Where^re, if two triangles, &c. Q. «• d. 



24 EUCLID S ELEMENXa 

/ 
PROPOSITION XXVL THEOREM. 

Ij two triangles have two angles of the one equal to two angles of the 
otheVt each to each^ and one side equal to one side, viz, either the sides adja- 
cent to the equal angles in each, or the siden opposite to them ; then shall the 
other sides be equal, each to each, and also tlie third angle of the one equal 
to the third angle of the other. 

Let ABC, DEF be two trian<?les which have the angles ABG, 
BCA, equal to the angles DEF, EFD, each to each, namely, ABC 
to DEF, and BCA to EFD ; also one side equal to one side. 

First, let those sides be equal which are adjacent to the angles that 
are equal in the two triangles, namely, BC to EF, 

Then the other sides shall be equal, each to each, namely, -45 to 
DE.mdAO to DF, and the third angle BAG to the third angle EDF. 





For, if AB be not equal to DE, 
one of them must be greater than the other. 

If possible, let AB be greater than DE, 

make BG equal to ED, (i. 3) and join GG. 

Then in the two triangles GBC, DEF, 

because GB is equal to DE, and BC to EF, (hyp.) 

the two sides, GB, BC are equal to the two DE, EF, each to each; 

and the angle GBC b equal to the angle DEF; 

therefore the base GCis equal to the base DF, (i. 4.) 

and the triangle GBC to the triangle DEF, 

and the other angles to the other angles, each to each, to which 

the equal sides are opposite; 

therefore the angle GCB is equal to the angle DFE; 

but the angle ACB is, oy the hypothesis, equal to the angle DFE; 

wherefore also the angle GCB is equal to the angle ACB; (ax. 1.) 

the less angle equal to the greater, which is impossible ; 

therefore AB is not unequal to DE, 

that is, AB is equal to DE. 

Hence, in the triangles ABC, DEF; 

because AB is equal to DE, and BO to EF, (hvp.) 

and the angle ABC is equal to the angle DEF; (hyp.) 

therefore the base AC is equal to the base DF, (i. 4.) 

and the third angle BAG to the third angle EDF, 

Secondly, let the sides which are opposite to one of the equal angles 

in each triangle be equal to one another, namely AB equal to DE. 

Then in tins case likewise the other sides shall be equal, AC to DF^ 
and BC to EF and also the third angle BAG to the tluid angle EDF: 
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For if PC be not equal to EF, 
one of them must be greater than the other* 

If possible, let PC be greater than EF; 
make BH equal to EF, [l. 3.) and join AH. 

Then in the two triangles ABS, DEF, 

because AB is equal to x)J?, and BH to EF, 

and the angle ABHU) the angle DEF\ (hvp.) 

tberrfore the base AH is equal to the bate i'-^ (I* 4.) 

and the triangle A BH to the triangle DEF, 

«al the other angles to the other anglesi each to each, to whioh tiae 

Mual sides are opposite ; 

uerefore the an^e BHA is equal to the angle EFD\ 

but the angle EFD is equal to the angle BCA ; (hvp.) 

therefore the angle BHA is equal to the an^le BCAAiul, 1.) 

that is, the exterior angle BHA of the tnangle AMCf if 

equal to its interior and opposite anele BCAi 

whioh is impossible ; (l. 16^ 

wherefore PC is not unequal to EF, 

that is, PC is equal to EF, 

Hence, in the triangles ABC, DEF\ 

because AB is equal to DP, and BC to EF, (hvpj 

md the induded angle ABC is equal to the includedan^e DEF\ (hyp.) 

therefore the base ^ C is equal to the base 2> J*, (I. 4.) 

and the third an^le BA C to the third angle EDF. 

Wherefore, if two triangles, &o. a B. D. 

PROPOSITION XXVn. THEOREM. 

If a Mtrtnght Une faUing on two other ttraight linet, makt the aUemeiii 
mngUe equal to each other; theee two ttraight Hne$ »haU beparalki. 

Let the straight line EF, which falls upon the two straight lines 
AB, CD, make the alternate angles AEF, EFD, equal to one another. 
Then AB shall be parallel to CD. 




t-. 



For, if AB be not parallel to CD, 
then AB and CD being produced wul meet, either towaidf A mi Op 
or towards P and D, 
Let AB, CD be produced and meet, if possible, towards S and D, 
in the point &, 

then G'Pfl'is a triangle. 



2J3 buclid's bi.kmbnts. 

And becaase a side OE of the triangle OEF is produced to A^ 
therefore its exterior angle AEF is greater than the interior and 
opposite angle EFG ; (l. 16.) 

but the ande AEF is equal to the angle EFQ ; (hyp.) 
therefore the angle AEF ie greater than, and equal to, the angle 
EFQ; which 'is impossible. 
Therefore ^.^, CD being produced, do not meet towards S, D. 
In like manner, it may be demonetrated, that they do. not meet 
when produced towards A,. C. 

But those straight lines in the same plane, which meet neither way, 
though produced ever so far, are parallel to one another; (def. 36.) 

therefore AB la parallel to CD, 
Wherefore, if a straight line, &€•' 0.8. D. 

PROPOSITION XXVni. THEOREM. 

If a straiffht line falling upon tteo other ttraighi linear mtfb tke exterior 
etngfe eqttal to the interior myl oppotite upon the tame side of ^ line ; or 
make the interior angles upon the same side together egual to two right 
angles ; the two straight lines shall he parallel to one another. 

Let the s^traight line EF, which falls upon the two stwight lines 
ABi CD^ make lire exterior angle EGB eoual to th^e interior and 
opposite angle QMDi upon the same side of the line EF; or make 
the two interior apgles BQS^ OHB^ on ^e-same gide together 
e^ual to two right angles, 

Tben AB shall be paralld to CJK 




F 
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Beoause tbe angle J&GfJ?. ia.^p^ to tBe nn^ed^tf^t^j^) 
! , and the J^ngfe EGB is efmal to tj^e jangle. A GJt^Ji, l61j , 
itierefc^^.t^e angle AGfff\% ^quaftothe angle QHDy (ax. 1.), 
and they are alternate aiigle^, 

therefore AB is parallfel to CTk (r. 2T.) 
Again, because the angles BGH^ OHD are together equal to two 

right angles, (hyp.) ^ _ ^ 

and that the angles 4-ijfH^ BQS are also together equal to two 

right angles ; (l. \Z,y - , 

therefore the angles AuS, BOBTare equal to the angles BOH^ 
QHD; {f^^lJi, . , ,, .. , ,, ..„ 

.J ,^ ,.^^J9^y.ffGjSk these. e^upjMhe pojAm^tiM^t.BQ^\ ^ ^ . 
therefbre the remaining' angle libr!£ris equal to the remaimng^aBgltf 

and mev are alternate angles ;. 
tlierefo5j,4J8' fs^parallel^to^GD.* (t 47.) 
"Wlierefore, if a straight line,'&c. Q. B.P 
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PBO POSITION XXDL TflEOUBM. 

f^ Jfo. ^raiffhi line fall upon ttoo parallel tiraiffJMr. lines, it maket ike^alter^ 
nite angles equal to one another; anflthe exterior angle eqttal to the interior' 
and opposite upon the same side ; and likewise the two interior angles vpon 
the same side together equcU to two right angles. 

Let the straight line EFidXL upon the parallel straight lines ^2?, CD, 
Then the alternate angles A GHy GHJSiai^eM be equal to one another ; 

the exterior angle ECfS 8hall>b€^ equal to the interior and opposite 
angle OHD upon the same skle of the line £F; 
and the two-^interior angles BGM, GHD. upon the lame fide otJBF 

shall b^ togdUier equal io two right angles. 




Ffrst 7or. if the; ingle AjCfff be no^ equal to ^e alternate angle 

OJffi)] ;9ri^ oi'th^ngipvist be greater than.tl^pther; 

if pois^ible; tei AG It he greater than OMI), 

then becauRe the angle AGHib greater than the angle OSDf 

add to each of these unequals the angle .BG^^T; 

therefore the angl^^a^G^JZ, BGI£ are greater than the angles SOS 

GHD i {ax, 4.) 
\i9k%^.mglGB AjGMyB€^M''fa9^vUiXio\^^^ (lAZ.) 

therefore the angles BGH, GHD are less than two right angles ; 
but thpsjd straigjit lines, whiph wjth another straightiineriUling lipoa 
ty^^^^nifLke t)ie two interior angiefi^ on tb^. same side less than two^ 
right ibieles, will meet together if continually .*pri>.duc(9d; ^ax. 12.). * x 
therefore the straight Hnes AB, CD, if produced far enough, wiU^ 

meet towards B, D\ ^ 

-but they never meet, since they are parallel by the hypothesis; 

therefore the angle A 6if 4s-not uiM^ual to the angle GHD, 

that is, the angle AGlth equal to t^ie alternate angla GHD, 

Secondly. Bertmse the mgieAGHisej^uti to the angle ®6?-», (1. 15.) 

and the angle A GH is equal to ihe angle OlfD^ , 
therefore the e^cterior angle i^OB is e^iial to the interior and bppo^te 
angle GHD, on the same side of the line. - ~ 
Thirdly. Because ihe angle BOB is equal to the aiigle OHD, 
add to each of them the angle BG,il; 
thordSoretiie angles BOB; BOH axe e^ual to the angles B0H,&MD; 
.'(ax. 2.} ..-•■.. 

• but JEOBj -BO'jr are equal t<» twb right angles, ( (1. 13.) ., 
tMreforealso the tw6 interior angles BOJJ!, OHDonVieu.Jiib tide 
of the line are equal to two right angles; (ax. 1.) 
Mlierefore, if a straight line, &c. Q.E.D. 

c3 
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PROPOSITION XXX. THEOKEM. 

Slrataht.linst which ar€ poraM to IA« $am$ ttrai^hi Ime oreptHrtUUi U 
mch other. 

Let the straight Unes AB^ CD^ be each of them parallel to JBF. 
Then shall AB be al«o parallel to CD, 




Let the str^ht line QHK cut AB, JBF, CL. 
Then because OHKcuts the parallel straight lines AB, SF, in 

therefore the angle AGH is equal to the alternate angle OHF, Jic 29.) 
Again, because OJIK outs the parallel straight lines EF, UD, in 

therefore the exterior angle OSF is equal to the interior angle HKD ; 

and it was shewn that me angle AQHia equal to the angle OHF; 

therefore the angle ^dJ7 is equal to the angle QKD\ 

and Uiese are alternate angles ; 

therefore AB is parallel to CD, fl. 27.) 

Wherefore, straight lines which are parallel, &c. a.B.l>» 



PROPOSITION XXXI. PROBLEM 

' To draw a Mtraight Une through a given point pamUd to m given tiraighi 

line. 

Let A be the given point, and J9C the given straight line. 
It is re<}uired to draw, through the point A, a straight line parallel 
te the straight line BC. 

X A r 



In the line BC take any point D, and join ADt 
at the point A in the straight line AD, 
make the angle DAE equal to the angle ADC, (l. 23.) on the o^io- 
site side of AD ; 

and produce the straight line BA to F. 
Then JSF shall be parallel to ^C. 
. Because the straight line AD meets the two straight lines BF, BC, 
azid makes the alternate angles BAD, ADC, equal to one another, 
therefore ^J^is parallel to BC. (l. 27.) 
Wherefore, through the given point A, has been orawn a straight 
line J^^jP parallel to the given straight line BC. qjB.F. 
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PROPOSITION xxxn. THEOREM. 

If a tide of any triangle be produced, the exterior angle is equal to tJie 
two interior and opposite angles ; and the three interior angles of evei-y 
triangle are together equal to two right angles. 

Let ABC be a triangle, and let one of its sides BChe prodnced to D, 
Then the exterior angle '^Ci) shall be equal to the two interior 

and opposite angles OAB, ABO : 

and the three interior angles ABC, BCA, CAB shall be equal to 

two right angles. 




B CD ^^ 

Through the point (7 draw CE parallel to the side BA, (l 31.) 
Then because CE is parallel to BA, and AC meets thepoi^ 
therefore the angle ACE is equal to the alternate ansle BAC. (i. 29.) 
Again, because CE is parallel to AB, and BD fsJls i^)on them, 
therefore the exterior angle ECIX is equal to the interior and; op* 

posite angle ABC; (i. 29.) # 

but the anele AGE was shewn to be equal to the angle BAC; 
therefore the whole exterior angle ACD'va equal to the two interior 
and opposite ancles CAB, ABC. (ax. ^2.) 
Again, because the angle ACD is equd to the two angles ABC, BAC, 
to each of these equals add th^ angle ACS, 
therefore the angles ACD and ACB ax9 equal to the three angles 

ABC, BAC, SLud ACB. (ax. 2.) 
but the angles ACD, ACB are equal to two right angles, (l 13.) 
therefore also the angks ABC, BAG, ACB are equal to two right 

angles, (ax. 1.) 
"Wherefore, if a side of any triangle be produced, &c. q.e.d, 
Cor. 1. All the interior angles of any rectilineal figure together 
with four ri^ht angles, are equal to twice as many right angles as tha 



figure has sides. 



D 




For any rectilineal figure ABCDE can be divided into as many 
triangles as the figure has Sides, by drawing s^traight lines from a point 
F within the figure to each of its adigles. . 

Then, because the three interior angles of a triangle are equal to 

two right angles, and there are as many triangles as the figure has sides, 

therefore all the angles of these triangles are equal to twice as many 

right angles as the figure has sides ; 
bnt the same angles of these triangles are equal to the interior anglet. 
of the figure together with the angles at the point Fi 



'SO * Euclid's elkmknis. 

and tli^ angles at the point F^ which is the common vertex of aH 

the triangles, are equal to four right anifles. (l. 15. Cor. 2.) 
t))erefore tlie same angles of these triangtes are equal tp the i^les 

of the figure together. with four right angles; 
but it has been proved that the angles of the triangles are equajl to 

twice as many, right angles as the figure has sides ; 
therefore all tlie angles of the figure together with four right angles, 

are equal to twice as many right anicles as the figure has sides. 
Coil 2. All th^ exterior angles of any rectilineal figure, made by 
prodticing the sides suecessivelj iu the same direction, are together 
equal to lour right angles. 




Pince every interior angle ABC with its adjacent exterior angle 
ABI>i is equal to two right angles, (i. 13.) ' 

t]ierefore all the interior angles, together with all the exterior angles, 
are equal to twice as many right angles as the figure has sides ; 

but it Jljasbeen proved by the foregoing corollary, that' all the in- 
terior ajides together' ^th four right angles are equa^ to twice as t^any 
n^M lO^gl^s as the ngnre has sides; ^ 

. tj^ei;efoi;e all the interior an^l^es together with all the exterior angles, 
are equal td all the interior angles and four right angles, (ax* 1.) - * 
take from these e(j[uals all the interior angles. 

therefore aH the exterior angles of the figure are equal to four right 
an^^» (ax. 3.) ^ 

^RftOPOSITiON XXXni. THBQBB^. 

Tht straight linet whicf^join the extremities of two equal and parallel 
ttraigM lines towards the somejpartSt are also themselves equal andpdralleU 

Let AB, CD be equal and parallel strftjght lines, 

and joined towards the same parts by the straight line§.4.^« -^A 

Then AC, BD shall be equal and parallel 




Join BC, 

Then because A Bit parallel to CA ^thd i?0 meets them, 

therefore the angle ABCvs equal to the alticrnate angle BCD; (i. 29.) 

and because^:? is equal to GD^ and ^(7 common to the two triangles 

ABC, DdB; the two sid^s AB, BC, are equal to the two DC, GB, eaeh 

IS> each, and the anglp ABC was proved to bo equal to the angle BCD t 

therefore the base AC is equal to tlie base BD, (i. 4.) 

and the triangle ABC to the triangle BCDt 
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«nd the other angles to the other uigl^t ^aoh to efic^) to which the 
equal sides are opposite ; 

tnei'efore'the Mpe ACB is equal to the angle CB3, 

And because the straight line BC meets the two straight lines ACf 

SJj^ wide mfkOB the akemate angles A CB, C&D equal to one Miokfaer ; 

therefore ^ C is p^allel to BD ; (l. 27.) 

•Ad A C was shewn to he equal to BD> 

Therefore, straight lines which, &o. q.b.1^ 



PROPOSITION xxxiy. theorem:. 

7^ oppoaite i%de$ and anglei of « paralklogram art equal Jto <m$fimdUtf 

tmd ^ diamMer bi»4ttM ii, thai it, dlvidst i( into two equal part$» 

. . > . « ,•■ 

Let A CDB be a parallelogram, of which ^C is a dismeter. 
Then the opp»osite sides and angles of l^e &f}Jae shall be equal to 
one itiiof^et; and the diameter BCtshetH bisect li ^ '^ 

4 B 

a ]) 

Because AB is parallel to CD, and j9C meets them, 
therefore thl^^g)^ jiB€h equal to the alUimate angle :B CD. (L 20.) 

And because Apia parallel to J?i)/andJI?(7 meets them, 
therefore the angle ACB h equal to the alternate angle CBD. (l. 2B0 

- .^l^ ' / ' iSinoe^ii! the two triaiigfles ABC; CBB; " ' "■ ' 
because the two angles ABC^ BCA m the one, are equal to the two 

angles BCD, UBD in the other, each tp each; 
and one side BC, which is adjacent tp t^eir eqo^I angles, common to 

the two dnibigies ; 
thesTiM^ their other sides are equal, each to each, and the third angle 
of the one to the thira anele of th^ other, (l. 26.) 
namely, the side ABu> th^side CD, and ACVo BD, and the angle 
BA C to the angle BDC. 

And because the angle ^i?Ci8 equal to the angle BCD, 
and the angle CPD to the angle ^0J9, 
therefore the whole angle ABD is equal to the whole angje A CD \ 
(ax. 2.) ^ 

and the angle ^^Chas been shewn to be equal to BDC; 
therefore the opposite sides and angles of a parallelogram are equal to 
one anotner. 
Also the diameter J^Cbisects it. 

For since AB }» equal to CD, and BC copamon, the two sides AB, 
'Be, are equal to the two DC, CB, each to each, 
and the angle ^ J^C ha^ been proved to be eqpal to the angle BCD; 
therefore the triah^le ABC is equal to the triangle J^CD ; (h 4.) and 
th^ diameter J?C^yides U^^ parallelograna A CpB into two eqjifal parts, 

t Q.E.D. 
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PROPOSITION XXXV. THEOREM. 

Pti/raXUlogram$ upon Uu mum Jmh^ and heiwen tks aam4 paraileb, mn 
eqiuU to OfM another. 

Let the parallelogrami^^CD, £BCF heupon^e same base jSC 
and between the same parallels AF, BC» 

Then the parallelogram ABCD shall be equal to the parallelogrun 
EBCF. 

AD F ▲ DB F ABDF 
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If the sides AD, i)Pof the narallelograms ABCD, DBCF, opposite 
to the base BC, be terminatea in the same point 2); 
then it is plain that each of the parallelograms is double of the triangle 

BDC i{l.S4,) 
and therefore the parallelogram ABCD is equal to the parallelogram 
DBCF. (ax. 6.) 

But if the sides AD, FF, opposite to the base BC, be not termi- 
' ated in the same point ; 

Then, because ABCD is a parallelogram, 

therefore AD is equal to ^C; (l. 94.) 
and for a similar reason, FF is equal to BC} 
wherefore AD w equal to FF; (ax. 1.) 
and DF is common ; 
therefore the whole, or the remainder AF, is equal to the whole, of 
the remainder DF ; (ax. 2 or 3.) 

and AB is e<iual to DC; (l. S40 
hence in the triangles FAB, FDU, 
because FD is equal to FA, and DC to AB, 
and the exterior angle FDC is equal to the interior and opposite anglt 
FAB ',{1.29.) 

therefore the base FC is equal to the base FB, (I. 4.) 
and the triangle FDCi% equal to the triangle FAB. 
From the trapezium ABCF take the trian^e FDC, 
and from the same trapezium take the triangle FAB, 
and the remainders are equal, (ax. 3.) 
therefore the parallelogram^ BCD isequaito the parallelogramBB CF. 
Therefore, parallelograms upon the same, &e. q.b.i>. 



PROPOSITION XXXVI. THEOREM. 

PardUdogram» iipon equai bawi and between the §ame patraUeU, axe 
eqwd to one another. 

Let ABCD, FFOShe parallelograms upon equal bases BC, FQ, 
and between the same parallels AH,BO.. 

Then the parallelogram ABCD uaM be equal to the parallelogram 
FFQH. 
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Join BE, CH. 
Tken baeftiue BC u equal to FO, (hypO and FO to EH^ (L M.) 
therefore BC\a e^ual to EH\ (ax. 1.) 
and these lines are parallels, and joined towards the same parts by the 
straight lines iE, CII\ 
but straight lines which join the extremities of equal and parallel 
9!raight lines towards the same parts, are themselves equal and parallel \ 
(I. 33.) 

therefore BE, CH are both eoual and parallel ; 
wherefore EBCH is a parallelogram, (def. A.) 
And because the parallelograms ABCD, EBCH, are upon the 

same base BC, and between the same parallels BC, All; 
therefore the parallelogram ABCD is equal to the parallelognm» 
BBCH. (1.36.) 

Por the same reason, the parallelogram EFQH is equal to the 
panjlelogram EBCH\ 

therefore the parallelogram ABCD is equal to the parallelogram 
EFQH. (ax. 1.) 
Therefore, parallelograms upon equal, &c Q.B.D. 

PROPOSITION XXXVn. THEOREM. 

TritmgUt ypon tk$ tarns ban and bHwsm ih$ tam§ parallelt, art eqmU ta 
ons another. 

Let the/triangles ^^C, Dj9C be upon the same base J^C| 
and between the same parallels AD, BC. 
Then the triangle ^i»'C shall be equal to the triangle DBC. 

BAD F 




Produce AD both ways to the points E, F; 
through B draw BE parallel to CA, (I. 31.) 
and through C draw CFparallel to BD, 
Then each of the figures EBCA, DBCFu a paraUelogram ; 
and EBCA is equal to DBCF, (l. 35.) because they are upon the 
same base BC, and between the same parallels BC, EF. 
And because the diameter AB bisects tne parallelogram EBCA, 
therefore the triangle ABC\% half of the parallelogram EBCA ; fi. 34.) 
also because the diameter DC bisects the parallelogram DBCF, 
therefore the triangle DBC is half of the parallelogram DBCF, 
but the halves of equal things are equal ; (ax. 7.) 
therefore the triangle ^BC is equal to tiie triangle bBC 
VVlierefore. tiiaDglef^ &c. Q.E.D. 
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84. ei7C|.id's elements, 

PROPOSITION XXXYin. THEOREM. 

THanfflet tijMfi eqtial bases and between the same paraiMe, an efustl 
to one another. 

Let the triangles ABC, DBF be upon equal bases Bd SF, and 
between the same parallels BFj AD. 

Then the triangle ABC sh|tll be equitl to the triangle DBF* 

O A D 5 
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B OB ? 

Produce AD both ways to the points Q, H; 

through B dr^w BO parallel to CA, (l. 31.) 

and through F draw FJI parallel to BD, 

Then each of the figures GBCA, DBFltis a pf^rallelommx 

and they are equal' to one another, (j. 36A' ' 

because they are upone^^uaT bases BC, BF^ 

and between the same parallels BF, GIf. 

And because the di^jpeter ^i^ bi^ects the parallelogram OBCA, 

tfaet%fofe thie triangle l^J^C'is the half of the* parallelogram OSCjL \ 

(1.84.) *' . :^. -.^ 

lalso; because the diameter 2>JP bisects the parallelogram DEFH, 

therefore the triangle DBF is the half of th^ parall^&grim DBFEx 

but the halves of equ^ things are equal ; (ax. 1.) 

therefore tlie triangle ABC if eqpal.to the triiuigl^ DBF. 

Wherefore, triangles lipon eqW bases, &c' Q.k.D. 

PROPOSITION XXXIX. THEOREM. 

I,. f ' ^ < ■> \t' 

Equal triangles upon the same base and tqfon the same side of U, are 
between the same parallels, ' ' 

Let the equal triangles ABC, DJ^C be upon the same base BO 
and upon the same side of i^ 
Then the triangles ABC, DJ^C shall be between the same paraUels. 



^ 



B 

Join AD ; then AD shall be parallel to BC, 
For if AD bie not parallel to J&C, 
if jpqssible, through the point A, draw AB parallel to J!?C, (l. 31*} 
«ieetm'g BD, or BD produced, in E, and join BC. 

Th^n the triangle ABC is equal to the triangle BBC, (I. 87.) 

because they are upon the same base BC, 

and between the same parallels BC, AB: 

but the triangle ^J^Cis equal to the triangle D^C; (hyp.) 

thetefdre'ih^ triangle 2>^C is equal to the triangle BBC, 
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the greater triangle equal to the Icba. which is imp9Mible : 
therefore A B is not parallel' to BC. '" 
In the same manner it can he demonstrated, 
' that no other line drawn from A hui ADvs parallel to £0$ 

ADw therefore parallel to BC. 
Wherefore, equal trianglea upon, &c. a.E.Ik 

PROPOSITION XL. THEOREM. 

Equai trimufU^ upim 0funl boi^i in ih$ »am4 ttraighi UfUp amd tewatda 
thi joffM parttf are bettoeen ih« tame paraiielt. 

Let the equal triangles ABQ IJEFh^ upQ](i equal bfises ^C» J^ 
in the same straight line BF, and towards ^e same parte. 
Then they shall be between the aahie parallels. 




Join AD ; thea AD shall be pai^^el to 

For if AD be not pjRralkl to BF, 

if possible, through A draw A& psirallel to BF, (I. 31.) 

meeting JSDfOt BD ))rddaced in O, tod jofn OF. 

Then the tri&ngle ABC\b equal to the txiangle QEF, (i. 38.) 

because they are upon equal juices BC, EFt 

and between the flame paraliela BF, AGt ; 

but the triangle ABC is equal to the triangle DJ?/*! (hyp.) 

therefore the triangle DFFis equal to the triangle OFF, (ikz. 1.) 

the greater triangle equal to the less, which » impossible : 

thererore 4^0 in not parallel to BF, 

And in the same manner it can be demonstt|ite4« 

that t^ere is no other line drawn from 4 pfu:allel to it hut ADt 

AD is therefor^ naraM to BF 
Wherefore, equaj triangles uppn, ^c q.x.I>. 

PROPOSITION XLI. TH]90REtf. 

IfaparolUlogram and c triangle he upon the tame bau, and between 
4# tathi parattelt ; ike paraUelegram ehaU be double of the triangle. 

Let the paralleloCTam AB'CD, and the triangle BBC be upon the 
same base BC, and Between the same parallels BC, AE. 

Then the parallelogram ABCD shall be double of the triangle EBO 

A PI 
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Join A C, 

Th|?D the triangle ^^Cls equal to the triangle EBCt (I. $7.) 



&6 euclie's elements. 

becaiue tLey are upon the tame base J9C, and between the Bam» 

paraHelB BC, AE. 
Bat the parallelogram ABCD ia double of the triangle ABC^ * 
because the diameter ^Cbiaecti it; (l. 34.) 
wherefore ^^CZ> is also double of the triangle EBC. 
Therefprei if a parallelogram and a triangle, &c Q.s.i>. 



PBOPOSinON XLIL PROBLBM. 

To d0$eribe a parallelogram that thaU be equal, to a givem trumffle^ and 
have one ofiu angl*$ equal to a given reetilmcal angle. 

Leu ABC he the given triangle, and D the given rectilineal angle. 
It is required to describe a parallelogram that shall be equal to the 
given triangle ABC, and have one of its angles equal to IK 

A F ■ O 
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Bisect ^Cin B, (1. 10.) and join AE; 
at the point E in the straight line EC, 
make the angle C£F equal to the angle D; (I. 23.) 
through Cdraw CO parallel to EF, and through A mm AFQ 
parallel to BC, (l. 31.) meeting EF'm F, and CQ in Q. 

Then the figure CEFU is a parallelogram, (def. A.) 
And because the triangles ABE, A EC are on the equal bases BE, 
EC, and between the same parallels BC, AG; 

they are therefore e^aal to one another ; (l. 38.) 
and the triangle ABCu double of the triangle AECi 
but the parallelogram FECQ is double of the triairglo A EC, (I. 41.) 
because they are upon the same base EC, and between the same 
parallels EC, A O ; 
therefore the parallelo^m FEQQ is equal to the triangle ABC, (ax. 6.) 
> and it has one of its angles CEF equal to the given angle 1). 
Wherefore, a mrallelogram FECQ has been described equal to the 
given triangle AbC, and having one of its angles CEF equal to the 
given angle 2). Q.E.F. 

PROPOSinOlf XLIIL THEOREM. 

The complements of the paraUelograme, which are abomt the -diametdf 
of any parallelogram, are equal to one another. 

Let ABCD be a parallelogram, of which the diamelv is AC: and 
SH,OFthe parallelograms About A C, that i$, thraugk which A Cpaeees: 
also BK, KD the other parallelograms which make up the whole 
figure ABCD, which are therefore called the oomnlements. 
Hien the complement BK shall be equal to the complement KD. 
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fieeause A BCD it a parallelogram, and AC\\a diameter, 
therefore the trianeJe ABC\% equal to the triangle ADC. (l. 34.) 
Again, because EKIIA is a parallelogram, and ^ JT its diameter, 
therefore the triangle AEK is equal to the triangle AHK; (1. 34.) 
and for the same reason, the triangle KOCii equal to the triangle XFC. 
Wherefore the tixro triangles AEK, KGC are equal to the two 
triangles AHK, KFC, (ax. 2.) 

but the whole trian^e ^J^Cis equal to the whole triangle ADCi 
therefore the remaining -oomplemexit £K is equal to the remaining 
ootaiplement KD, (ax. 3.) 

Wherefore the complements, &0. q.b.d« 

PROPOSITION XLIV. PROBLEM. 

7V> a given atraigkt line to apply a paroXlelogram, tokich ekaU he e^fwtl 
to a given triangle^ an4 have one of %U angles e^ual to a given rectilinea/ 
angle. 

Let AS be the eiTen straight line, and Cthe giyen triangle, and T) 
the given recdlineid angle. 

It is required to apply to the straight Hne AB, a paralielogram 
equal to the triangle C, and haying an angle equal to the angle D, 



^ 




H A 

Make the parallelogram BBFG equal to the triangle C, 

and having the angle EBG equal to the angle 2), (I. 42.) 

so that BE be in the same straight line with AB \ 

produce FO to iT, 
through A draw -ilT parallel to BG or EF, fl, 31.) and join HB. 
Then because the straight line ZTF falls upon tne parallels AH, EF, 
txierefore the angles AHF^ HFE are together equal to .two right 

angles ; (l. 29.) 
wherefore the angles BHF^ SFE are lesft than two right angles : 
but straight lines which with another straight line, make the two 
interior*angles upon the same side less than two right angles, do meet 
if produced far enough: (ax. 12.) 

therefore HB, FE shall meet if produced ; 

let them be produced and meet in K, 

through K draw KL parallel to EA or FS, 

and produce HA^ GB to meet KL in the points X, ^» 

Then hLkF is a parallelogram/ of which the diameter is JBX; 
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uid AO, ME. are the p&rilleloipima about fJT; 

. alM> LB, BFvm ihe complemeDU ; 

drnffore dkeoomrileinent LU'a eqiial to tne complement fiP; (1.43.) 

but tie com pi em enl Jf Pis equal to the triangle C\ (constr.) 

wheretbni Li! Is myjtai lo the triunjjle C. 

And because tiie angle QUE \i equal to the angle ASM, (l. 10.) 

tod likewise to tlie anjile I>: (constr.) 

thereTore the an^le Ahit ia e(|ual to the angle D. (ax. 1.) 
Therefore to the given straight line AB, the jHirallelograin LB has 
been applied, equal to the triangle C, and having the angle ABit 
equal 16 Uie given angle D. a. E. t. 

PROPOSITION XLV. PROBLEM. 

To ifiieriM a paralUlogram «fuaJ to a given rteliliiital ^gurt, olM 
Aaaing an angle iqual to a jicen rtcliliueal ony/i,' 

Let ABCD be the given rectilineal figure, and B the g^Vea recti- 
lineal angle. 

It is required to dencribe a pamllejogran!) that «ha^ be equal to tbe 
figure ABCD, and having an angle ei^ual lo the given angle B. 
D F a L 

B O , ,, » H « 

Ioin\DS. 
Deicribe the panilteldgrStn FII equal to the tnBngla ADS, and 
bavins the angle fJPi/e^ual^ the angle E; (1,4^-) 

to Ue atraight l^s-filT. apply the paralle1oc7im',&if equal to the 

triangle DBC, having the ane^e OHM eqtial to the angle E. 

(I. 44.) 

Then the flgura FKML ahall be the partJl^gram l^uired. 

Because each of the angles FKH, OHM, is equal to the angle .&> 

tiwreipre the angle FKII ia eaual to the angle OllM; 

add to each of thew equals the angle XffO ; 

f, OHMt 

'i'- 

,the two 

1^ ad- 

'itL>9.) 

p.irozi 

ft 2».) 



ilS* 
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A2id because XF is pantUel to BO, and SO to if£, 

therefore KF'is parallel to ML ; (I. 30.) 

end FL has been proved parallel to KM, 

wherefore the figure FKML is a parallelogram ; 

ikd siiice the parallelbgraM KF\a equal to the triangle ABDf 

and the parallelogram GM to the triangle bSC\ 

therefore the whole parallelogram KFLM is equal^to the Wh6l» 

. teetilineal figure ^^ CD. 

Therefore the parallelogram KFLM has been described equal to 
the given rectilineal figure A BCD, having the angle FKM equal to 
the ffiven angle F. Q. E. P. 

(Job. From this it is manifest how, to a given str^ ' '^ht line, to apply 
a parallelogram, which shall have an an^le equal to a given rectilineal 
angle, and shall be eoual to a given rectiHn'eal figure ; viz. by applying 
to the given straight line a parallelogram equal to the first tnangle 
ABD, (I. 44.) and having an angle equAl to the given angle. 

PROPOSITION XLn. PROBLEM. 

lb deteribe a sqw&e iipofi ^ghaen straight lin$. 

Let ABhe the givifn kiraight line. 




It !# f^cjufl-ed «t>'dbs<»>i^' a «q^i%' tft)6h AB. 
Mbm iSli»}^M A diww ^<) at right aMgl^ ^'AB\ (llll.) 

niak^ Aiy^^UXXxyAB ;• (I. 3.) . , 
• through tti6F polhf J> draMf* DS partillfel tb':4S ;^ (i. 31.\ 
kiUS^m^i, di^w" J^J? paHdlel to^^i^, me^^tihgDi^ih^Jri 
the^eford AB'Eiyxh a parall^lb^Ui; 



ifMMJ^B ih'eqiial'to />£; ^A^AB tb'BBY (i: 34.) 

but ^D is equal to AB. 

ilMrefd^ tfe^ fbiir litfes AB, i^, FD; AA-ate Mid to diicf another, 

aifd'tbe p'araI1«4^*gfam^^B^l) is eqtiiliiteraL 

Iv has' MewisC^all its i^gleis right ah^Hes ; 

sih<^^^'nie^«^nh& parallels '^!9, DJ?, 

therefore the aneles BAD, ADFaie equal tdtwb right an^lM; (l29«) 

%XtMAD is a r||ht rfhgle ; (constr^ 

tb6rfcf(^ also^^lD^'is'a right atrgfe. 

But the opposite angles of parallelograms >re edtK^I; (!^^*) 

thereftfnredch'of tbe^'oij^i^it^aA^er^lSJ?, Si^^ is 9/iigbt ahglei 

ifhetetot^ the 'figure ABED is r§cffm^a^, 

sMd^it hajft been proted to be eq\i!lateralj 

* . tlierefore the figi^ ASFD is a squafev (def.'30;)' 

and it is described upon the given straight line AB. Q.E.V. 
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upHtw dMnioed ifl» SU, AC 



and on SU, AC diB nquorBi &S mC; 
thtro^ ^ dmw AZ panilei to ili) oE GZ; (t. aL) 

audiDiii^il,;^ 

TliMi bstmae As Higls 5^ C ia ■ right ngje, (hyp.) 

■nd that Ab ttof^e SAQ^t right angle, (d^ 30.) 

rhe two straight linm AC, AG upon the npponte ^lai of A3, mBka- 

with it at Ihe point A, tins adJEioant unelea m^uoi Qj dni right ntgi^ 

ttaerefon CA w in the Mune (ttraic^t lino trith ^IS. (X 14.1 

?or the wnw mMoa, :tA snd ABm in ilw Bma-Hnushc lUio. 

And beoMia die sngle XiAC !■ eqiuU. to the ngla J!&^ 

OMb of oiem being s right ugitt, 

■dd to «wli of ibew eqiwla ifie an^ ^ JC 

th«n«ftii« die whole angle .^AAii equal to tiie whale onole TmCoKZ.) 

And beoaaee the cwa oAst AB, JlOiire eqiud.nt£8ri*asdBa.nv 

J^^, eaoh tA eaeh, and liwiiuliidedaiisie jCA^iaemniudiaiiialiidBd 

ingle rSC, 

dMRfbfs Ae fNMe .^D ie etpial cs t^ I»m TC, ^ 4} 
and die Kiande ASH ta Hie triangi* JVC 
Kbw dte parallelogratt f X ia double of clu odsule A^H, ft. «L] 
beeauae Chev are apoa. the same haw 2A awT bat i m i M a* mmt 
panUeklA'^X; 

aleo tlie aqoMe 6^ it tbofale of die tnMi^ J3C; 
bacMwa these alao *ra oaaa Ac mm* baa» i3^ and biriiiia. flte 

«a«>»paraU«le.r:^0e 
Bat i&e donblea af 



iblea af eWBla an «(m1 to aa* aaatkn r (»■ <4 
the panllrittcaM £X ia apwl to Ikta^aace 0B. 
tnilBrir, b; joianc AM, BK, it aas h* pMaad, 
(hart tke p«raiklog»u Ch it eq^ toch» w^mmt MC 
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Therefore the whole square BDEC is equal to the two squma OB^ 
BC; (ax. 2.) 

ana the square BDEC is described upon the straip^ht line 3C, 

and the squares GB, HQ upon AB, A C: 
therefore the square upon the side J^C, is equal to the squares upon 
the sides AB, AC. 

Therefore, in any right-angled triangle, &o. Q.B.]>» 

PBOPOsmoN XLvrn, theorem. 

If th$ sfuare deteribed %qKm one of ih$ iidsi of a trianffle, be ofuai to 
the tquam deteribed upon the other two eidee of U; the ongle contained iy 
ihiee two tides ie a right angUs 

Let the square described upon i?C, one of the sides of the triangle 
^^C, be equal to the squares upon the other two sides, AB, ACL 
Then the angle BA C shall be a right angle. . 

D 




From the point A draw AD at right anp^Ies to ^C, (1. 11.) 

make AD equal to AB^ and join DC, 

Then, because AD is equal to AB, 

the square on ^2> is equal to tne square onABi 

to each of these equals add the square on ^ C; 

therefore the squares on AD , A Care equal to the squares on AB^ A C: 

but the squares on AD, AC are equal to the square on DC, (i. 47.) 

because the angle DA C is a right angle ; 

and the square on BC, by h}'pothe8is, is equal to the squares on BA,AC\ 

therefore the square on DC is equal to the square on BC\ 

and therefore the side DC is equal to the side BC. 

And because the side AD is equal to the side AB. 

and ^Cis common to the two triangles DAC, BAC\ 

the two sides DA, A C, are equal to the two BA, A C, each to each ; 

and the base DC has been proved to be equal to the base BC\ 

therefore the angle DA C is equal to the angle BA C; (I. 8.) 

but DA C is a right angle ; 

therefore also BACis a right angle. 

Therefore, if the square described upon, £c. Q.E.D. 
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ON THE DEFINITIONS. 

Geometry is one of the most perfect of the deductive Sciences, and 
seems to rest on the simplest inductions from experience and obserration. 

The first principles of Geometry are therefore in this yiew consifct^nt 
hypotheses founded on facts cognizable by the senses, and it is a subject 
of primary importance to draw a distinction between the conception of 
things and the things themselves. These hypotheses do not involve any 
property contrary to the real nature of the things, and consequently cannot 
DC regarded as arbitrary, but in certain respects, agree with the concep- 
tions which the things themselves suggest to the mind through the 
medium of the senses. The essential definitions of Geometry therefor^ 
being inductions from observation and experience, rest ultimately on the 
evidence of the senses. 

It is by experience we become acquainted with the existence of indi- 
vidual forms of magnitudes ; but by the mental process of abstraction, 
which begins with a particular instance, and proceeds to the general 
idea of all objects of Uie same kind, we attain to the general conception 
•f those forms which come under the same general idea. 

The essential definitions of Geometry express generalized conceptions 
of real existences in their most perfect ideal forms : the laws and appear- 
ances of nature, and the operations of the human intellect being sup- 
posed uniform and consistent. 

But in cases where the subject falls under the class of simple ideas, 
the terms* of the< definitions so called, ai^ no more than merely equivalent 
expressions. The simple idea described by a proper term or terms, does 
not in fact admit of definition properly so called. The definitions in 
£uclid*s Elements may be divided into two classes, those which merely 
explain the meaning of the terms employed, and those, which, besides 
explaining the meaning of the terms, suppose the existence of the things 
described in the definitions. 

• Definitions in Geometry cannot be Of such a form as to explain the 
natuie and properties of the figures defined : it is sufficient that they give 
marks Whereby the thing defined mav be distinguished from every: other 
of the same kind. It will at once be obvious, that the definitions of 
Geometry, one of the pure sciences, being abstractions of 'Space, are not 
Hke the definitions in anj* one of the physical sciences. The discovery 
of any new^ physical facts may render necessary some alteration or modi- 
ficatitm in the definitions of the latter. 

Def. 1. Simson has adopted llieon's definition of a point. Euclid's 
definition is, o-i)/ucIov i<mv ou fxipo^ ovSiv^ ** A point is that, of which there 
is no part,** or which cannot be; parted or divided, as it is explained by 
Proclus. The Greek term <rT}/uctov, literally means, a visible sign or mark 
on a surface, in other words, a physical point. The English term poitU, 
means the shairp end of- any things or. a mark made by it. llie word 
pttint c()mes from the Latin punctum, through the French word point, 
Keither of these terms, in its literal sense, appears to give a very exact 
notion of what is to be understood by a point in Geometry. Euclid's 
definition of a point merely expresses a negative property, which excludes 
the pniper and literal meaning of the Greek term, as applied to denote a 
phvHical point, or a mark which is visible to the senses. 

rythatforas defined a point to be /lovdv dtatv txovaa, ** a monad having 
position.* By uniting the positive idea of position, with the negative 
idea of defect of magnitude, the conception of a point in Geometry may 
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be rendefed perhaps more intelligible. A point is defined to te th&t 
whieb has no magnitude, but position only. 

Def. II. Every visible line has both length and breadth, and it is im- 
possible to draw emy line whatever which shall have no breadth. The 
definition requires the conception of the length only of the line to be 
considered, abstracted from, and independently of, all idea of its breadth. 

Def. III. This aefinition renders more intelligible the exact meaning 
of. the definition of a point : and we may add, that, in the Elements, 
Euclid supposes that the intersection of two lines is a point, and that two 
lines can intersect each other in one point only. 

Def. IT. The straight line or right line is a term so clear and inteL' 
ligihle as to be incapable of becoming more so by formal definition. 
Euclid's definition is £u<JeIa yjoa/x/ur; f cTTii^, r;Tts c^ t.90v Toi« c<^' iavTfjr 
«nAict«t« fccZrai, wherein he states it to lie evenly , or equally, or upon «ir 
equaHiy (»f Itrov) between^lts extremities, and which Proclus explains aa* 
being .stretclied between its extremities, n t'*"' aKpwv Ttra/jiivn, 

If the line be conceived to be dr^wn on a plane surface, the words- 
t^ loov may mean, that no part of the line whicn is called a straight line 
dieviates either from one side or the other of the direction which is fixed 
by the extremities of the line ; and thus it may be distinguished &om » 
eurved line, which does not lie, in this sense, evenly between Its .extr'eme 
points. If the line be conceived to be drawn in space, the words i^ to-oiv 
must be understood to apply to every direction on every side of the line 
between its extremities. 

Every straight line situated in a plane, is considered to have two sides ; 
and when the direction of a line is known, the line is said to be ^ven in. 
position i also, when the length is known or can be found, it is said to be 
given miAagnitude. 

From the definition of a straight line, it follows, that two points fi^ a 
straight line in position, which is the foundation of the first and secon4^ 
postulates. Hence straight lines wh ich are proved to coincide in two or more 
points, are called, "one and the same straight line,*' Prop. 14, Book i« 
or, which is the same thing, that '.' two straight lines cannot haye a 
common segment," as Simson shews in his Corollary to Prop. 11, Bpokx. 

The following definition of straight lines has also been proposed. 
** Straight lines are those which, if they coincide in any two points, coin- 
cide as far as they are produced." But this is rather a criterion of straight 
lines, and analogous to the eleventh axiom, which states that, '* all right 
angles are equal to one another," and suggests that all straight lines may 
be made to coincide wholly, if the lines be equal ; or partially, if the lines 
be of unequal lengths. A definition should properly be restricted to the 
description of the thing defined, as it exists, independently of anj com* 
parison of fts properties or of tacitly assuming the existence of axioms. ^ 

. Def. vn. Euclid's definition of a plane surface is 'Britrtdtn C7r«^a- 

vcia tirrcv ^rtv c'^ l<rov ralr c</>' iavTyjt ivdiiau Kiirrfu, ** Ji plane surface IS 

that which lies evenly or equally with the straight lines in it ;" instead 
of which Simson has given the definition which was originally proposod 
by Hero the Elder. A plane superficies may be supposed to be situated 
in any position, and to be continued in every direction to any ext^it. 

Def. VIII. Simson remarks that this definition seems to include tha 
angles formed by two curved lines, or a curve and a straight line, as wo^ 
as that formed by two straight lines. 

Angles made by straight lines only, are tre&ted of in KLemenUxy 
(<«ometry. 
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Def. la:. It is of the highest importance to attain a clear eonceptioi^. 
of an angle, and of the sum and difference of two angles. The Utertl 
jneaning of the term angiUut suggests the Geometrical conception of an 
angle, which may be regarded as formed by the divergence of two ttraighf 
lines from a point. In the definition of an angle, the magnitude of the 
angle is independent of the lengths of the two lines by which it i» 
included ; their muti^al divergence from the point at which they meet, is 
the criterion of the magnitude of an angle, as it is pointed out in ttte 
aucceeding definiti6ns. The point at which the two Imes meet is called 
tke angular point or the vertex of the angle, and must not be confounded^ 
with the magnitude of the angle itself. The right angle is fixed in mag< 
nitude, and, on this account, it is made tho standard with wMch ftl 
other angles are compared. 

Two straight lines which actually intersect one another, or which 
when produced would intersect, are said to be inclined to one another, 
and the inclination of the two lines is determined by the ai&gle which 
they make with one another. 

Def. z. It may be here observed that in the Elements, Euclid always 
assumes that when one line is perpendicular to another line, the latter is 
also perpendicular to the former ; and always calls a rigkl an^le, ipBi 
ymvla ; but a straight UnSf ivOtta ypafifk^, 

Def. xiz. This has been restored from Proclus, as it seems to have a 
meanine in the construction of Prop. 14, Book u ; the first case of Prop. 
33, Book III, and Prop. 13, Book vi. 'the definition of the segment of a 
circle is not once alluded to in Book i, and is not required before die dis- 
cussion of the properties of the circle in Book in. Proclus remarks on 
this definition : *' Hence you may collect that the center has three places : 
for it is either within the figure, as in the circle ; or in its perimeter, as 
in the semicircle ; or without the figure, as in certain conic lines." 

Def. xxiv-xxix. Triangles are divided into three classes, by reference 
to the relations of their sides ; and into three other classes, by reference 
to their angles. A further classification may be made by considering 
both the relation of the sides and angles in each triangle. 

In Simson's definition of the isosceles triangle, the word only must be 
omitted, as in the Cor. Prop. 5, Book i, an isosceles triangle may be 
equilateral, and an equilateral triangle is considered isosceles in Prop. 15, 
Book rv. Objection has been made to the definition of an acute-angled 
triangle. It is said that it cannot be admitted as a definition, that all the 
three angles of a triangle are acute, which is supposed in Def. 29. It 
may be replied, that the definitions of the three kinds of angles point out 
and seem to supply a foundation for a similar distinction of trisoigles. 

Def. xxx-xxxiv. The definitions of quadrilateral figures are Uieible to 
objection. All of them, except the trapezium, fall under tHe. general 
idea of a parallelogram ; but as Euclid defined parallel straight lines 
after he had defined four-sided figures, no other arrangement could be 
adopted than the one he has followed ; and for which there appeared to 
him, without doubt, some probable reasons. Sir Henry Savile, in his 
Seventh Lecture, remarks on some of the definitions of Euclid, *' Nee 
dissimulandum aliquot harum in manibus exiguum esse usum in Geo- , 
metriE." A few verbal emendations have been made in some of them. 

A square is a four-sided plane figure having all its sides equal, and 
one ansle a right angle : because it is proved in Prop. 46, Book i, that if a 
parallelogram have one angle % right angle, all its angles axe right 
angles. 
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. JLa oblong, In the tame manner, may be defined aa a plane figure of 
tona sides, haying only its opposite sides equal, and one of its angles a 
light angle. 

A rhomboid is a four-sided plane figure hayinB only its opposite sides 
equal to one another and its angles not right angles. 

Sometimes an irregular four-sided figure whidi has two sides paraUely 
Is called a trapezoid. 

* Def. xxxT. It is possible for two right lines nerer to meet when pro- 
dncedi and not be parallel. 

Def. A. The term parallelogram literally implies a figure formed by 
parallel straight lines, and may consist of four, six, eight, or any eren 
number of sides, where every two of the opposite sides are parallel to one 
another. In the Elements, however, the term is restricted to four-sided 
figures, and includes the four species of figures named in the Definitions 

XXX — XXXIII. 

The synthetic method is followed by Euclid not only in the demon- 
strations of the propositions, but also in lajring down the definitions. He 
commences with the simplest abstractions, def ning a point, a Une, an 
angle, a superficies, and their different yarietaes. This mode of proceed* 
ing involves the difficulty, almost insurmountable, of defining satisfac- 
torily the elementary abstractions of Geometry. It has been observed, 
that it is necessary to consider a solid, that is, a magnitude which has 
length, breadth, and thickness, in order to understand aright the defini- 
tions of a point, a line, and a superficies. A solid or volume considered 
apart from its physical properties, suggests the idea of the surfaces by 
' which it is boimded : a surface, the idea of the line or lines which form 
its boundaries : and a finite line, the points which form its extremities. 
' A solid is therefore boimded by surfaces ; a surface is bounded by lines ; 
and a line is terminated by two points. A point marks position only : a 
line has one dimension, length only, and defines distance : a supernciea 
has two dimensions, length and breadth, and defines extension : and a' 
solid has three dimensions, length, breadth, and thickness, and defines 
some portion of sjMice. 

It may also be remarked that two points are sufficient to determine 
the position of a straight line, and three points not in the aame straight 
line, are necessary to fix the position of a plane. 

ON THE POSTULATES. 

Tm definitions assume the possible existence of straight lines and 
eirdes, and the postulates predicate the possibility of drawing and of 
produciir^ straight lines, and of describing circles. The postulates form 
the principles of construction assumed in the Elements ; and are, in fact, 
problems, the possibility of which is admitted to be self-evident, and to 
tequire no proof. 

It must, however, be carefidly remarked, that the third postulate only 
admits that wi&en any line is given in position and magnitude, a cirde 
may bo described from either extremity of the line as a center, and with 
a radius equal to the length of the bne, as in Euc. i, 1. It does nol 
adndt the description of a circle with any other point aa a center than 
one of the extremities of the given line. 

Euc. I. 2, shews how, from any given point, to draw a straight liSA 
aqusi to another atraight line which is given in magnitude and poaitum. 
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ON THE AXIOMS. 

AjLiotAa are usually defined to be self-evident truths, which cannot hd 
rendered more evident by demonstration ; in other words, the axioms of 
Geometry are theorems, the truth of which is admitted without proof. 
It is by experience we first become acquainted with the different forms 
of geometrical magnitudes, and the axioms, or the fundamental ideas of 
their equality or inequality appear to rest on the same basis. The con- 
ception of the truth of the axioms does not appear to be more removed 
from experience than the conception of the definitions. 

These axioms, or first. principles of demonstration, are such theorems 
as cannot be resolved into simpler theorems, and no theoi. m ought to be 
admitted as a first principle of reasoning which is capable of being dd» 
mnnstrated. ' An axiom, and (when it is convertible) its converse, should 
both be of such a nature as that neither of them should require a fonnal 
demonstration. 

The first and most simple Idea, derived from experience is, that every 
magnitude fills a certain space, and tl^t several magnitudes may suceea- 
•ively fill the same space. 

Ail the knowledg^ we have of magnitude is purely relative, and the 
most simple relations are those of equality and inequality. In the com- 
parison of magnitudes, some are considered as given or known* and the 
unknown are compared with the known, and conclusions ase syntheti- 
eaUy deduced with respect to the equality or inequality of the magnitudes 
under considefation. In this manner we form our idea of equality, 
tkrhich is thus formally stated in the eighth axiom : *' Magnitudes whioh 
coincide with one anoiher, that is, which exactly fill the same spaee^ an 
equal to one another." 

Every specific definition is referred to this universcd princii^e. Wilh 
regard to a few more general definitions which do not furnish an equality, 
it will be found that some hypothesis is ahirayB made reducing them Id 
that principle, before any theory is built upon them. As for examfile, 
the definition of a straight line » to be referred to the tenth axiom ; the 
definition of a ri^ht angle to the eleventh axiom ; and the definition; 9f 
parallel straight hues to the twelfth axiom. 

The eighth axiom is called the principle of superposition, or, tlie 
mental process by which one Geometrical magnitude may be conceived 
to be placed 'on another, so as exactly to coincide with it, in the parts 
which are made the subject of comparison. Thus, if one straight line be 
conceived to be placed upon another, so that their extremities are coin- 
cident, the two straight lines are equal. If the directions of two lines 
which include one angle, coincide with the directions of the two lines 
which contain another angle, where the points, from which the angles 
diverge, coincide, then the two angles are equal : the lengths of the lines 
not affecting in any way the magnitudes of the angles. When one plane 
figure is conceived to be placed upon another, so that the boundaries of 
one exactly coincide with the boundaries of the other, then the two 
plane figiu'es are equal. It may also be remarked, that the converse of 
this proposition is not universally true, namely, that when two magni^ 
tudes are equal, they coincide with one another : since two magnitudes 
may be equal in area, as two parallelograms or two triangles, £uc. i. 35, 
37 ; but their boundaries may not be equal : and, consequently, by 
superposition, the figures could not exactly coincide : all such figures, 
hoT^ever, having equal areas, by a difierent arrangement of theic partly 
may be mAde to eomcide exactly. 
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Thii tuiom U Hie criteiion of QeametriCBl equality, ud ii eB«ent^l7 
lifl^trent from the criterion of AriChmeCicBj equality. Two geiimelrici 
magniludeg are equal, when they coincide or maT be jnade to coincide : 
two abUroct numbers are equal, when they contain the aame aggrngala 
of units : and two concrete numb^s are equal, when they contain th^ 
■amt number of units of the same kind of maj^nitude. It is at once ot^ 
Tioiu, that Arithmetical representiilioni of Geometrical m«gnitudeii ar* 
not admissible in Euclid's criterion of Oeometricul Equality, as he has oot 
fixed the unit of magnitude of either the straijihl lijie, the anktle. or ths 
■ BuperGcies. Ferhajis Euclid intended that the first seven axioms should 
be qiplicable to numbers as well as to Oeometiical maynituiles, and thic 
i« in accordance with the words of Proclug, who calU the aiioma, comneia 
notiow, not peculiar to the subject of Qeomeliy. 

fiereral of the aiiams may be generally exemplified thui ; 
"■■' -aight line^B be equal A B 



^en the straight Una 4B is «qu&l CO tlM 
itraight line fi>'. 

Aiiomii. Iftheline^Bbeequaltotheline * 5 C ' O 

CD i and if the line BF be idso equal (o ^e 

lineCH: then thesumofthelines^fiandBF K f O g 

ll equal to the aum of the lines CD and C^. 

.£xiom IH. If the line ^Bl(e equal to flie i ? 2 5 

Uns CD ; and if the line £f be also equal to th« 

Une GH ; then the difference of AB and EF, ? I O H_ 

j* equal to the c" ) and GH. 

.ixiom IT. aij xempUlled under ths two following fbimi i 

I, Ifthelii. «thelineCDj' i b C '^ D 

and if the line i n the line eff; " '' 

tjten thesumof id B F U greater E T O H 

(Aon the sum o/ nd GH. " 

2. If the lini o the Une CD i A B g D 

and il the line . . the Une GH; " 

then the sum o ' snd EF u Im k f O H 

than the sum of jnd GH. ■" 

Axiom V. also admits of two forms of eiempliflcation. 

1. IfthelineXBbe equal tothelinoCD; A__B C P 

andif the line £/'Ae»reB(ei-(Aan the line GH; " 

tlum the difference of the lines .40 and EPi» E T 6 H 

fttaitr than the difference of CAand OR. 

■ a. It the line AB be equal to the Une CD ; * ? C D 

and if the line EF be iett than t>.e line GH; 

then the difference of the lines .4S and E;^i» ? I 9 5 

iMtfAanthe difference of the lines CD and GH. 

The axiom, " If unequals he taken from equals, the remidndiirB an 
unequal," may be exemplified in the same msnner. 

Ajuomvi. Iftheline^iSbedoutileofthe * ■ 

line CD i and if the line EF be also double of ? 2 

Uie Une CD; B J 

then the line .IB ia equal to the Une EF. 

Axiom Tii. It the line .<B be the half of * ? 

the line CD; and if the line EF be iCfO the C ^D 

half of the Une CD; 1 » 

' then the line ABia equal to the line EF. 
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%t may be observed that when equal magnitudes are taken from un- 
equal magnitudes, the greater remainder exceeds the less remainder by 
as much as the greater of the unequal magnitudes exceeds the less. 

If unequals be taken from unequals, Uie remainders are not always 
unequal ; they may be equal : also if unequals be added to unequals the 
wholes are not always unequal, they may also be equal. 

Axiom IX. The whole is greater than its part, and conversely, the 
part is less than the whole. This axiom appears to assert the contrary 
of the eighth axiom, namely, that two magnitudes, of which one is 
greater than the other, cannot be made to coincide with one another. 

Axiom X. The property of straight lines expressed by the tenth 
axiom, namely, *' that two straight lines cannot enclose a space," is ob- 
yiously implied in the definition of straight lines ; for if they enclosed a 
space, they could not coincide between their extreme points, when the 
two lines are equal. 

Axiom XI. This axiom has been asserted tx> be a demonstrable theo- 
rem. As an angle is a species of magnitude, this axiom is onlym parti- 
cular application of the eighth axiom to right angles. 

Axiom xu. See the notes on Prop. xxix. Book i* 

ON THE PROPOSITIONS. 

Whsnxtbb a judgment is formally expressed, there must be some- 
thing respecting which the judgment is expressed, and something else 
which constitutes the judgment. The former is called the subfect of the 
proposition, and the latter, the predicate, which may be anything which 
can be affirmed or denied respecting the eul^ecU 

The propositions in Euclid's Elements of Geometry may be divided 
into two classes, problemt and theorems, A proposition, as the term 
imports, is something proposed ; it is a problem, when some Geometrical 
eorutntction is required to be effected : and it is a theorem when some Geo- 
metrical property is to be demonstrated. Every proposition is natu- 
rally divided into two parts ; a problem consists of the data, or things 
given; and the gutesita, or things required: a theorem, consists of the 
siutgect or hypothesis, and the conclusion, or predicate. Hence the distinction 
between a problem and a theorem is this, that a problem consists of the 
data and the qussita, and rei^^uires solution : and a theorem consists of 
the hypothesis and the predicate, and requires demonstration. 

All propositions are aJimuUive or negative ; that is, they either asser 
some property, as Euc. i. 4, or deny the existence of some property, as 
Euc. I. 7 ; and every proposition which is affirmatively stated has a con- 
tradictory corresponding propo8it\on. If the affirmative be proved to Im 
true, the contracuctory is false. 

All propositions may be viewed as (1) universally affirmative, or tmt- 
versally negative ; (2) as particularly affirmative, or particularly negative. 

The connected course of reasoning by which any Geometrical truth is 
established is called a demonstration It is called a direct demonstration 
when the predicate of the proposition is inferred directly from the pre- 
misses, as the conclusion of a series of successive deductions. The de- 
monstration is called indirect, when the conclusion shows that the intro- 
duction of any other supposition contrary to the hypothesis stated in the 
proposition, necessarily leads to an absurdity. 

It has been remarked by Pascal, that ** Geometry is almost the only 
subject as to which we flna truths wherein all men agree ; and one causa 
of tlua ist that Geometers slone regard the true laws of demonatratioa.^ 
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These are enumerated by him as eight in number. '* 1^ To define nothing 
which cannot be expressed in clearer terms than t^ose in which it }» 
ahready expressed. 2. To leave no obscure or equivocal terms undefined. 
3^ To employ in the definition no terms not already known. 4. To 
omit nothing m the principles from which we areue, unless we are sure 
it is granted. 6, To lay down no axiom which is not perfectly eyident. 

6. To demonstrate nothing which is as clear already as we can make it. 

7. To proye every thing in tlie least doubtful by means of self-evident 
axioms, or of propositions already demonstrated. 8. To substitute 
mentally the dennition instead of the thing defined." Of these rules, he 
says, *' the first, fourth and sixth are not absolutely necessary to avoid 
error, but the other five are indispensable ; and though they may be found 
in books of logic, none but the Geometers have paid any regard to them." 

The course pursued in the demonstrations of the propositions in 
Euclid's Elements of Geometry, is always to refer directly to some ex- 
pressed principle, to leave nothing to be inferred from vague expressions, 
and to naake every step of the demonstrations the object of the under- 
standing. 

It has been maintained by some philosophers, that a genuine defini- 
tion contains some property or properties which can form a basis for 
demonstration, and that the science of Geometry is deduced from the 
definitions, and that on them alone the demonstrations depend. Others 
have maintained that a definition explains only the meaning of a term, 
and does not embrace the nature and properties of the thing defined. 

If the propositions usually called postulates and axioms are either 
tacitly assumed or expressly stated in the definitions ; in this view, de- 
monstrations may be said to be legitimately founded on definitions. If, 
on the other hand, a definition is simply an explanation of the meaning 
of a term, whether abstract or concrete, bv such marks as may prevent a 
misconception of the thing defined ; it will be at once obvious that some 
constructive and theoretic principles must be assumed, besides the defini- 
tions to form the ground of legitimate demonstration. . These principles 
we conceive to be the postulates and axioms. The postulates describe 
constructions w}iich may be admitted as possible by mrect appeal to our 
experience; and the axioms assert general theoretic truths so simple 
and self-evident as to require nu proof, but to be admitted as the assumed 
first principles of demonstration. Under this view all Geometrical 
reasonings proceed upon the admission of the hypotheses assumed in 
the definitions, and the unquestioned possibility oi the postulates, and 
the truth of the axioms. 

Deductive reasoning is generally delivered in the form of an enthymeme, 
or an argument wherein one enunciation is not expressed, but is readily 
supplied by the reader : and it may be observed, that although this is the 
ordinary mode of speaking and writing, it is not in the strictly syllogistil! 
form ; as either the mqfnr or the minor premiss only is formally stated 
before the conclusion : Thus in Euc. i. 1. 

Because the point J is the center of the circle BCD ; 
therefore the straight line Jli is equal to the straight line AC, 

The premiss here omitted, is : all straight lines draiAn from the center 
of a cirde to the circumference are equal. 

In a similar way may be supplied the reserved premiss in every enthy* 
meme. The conclusion of two enthymemes may form the major and minor 
premiss of a third syllogism, and so on, and thus any process of reasoning 
is reduced to the strictly syllogistic form. And in this way it is «hew2» 
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that the j^eneral theorems of Geometry are demonstrated by means of 
syllogisms founded on the axioms and definitions. 

Every syllogism consists of three propositions, of which, two are c&lled 
flie premisses, and the third, the conclusion. ITiese propositions contain 
three terms, the subject and predi<;ate of the conclusion, and the middle 
term which connects the predicate and the conclusion together. The 
subject of the conclusion is called the minor y and the predicate of the con- 
elusion is called t?ie major term, of the syllogi&m. llie major term appears 
in one premiss, and the minor term in the other, with the middle term, 
which IS in both premisses. That premiss which contains the middle 
term and the major term, is called the major premiss ; and that which 
contains the middle term and the minor term, is called the minor premiss 
of the syllogism. As an example, we may take the syllogism in the demon- 
stration of Prop. 1, Book 1, wherein it will be seen that the middle term ia 
the subject of tilie major premiss and the predicate of the minor. 
Hajdr premiss : because the straight line ABi^ equal to the straight line ACi 
Minor premiss : and, because the straight line ^C is equal to tiie straight 
line AB\ * 

Conclusion : therefore the straight line BC is equal to the straight line JjO. 

Here, BC is the subject, and AC the predicate of the conclusion. 

BC is the subject, and AB the predicate of the minor premiss* 
^B is the subject, and AC the predicate of the major premiss. 

4il80, ^ C is the major term, BC the minor term^ and AB the middle term 
•f the syllogism. 

In this syllogism, it may be remarked that the definition of a straight 
Jine is assumed, and the definition of the Geometrical equality of two 
straight lines ; also that a general theoretic truth, or axiom, fonns the 
ground of the conclusion. And further, though it be impossible to make 
any point, mark or sign (<rt|/xetoi^) which has not both length and breadth, 
and any line which has not both length and breadth ; the demonstrations 
in Geometry do not on this account become invalid. For they are pursued 
on the hypothesis that the point has no parts, but position only : and the 
iine has length only, but no breadth or thickness : also that the surface 
%as length and breadth only, but no thickness : and all the conclusions 
at which we arrive are independent of every other consideration. 

The truth of the conclusion in the syllogism depends upon the truth 
of the premisses. If the premisses, or only one of them be not true, the 
oonclusion is false. The conclusion is said tofoUowfrom the premisses; 
^whereas, in truth, it is eotUained in the premisses. The expression must 
be understood of the mind apprehending in succession, the truth of 
•the premisses, and subsequent to that, the truth of the conclusion ; 
#0 thct the conclusion follows from the p/emisses in order of time 
as far as reference is made to the mind's apprehension of the whole 
argument. 

£very proposition, when complete, may be divided into six parts, as 
Proclus has pointed cut in his commentary. 

1 . The proposition^ or general enunciation^ which states in general terms 
the conditions of the problem or theorem. 

9., The exposition, or particular enunciation^ which exhibits th® subjifd 
of the proposition in particular terms as a fact, and refers it to some 
diagram described. 

3. The determination contains the predicate in particular terms, as it 
U pointed out in the diagram, and directs attention to the demonstratioa^ 
My pronouncing the thing sought. 
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4. The constructUm applies the postulates to prejiare the diagtam fijpr 

the demonstration. 

5. The demonstration is the connexion of syllogismst which prore the 
truth or falsehood of the theorem, the possibility or impossibility of the 
problem, in that particular case exhibited in the diagram. 

6. The conclusion is merely the repetition of t)ie general enujaciattom 
wherein the predicate is asserted as a demonstrated truth. 

Prop. I. In the first two Books, the circle is employed as a mt- 
chanical instrument, in the same manner as the straight line, and the use 
made of it rests entirely on the third postulate. No properties of the 
circle are llifioussed in these books beyond the definition and the thindl 
postulate. When two circles are described, one of which has its center ia 
the circumference of the other, the two circles being each of them partly 
within and partly without the other, their circumferences must intersect 
each other in two points ; and it is obvious from the two circles 'tutting 
each other, in two points, one on each side of the given line, that tw# 
equilateral triangles may be formed on the given line. 

Prop. II. When the given point is neither in the liiie, n(^ in the lin^ 
produced, this problem admits of eight different lines being draum from 
the given point in different directions, every one of which is a solutioiL 
ef the problem. For, 1. llie given line has two extremities, to each of 
which a line may be drawn from the given point. 2. The equilateral 
triangle may be described on either side of this line. 3. And the side 
BD of the equilateral triangle A BD may be produced either '^ay. 

But M'hen the given point lies either in the line or in the Une pro^ 
iluced, the distinction which arises from joining the two ends of the lin9 
with the given pouit» no longer exists, and there are oi^y four cases sf 
the problem. 

llie construction of this problem assumes a neater form, by 6rs,t dOr 
scribing the circle CGf/ with center ^ and radius B(\ and producing.Z^il 
the side of the equilateral triangle DBA to meet the circumfi|ence in C?: 
next, with center D and radius DG^ describing the circle OKE^ and theft 
producing DA to meet the circumference in L, 

By a similar construction the less of two given straight lines may he 
produced, so that the less together with the part produced may be equal 
to the greater. 

Prop. III. This problem admits of two solutions, and it is left unde- . 
termined from whicn end of the greater line the part is to be cut off. 

By means of this proMom, a straight line may be found equal to the 
sum or the difference of two given lines. ^ 

Prop. IV. I'his forms the tirst case of equal triangles, two other cases 
are proved in Prop. vm. and Prop, xxvi, 

Ihe term base is obviously taken from the idea of a building, and the 
same may be said of the term aitiiude. In Geometry, however, these 
terms are not restricted to one particular position of a Hguie, as in tlie 
case of a building, but may be in any position whatever. 

Prop. V. Proclus has given, in his commentary, a proof for the 
equality of the angles at the base, without producing the equal sides. 
The construction follows the same order, taking \n AB one side of 
the isosceles triangle A BC^ a point D and cutting off from AC a part 
AEeqaal to AD, and then joining CD and HE. 

A corollary is a theorem which results from the demonstration of 
ft proposition. 

Prop. TL is the converse of one part of Prop. t. One propositioi| 

d2 
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18 defined to be the converse of another when the hypothesis of the* 
fonner becomes the predicate of the latter ; and vice yersa. 

There is besides this, another kind of conversion, when a tlieorem 
has several hypotheses and one predicate ; by assuming the predicate 
and one, or more than one of the hypotheses, some one of the hypotheses 
may be inferred as the predicate of the converse. In this manner, 
Prop. viu. is the converse of Prop. iv. It may here be observed, 
that converse theorems are not universally true : as for instance, the - 
following direct proposition is universally true ; ** If two triangles have 
their three sides respectively equal, the three angles of eatoh shall be 
respectively equal." But the converse is not \miversally true ; namely, 
•*If two triangles have the three angles in each respectively equal, 
the three sides are respectively equal." Converse theorems require, 
in some instances, the consideration of other conditions than those 
which enter into the proof of the direct theorem. Converse and contrary 
propositions are by no means to be confounded ; the contrary proposition 
denies what is asserted, or asserts what is denied, in the direct pro- 
position, but the subject and predicate in each are the same. A contrarif 
proposition is p. completely contradictory proposition^ and the distinction 
consisto in this — that ttoo contrary propositions may both be false, but 
of ttoo contradictory propositions^ one of them must be true, and the 
other false. It may here be remarked, that one of the most common 
intellectual mistakes of learners, is to imagine that the denial of & 
proposition is a legitimate ground for affirming the contrary as true : 
whereas the rules of sound reasoning allow that the affirmation of a 
proposition as true, only affords a ground for the denial of the contrary 
•8 false. 

Prop. Ti. is the first instance of indirect demonstrations, and they 
are more suited for the proof of converse propositions. AU those pro- 
positions which are demonstrated ex absurdo, are properly analytical 
demonstrations, according to the Greek notion of analysis, which first 
isupposed the thing required, to be done, or to be true, and then shewed 
the consistency or inconsistency of this construction or hypothesis 
with truths admitted or already demonstrated. 

In indirect demonstrations, where hypotheses are made which are 
not true and contrary to the truth stated in the proposition, it seems 
desirable that a form of expression should be employed different from 
that in which tlie hypotheses are true. In all cases dierefore, whether 
noted by Euclid or not, the words if possible have been introduced, 
or some such qualifying expression, as in £uc. i. 6, so as not to leave 
upon the mind of tne learner, the impression that the hypothesis 
which conti adicts the proposition, is really true. 

Prop.. VIII. When the three sides of one triangle are shewn to 
coincide with the three sides of any other, the equality of the triangles 
is at once obvious. This, however, is not stated at the conclusion oi 
Prop. VIII. or of Prop. xxvi. For the equality of the areas of two 
coincident triangles, reference is always made by Euclid to Prop. iv. 

A direct demonstration may be given of this proposition, and Prop. 
YIi. may be dispensed with altogether. 

Let the triangles ABC^ DEF be so placed that the base BC may 
(oincide with the base £f, and the vertices A^ D may be on opposite 
(bides of EF, Join AD, Then because BAD is an isosceles triangle, 
the angle BAD is equal to the angle EDA\ and because CDA is an 
isosceles triangle, the angle CAD is equal to the angle CDA* Henco 
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«61ie angle BAF ig equal to the angle EDF^ (as. 2 or 8} : or the angle 
BDC is equal to the angle EDF. 

Prop. IX. If BA^ i4C be in the same straight line. This problem 
then becomes the same as Prob. xi, which may be regarded as drawing 
a line which bisects an angle equal to two right angles. 

If Fw4 be produced in the fig; Prop. 9, it bisects the angle which 
IS the defect of the angle BAC from four right anglet. 

By means of this problem, any angle may be dirided into four, 
«ight, sixteen, frc. equal an^le4. 

Prop. X. A finite straight line may, by this problem, be dirided 
into four, eight, sixteen, &c. equal parts. 

Prop. XI. When the point is at the extremit]^ of the line; by 
the second postulate the line may be produced, and then the constructioo 
applies. See note on Euc. iti. 31. 

The distance between two points is the straight line which jeiiw- 
the points ; but the distance between a point and a straight line, is 
Vie shortest line which can be drawn from the point to the line. 

From this Prop, it follows that only one perpendicular can be drawn- 
from a giren point to a giren line; and this perpendicular may be 
shewn to be less than any other line which can be drawn from the 
giren point to the given line : and of the rest, the line which is nearer - 
to the perpendicular is less than one more remote from it: also only 
two equal straight lines can be drawn from the same point to the line, 
one on each side of the perpendicular or the least. This property- 
is analogous to Euc. iii. 7, 8. 

The corollary to this proposition is not in the Greek text, but 
was added by Simson, who statea that it "is necessary to Prop. 1, 
Book XI., and otherwise." 

Prop. XII. The third postulate requires that the line CD should 
be drawn before the circle can be described with the center C, and 
radius CD, 

Prop. xrr. ii the conrerse of Prop. xiii. " Upon the opposite sides 
of it." If these words were omitted, it is possible for two lines to make 
with a third, two angles, which together are equal to two right angles, in 
such a manner that the two lines shall not be in the same straight line. 

The line BE may be supposed to fall above, as in Euclid s figure, 
or below the line BD, and the demonstration is the same in form. 

Prop. XT. is the development of the definition of an angle. If the lines 
at the angular point be produced, the produced lines have the same incU* 
nation to one another as the original lines, but in a different position. 

The converse of this Proposition is not proved by Euclid, namely :— 
If the vertical angles made by fotir straight lines at the same point 
be respectively equal to each other, each pair of opposite lines shall 
be in the same straight line. 

Prop. XVII. appears to be only a corollary to the preceding pro- 
position, and it seems to be introduced to explain Axiom xii, of which 
It is the converse The exact truth respecting the angles of a triangle 
IS proved in Prop, xxxii. 

Prop. XVIII. It may here be remarked, for the purpose of guarding 
the student against a very common mistake, that in this proposition' 
and in the converse of it, the hypothesis is stated before the predicate. 

Prop. XIX. is the converse of Prop, xviii. It may be remarked^ 
that Prop. xix. bears the same relation to Prop, xvni., u Prop, n 
does to Prop. ▼. 
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Prop. zx. The following corollary arises from this proposition:— 

A straight line is the shortest distance between two points. For 
the straight line BC is always less Ihan BA and AC^ howeyer near 
the point A may be to the line BC, 

It may be easily she\vn from this proposition, that the differenec 
of any two sides of a triangle is less than the third side. 

Prop. XXII. When the sum of two of the lines is equal to, and 
when it is less than, the third line; let the diagrams be described, 
atid they will exhibit the impassibility implied by the restriction laid 
down in the Proposition. 

The same remark may be made here, as was made under the first 
Proposition, namely ; — if one circle lies partly within and partly without 
another circle, the circumferences of the circles intersect each other 
in two points. . 

Prop, xxiii. CD might be taken equal to CE, and the construction 
effected by means of an isosceles triangle. It would, however, be less 
general than Euclid's, but is more convenient in practice. 

Prop. XXIV. Simson makes the angle EDG at Z) in the line FZ),. 
the side which is not the greater of the two ED^ DF; otherwise, three 
different cases would arise, as may be seen by forming the different 
fig'ires. The point G might fall below or upon the base EF produced 
as well as above it. Prop. xxiv. and Prop, xxv* bear to each other 
Ike same relation as Prop. iv. and Prop. viii. 

Prop. XXVI. This forms the third case of the equality of two tri- 
angles. Every triangle has three sides and three angles, and when 
apy three of one triangle are. given equal to any three of another, the 
tiiangles may be proved to be equal to one another, whenever the 
IHree magnitudes given in the hypothesis are independent of one another. 
Prop. IV. contains the first case, when the hvpothesis consists of two 
•ides and the included angle of each triangle. Prop. viii. contains 
the second, when the hypothesis consists of the three sides of each 
triangle. Prop. xxvi. contains the third, when the hypothesis consists 
•I two angles, and one side either adjacent to the equal angles, or 
opposite to one of the equal angles in each triangle. There is another 
case, not proved by Euclid, when the hypothesis consists of two sides 
and one angle in each triangle, but these not the angles included by 
the two given sides in each triangle. This case however is on(y true 
under a certain restriction, thus : 

1/ iteo triangles have ttoo tides of one of them equal to two tides of the 
other, each to each, and have also the angles opposite to one of the equal sides 
in each triangle, equal to one another, and if the angles cpposite to the other 
equal sides be both euntte, or both obtuse angles ; then shall the third sides 
be equal in each triangle, at alto the remaining anglet of the one to the 
remaining angles of the other. 

Let ABC, DBF be two triangles which have the sides AB, AC equal 
to the two sides DE, Z)/^, each to each, and the angle ABC equal to the 
angle DEF: then, if the angles ACB, DEF, be both acute, or both obtuse 
angles, the third side BC shaU be equal to the third side EF, and also 
the angle BCA to the angle EFD, and the angle BAC to the angle EDF, 

First. Let the angles ACB^ DFE opposite to the equal sides uLB, 
DB, be both acute angles. 

If BC be not equal to EF, let BC be the greater, and from BC, cut off 
BG equal to EF, and join AG, 

Then an the triangles ABQ^ DEF, Euc. i. 4. AQ is equal to DJP, 
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and the m^le AOB to DFE, But since AChs equal to DF^ AO ifi eqaal 
to AC\ and therefore the angle ACG is equal to the angle AGC^ which 
is also an acute angle. But because AGC^ AGB are together equal 
to two right angles, and that AGC is an acute angle, AGB must be 
an obtuse angle ; which is absurd. Wherefore, BC \» not unequal 
to EFt that is, BC is equal to £F, and also the remaining angles dk 
one triangle to the remaining angles of the other. 

Secondly. Let the angles ACB^ DFE, be both obtuse anpfes, Bj 
proceeding in a similar way, it may be shewn that BC cannot be 
otherwise than equal to EF, 

If ACB^ DFE be both right angles: the case falls under Euc. i. 26. 

Prop. xxTii. Alternate angles are defined to be the two angle* 
which two straight lines make with another at its extremities, but upon 
opposite sides of it. 

When a straight line intersects two other straight lines, two pairs o» 
alternate angles are formed by the lines at their intersections, as in the 
figure, BEFf EFC are alternate angles as well as the angles AEF, EFI>» 

Prop, xxviii. One angle is called ** the exterior angle," and another 
" the interior and opposite angle," when they are formed on the same 
side of a straight line which falls upon or intersects two other straight 
lines. It is also obTious that on each side of the line, there will be two 
exterior and two interior and opposite angles. The exterior angle EQB 
has the angle GBD for its corresponding interior and opposite angle: 
also the exterior angle fHD has the angle HGB for its interior and 
opposite angle. 
• Prop. XXIX is the converse of Prop, xxvii and Prop, xxyiii. 

As the definition of parallel straight lines simply describes them 
by a statement of the negative property, that they never meet ; it it 
necessary that some positive property of parallel liues should be assumed 
as an axiom, on which reasonings on such lines mav be founded. 

Euclid hi» assumed the statement in the Vn elfth axiom, which haa 
been objected to, as not being self-evident. A stronger objection 
appears to be, that the converse of it forms Euc. i. 17 ; for both the 
assumed axiom and its converse, should be so obvious as not to reqiur» 
formal demonstration. 

Simson has attempted to overcome the objection, not by any improved 
definition and axiom respecting parallel lines ; but, by considering Euclid'a 
twelfth axiom to be a theorem, and for its proof, ajsuming two definitions 
and one axiom, and then demonstrating five subsidiarv Propositions. 

Instead of Euclid's twelfth axiom, the following nas been proposed 
as a more simple property for the foundation of reasonings on parallel 
lines ; namely, ** If a straight line fall on two parallel straight lines, 
the alternate angles are equal to one another." in whatever this may 
exceed Euclid's definition in simplicity, it is liable to a similar objectioni 
being the converse of Euc. i. 27. 

Professor Play fair has adopted In his Elements of Geometry, that 
** Two straight lines which intersect one another cannot be both parallel 
to the same straight line." This apparently more simple axiom follows 
as a direct inference firom Euc. i. 30. 

But one of the least objectionable of sU the definitions which havs 
been proposed on this subject, appears to be that which simply expresses 
the conception of equidistance. It may be formallv stated thus: 
**Parallel lines are such as Ue in the same plane, and which neither 
recede from, nor approach to, each other," This includes the con- 
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ception stated by Euclid, that parallel lines nerer meet. Dr. WaIl!S 
obserres on this subject, ** Parallelismus et aequidistantia yel idem sunt, 
Tel certe se mutuo comitantur.'* 

As an additional reason for this definition being preferred^ it maj 
be remarked that the meaning of the UarmtypafAfiai irap<tAAi|Xot, suggests 
the exact idea of such lines. 

.An account of thirty methods which have been proposed at different 
times for avoiding the difficulty in the twelfth axiom, will be 
found in the appendix to Colond Thompson's " Geometry without 
Axioms." 

Prop. XXX. In the diagram, the two lines AB and CD are placed 
one on each side of the line EF : the proposition may also be prored 
when both A B and CD are on the same side of EF, 

Prop. XXXII. From this proposition, it is obvious that if one angle 
•fa triangle be equal to the sum of the other two angles, that angle 
is a right angle, as is shewn in Euc. iii. 31, and that each of the angles 
•f an equilateral triangle, is equal to two thirds of a right angle, as 
ft is shewn in Euc. it. 15. Also, if one angle of an isosceles triangle 
Ve a right angle, then each of the equal angles is half a right angle, as 
m Euc. II. 9. 

The three angles of a triangle ma^ be shewn to be equal to two 
right angles without producing a side of the triangle, by drawing through 
any angle of the triangle a line parallel to the opposite side, as Proclus 
has remerked in his Commentary on this prc^iosition. It is manifest 
from this proposition, that the third angle of a triangle is not inde- 
pendent of the sum of die other two ; but is known if the sum of any 
two is known. Cor. 1 may be also proTed by drawing lines from any 
one of the angles of the figure to the other angles. If any of the 
sides of tlie figure bcLd inwards and form what are called re-entering 
angles, the enunciatit^n of these two corollaries will require some 
modification. As Euclid giTes no definition of re-entering angles, it 
may fairly be concluded, he did not intend to enter into the proofs 
of the properties of figures which contain such angles. 

Prop. XXX1II. The worda " towards the same parts" are a necessary 
restriction: for if they' were omitted, it would be doubtful whether 
the extremities A, C, and B, D were to be joined by the lines AC and 
BD ; or the extremities A, D, and B, C, by the lines AD and BC, 

Prop. xxxiT. If the other diameter be drawn, it may be shewn 
that the diameters of a parallelogram bisect each other, as well as bisect 
the area of the parallelogram. If the parallelogram be right angled, 
the diagonals are equal ; if the parallelogram be a square or a rhombus, 
the diagonals bisect each other at right angles. The couTerse of this 
Prop., namely, " If the opposite sides or opposite angles of a quadrilateral 
figure be equal, the opposite sides shall also be parallel; that is, the 
figure shall be a parallelogram," is not proved by Euclid. 

Prop. xxxT. The latter part of the demonstration is not expressed 
Tery intelligibly. Simson, who altered the demonstration, seems in fact 
to consider two trapeziums of the same form and magnitude, and from 
one of them, to take the triangle ABE; and from the other, the tri- 
angle DCF; and then the remainders are equal by the third axiom: 
that is, the parallelogram A BCD is equal to the parallelogram EBCF, 
Otherwise, the triangle, whose base is DE, (fig. 2.) is taken twice from 
die trapezium, which would appear to be impossible, if the sense a 
which Euclid applies the third azioiii, k to be retained here. 
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it msy be obsenred, that the two parallelogrami exhibited in fi^. 11 
partially lie on one another, and that the triangle whose base is BC is ia 
common, part of them, but that the triangle whose base is P£ is entirely 
without both the parallelograms. After having proved the triangle ABE 
equal, to the triangle DCF, if we take from these equals {fig, 2.) the 
triangle whose base is /)£, and to each of the remainders add the 
triangle who«^ base is BC, then the parallelogram ABCD is equal to 
the parauelogram EBCF, In fig. 3, the equality of the parallelograms 
ABCD, EBCFt is shewn by adding the figure BBCD to each of the 
triangles ABE, DCF, 

In this proposition* the word «9ua/, aaiumes a new meaning, and is no 
longer restricted to mean coincidence in all tne parts of two figures. 
. Prop. xxxTiii. In ^is proportion* it is to be understood that ihe 
bases of the. two triangles are in tlie same straight Une. If in the 
diagram the point E comcide with. (^ and D with A* then the anple 
of one triangle is supplemental to the other. Hence the followmc 
property :-<»If two triangles have two aides of the one respectively equal 
to two sides of the other, and the contained angles supplemental, the 
two trian|rle8 aiv equal. 

A distinction ought to.be made between equal triangles and iguwaknt 
triangles, the former including those whose sides snd angles mutually 
coincide, the latter those whose areas only are equivalent. 

Prop. XXXIX. If the vertices of all the equal triangles which can be 
described upon the same base^ or upon the equal bases as in Prop. 40, 
be joined, the line thus formed will be a straight line, and is called tiie 
locus of the Tertices of eqiutl triangles upon the same base, or upon 
equal bases. 

A locus in plane Gepmetiy is a straight line or a plane curve, every 
point of which and none else satisfies a certain condition.. With the 
exception of the straij^ht line and the circle, the two most simple loci ; 
all other loci, perhaps including idso the Conic Sections, may be more 
readily and effectually investigated algebraically by means of their 
rectangular or polar equations. 

Prop. xLi. The converse of this proposition is not proved by Euclid ; 
vis. If a parallelogram is double of a triangle, and they have the same base, 
or equal bases upon the same straight line, and towards the same parts^ 
they shall be between the same parallels. Also, it may easily be shewn 
thatif two equal triangles are between the same parallels ; they are either 
upon the same base, or upon equal bases. 

Prop. XLiv. A parallelogram described on a straight line is said to 
be applied to that Ime. 

Prop. XLv, The problem is solved only for a rectilineal figure of four 
sides. If the given rectilineal figure have more than four sides, it may 
be divided into triangles by drawing straight lines from any angle of the 
figure to the opposite angles, and then a parallelogram equal to the third 
triangle can be appUed to LM, and havinz an angle equal to E: and 
so on for all the triangles of which the rectilineal figure is composed. 

Prop. xLvi. The square being considered as an equilateral rectangle, 
its area or surface may be expressed numerically if the number of lineal 
units in a side of the square be given, as is shewn in the note on Prop. 1.5 
Book II. 

The student will not fail to remark the analogy which exists between 
the area of a square and the product qf ttoo equal numbers ; and between 
th€side of a square and the square root of a number. There is, however, 
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thiB distinction to be observed ; it is always possible to find the product 
of two equal numbers, (or tojind the square of a number^ as it is usually 
called,) and to describe a square on a given line ; but conversely, though 
the side of a given square is known from the figure itself, the exact 
number of units in the side of a square of given area, can only be found 
exactly, in such cases where the given number is a square Dumber. For 
example, if the area of a square contain 9 square units, then the spuare 
root of 9 or 3, indicates the number of lineal units in the side of that 
square. Again, if the area of a square contain 12 square units, the sice 
of th3 square is greater than 3, but less than 4 lineal units, and there is 
no number whicn will exactly express the side of that square: an approxi- 
mation to the true length, however, may be obtained to any assigned 
degree of accuracy. 

Prop. XL VII. In a right-angled triangle, the side opposite to the right 
angle is called the hypotenuse, and the other two sides, the base and 
pen)endicular, according to the ' r position. 

In the diagram the three squares are described on the outer sides of 
the triangle yl^C The Proposition may also be demonstrated (1) when 
the three squares are described upon the inner sides of Uie triangle : (2) 
when one square is described on the outer side and the other two squares 
on the inner sides of the triangle : (3) when one square is described on the 
inner side and the other two squares on the outer sides of the triangle. 

As one instance of the third case. If the square BE on the hypote- 
nuee be described on the inner side of BC and the squares BG, HC on 
the outer sides otAB, AC; the point D falls on the side FG (Euclid's 
fig.) of the square BG, and KH produced meets CB in £, Let LA meet 
Be in M. Join DA ; then the square GB and the oblong LB are each 
double of the triangle DAB, (Euc. i. 41.); ftnd similarly by joining EA^ 
the square HC and oblong LC are each double of the triangle EAC. 
Whence it follows that the squares on the aides AB, AC are together 
equal to the square on the hypotenuse BC, 

By this proposition may be found a square equal to the sum of any given 
squares, or equal to any multiple of a given square : or equal to the 
d^erence of two given squares. 

The truth of this proposition may be exhibited to the eye in some 
particular instances. As in the case of that right-angled triangle whose 
three sides are 3, 4, and 5 units respectively. If through the points of 
division of two contiguous sides of each of the squares upon the sides, linet 
be drawn parallel to the sides (see the notes on Book ii.), it will be ob* 
vious, that the squares will be divided into 9, 16 and 25 small squares, 
each of the same magnitude ; and that the number of the small squares 
into which the squares on the perpendicular and base are divided is equal 
to the number into which the square on the hypotenuse is divided. 

Prop. XLvni is the converse of Prop, xlvix. In this Prop, is assumed 
the Corollary that <*the squares described upon two equal lines are 
equal," and the converse, which properly ought to have been appended 
to Prop. XLvi. 

. The First Book of Euclid's Elements, it has been seen, it conversant 
with the construction and properties of rectilineal figures. It first lays 
down the definitions which limit the subjects of discussion in the First 
Book, next the three postulates, which restrict the instruments by which 
the constructions in Plane Geometry are efiected ; and thirdly, the twelve 
airioTOR, which express the principles by which a comparisoB if nude 
bek^^ . lie ideas of the things defined. 
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This Book may bo divided into three parts. The first part treats ol 
die origin and properties of triangles, bom with respect to their sides and 
aneles ; and the comparison of these mutually , both with regard to equality, 
and inequality. The second part treats of the properties of parSllel lines, 
and of parallelograms. The third part exhibits the connection of thq 
properties of triangles and parallelograms, and the equality of the squares 
on the base and perpendicular of a right-angled triangle to the square 
Ml the hypotenuse. 

When the propositions of the First Book hare been read inth the 
notes, the student is recommended to use different letters in the diagrams, 
and where it is possible, diagrams of a form somewhat different from those 
exhibited in the text, for the purpose of testing the accuracy of his know- 
ledge of the demonstrations. And further, when he has become suffici- 
ently familiar with the method of geometrical reasoning, he may dis- 
pense with the aid of letters altogether, and acquire the power of express- 
ing in i^eneral terms the process of reasoning in the demonstration of any 
proposition. Also, he is advised to answer the following questions 
before he attempts to apply the principles of the First Book to the bq* 
lution of Problems and the demonstration of Theorems. 

QUESTIONS ON BOOK I. 

1. What b the name of the Science of which Euclid giyes the Ele- 
Bients^ What is meant by Solid Geometry t Is there any distinction 
between Plane Geometry ^ and t^e Geometry of Planes f 
r 2. Define the term magnitwie^ and specify the different kinds of 
magnitude considered in Qeometry. What dimensions of space belong 
to figures treated of in the* first six Books of Euclid } 

3. GiTe Euclid's definiUon of a "straight line." What does he 
really use as his test of rectilinearity, and where does he first employ it } 
What objections have been made to it, and what substitute has oeen 
proposed as an available definition } How many points are necessary to 
nx the position of a straight line in a planed When is one straight 
line said to cut, and when to meet another ? 

4. What positive property has a Geometrical point? From the 
definition of a straight line, shew that the intersection of two lines is a 
point. 

6. Give Euclid's definition of a plane rectilineal angle. What are 
the limits of the angles considered in Geometry } Does Euclid consider 
angles greater than two right ancles ? 

6.^ When is a straight line said to be drawn at right angles, and when 
perpendicular, to a given straight line } 

7. Define a triangle; shew how many kinds of triangles there are aC' 
eording to the variation both of the angles, and of the sides, 

8. What is Euclid's definition of a.circle } Point out the assumption 
involved in your definition. Is any axiom implied in it? Shew that 
in this as in all other definitions, some geometrical fact is assumed as 
somehow previously known. 

9. Define the quadrilateral figures mentioned by Euclid. 

10. Describe briefiy the use and foundation of definitions, axiomes 
and postulates : give illustrations by an instance of each. 

1 ] . What objection may be maae to the method and order in which 
Euclid has laid down the elementary abstractions ol the Science of Geo- 
netry) What- other method has been suggested? 
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12. T/hat distinctions may be made between deinitioBB In the 
Science of Geometry and in the Physical Sciences } 

Id', What is necessary to constitute an exact definition } Are defini- 
tions proi^ositions ? Are they arbitrary } Are they convertible P Does 
a Mathematical definition admit oi proof on the principles of the ficienoe 
to which it relates } 

14. Enumerate the principles of construction assumed by Euclid. 

16« Of what instruments may the use be considered to meet appamzi- 
auitely the demands of EmcUd's postulates } Why only opprwnm&tefy t 

16« *'A circle may be described from any center, with any straight 
line at radius." How does this postulate differ from Eucud'sy and 
which of his problems is assumed in it? 

17. What principles in the Physical Sciences oonrespond to axioms 
in Geometry } 

18. iESnumerate Euclid's twelve axioms and point out those which 
have special reference to Geometry. State the cottTsese of those which 
admit ojt being so expressed. 

19. What two tests of equality are assumed by Euclid? Is the 
assumption of the principle of superposition (ax. 8.)» essential to all 
Geometrical reasonmg? Is it correct to say* that it is *'an appeal, 
though of the most familiar eort» to external observation" f 

20. Could any, 'and if any, which of the axioms of Euclid be turned 
illto definitions ; and with wnat advantages or disadvantages ? 

21. DeRne the terms, Problem, Postulate, Axiom and Theoi^em. 
Are any of Euclid's axioms improperly so called? 

22. Of what two parts does the enunciation of a Problem, and of a 
Theorem consist? Distinguish them in Euc. i. 4, 5, 18, 19. 

23. When is a problem said to be indeterminate ? Give an example. 

24. When is one proposition said to be the converse or reciprocal of 
another ? Give examples. Are converse propositions tmiVersally true ? 
If not, under what circumstances are they necessarily true ? Why is it 
necessary to demonstrate converse propositions ? How are they proved ? 

26. Explain the meaning of tiie word j9rqponV«m. Distinguisn between 
€onver8e and contrary propositions, and give examples. 

26. State the grounds as to whether Geometrical reasonings depend 
for their conclusiveness upon axioms or definitions. 

27. Explain the meaning of enthymeme and syllogism. How is the 
^thymeme made to assume the form of the syllogism ? Give examples. 

28. AVhat constitutes a demonstration? State the laws of demonstration. 

29. What are the principal parts, in the entire process of establishing 
a proposition ? 

30. Distinguish between a direct and indirect demonstration. 

31. What is meant by the term eynthesig, and what, by the term, 
analysis t Which of these modes of reasoning does Euclid adopt in his 
Elements of Geometry ? 

32. In what sense is it true that the conclusions of Geometry are 
necessary truths ? 

33. Enunciate those Geometrical definitions which are used in the 
proof of tlie propositions of the First Book. 

34. If in Euclid i. 1, an equal triangle be described on the other side 
ofthe given line, what figure will the two triangles form ? 

86. In the diagram, Euclid i. 2, if DB a side of the equilateral tri- 
6uigle DAB be produced both ways and cut the circle whose center is B 
and radius BC ia two points G and H; i^ew that either of tiie dis- 
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Canoes DO, DH may be taken aa the radina of the aeoond oirole ; and 
give the proof in eaoh case. 

36. Explain how the propoaitiona Euc. i. 2f 3, are rendered neceaaary 
by the restriction imposed by the third postulate. Is it necessary for 
the proof, that the triangle described in Euc. i. 2, should be equilateral? 
G<MiId we, at thia atage of the aubjecti describe an isosceles triangle ou. a 
giyenbase? 

37. State how Euc. i. 2, may be extended to the following problem; 
*' Ihojsk a given point to draw a straight line m a fivpn direction equal to 
a given straight line." 

38. How would you cut off from a straight line unlimited in both 
dure!C{|ona, a length equal to a given straight line } 

39. In the proof of Euclid i. 4, how much dependa upon Pefiaitxen« 
how much upon Axiom T - 

40. Draw the figure for the third eaae of Euc. i. 7» and atate why it 
needs no demonetratian. 

41. In the construction Euclid i. 9, ia it indifferent in all e^aea on 
which side of the joining line the equilateral triangle is descnbed } 

42. Shew how a given straight line may be bisected by Euc. 1. 1. 

43. In what cases do the Unea which* bisect the interior anglea ol 
plane triangles, also bisect one, or move than one of thA oonreaponding 
opposite sides of the triangles ^ 

44. ** Two straight lines cannot have a common segment" Kaa thia 
corollary been taciUy assumed in any preceding proposition i 

45. In Euc. I. 12, must the given line nacessanly be ''of mdimited 
length" ? 

46. Shew that (fig. Euc i. 11} every point without tha perpendi- 
cular drawn from the middle point of every straight line VE^ i^&t unequal 
distances from the extremities />» E of that line. 

47. From what proposition may it be inferred tiiat a atraight Uda ii 
the shortest distance between two points } { 

48. Enunciate the propositions you employ in tho proof of Eiae. i« 16. 

49. Is it essential to the truth of Euc. i. 21, that the two atraight 
lines be drawn from the extremities of the base ? 

50. In the diagrfun, Euc. i. 21, by how much doea the greater angU 
BDC exceed the less BAC i 

51. To form a triangle with three straight lines, any two of them 
must be greater than the third : is a similar limitation necessary with 
respect to the three angles } 

52. Is it possible to form a triangle with three lines whose lengths are 
1, 2, 3 units : or one with three lines whose lengths are 1, V2, v3 ? 

63. Is it possible to construct a triangle whose anglea shall be aa the 
numbers 1, 2, 3 ? Prove or disprove yoni answer. 

54. What is the reason of the limitation in Uie construction of Eue. 
I. 24. viz. *' that DE is that side which is not greater than the other }" 

55. Quote the first proposition in which the equality of two areas 
which cannot be superposed on each other is considered. 

56. Is the following proposition imiversally true ? ** If two plaof 
triangles have three elements of .the one respectively equal to three 
elements of the other, the triangles are equal in every respect." Enu^ 
merate all the cases in which tnia equality ia proved in the First Book* 
What case ia omitted i 

57. What parts ai a triangle must he given in order that the triangU 
4nay be described t 
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58. State the eonyerse of the second case of Eue. i. $6 ^ tfndelf 
what limitations is it true ^ Proye the proposition so limited } 

69, Shew that the angle contained between the perpendiculars drawn 
to two giyen straight lines which meet each other, is equal to the angle 
contained by the Unes themselyes. 

60. Are two triangles necessarily equal in all respects, where a side and 
two angles of the one are equal to a side and two angles of the other* 
.each to each f 

61. Illustrate fully the difference between analytical and synthetical 
proofs. What propositions in Euclid are demonstrated analytically i 

62. Can it be properly predicated of any two straight lines that they 
neyer meet if indefinitely produced either way, antecedently to our know- 
ledge of some other property of such lines, whi&h makes the property 
first predicated of them a necessary conclusion from it ? 

63. Enunciate Euclid's definition and axiom relating to paraUd 
straight lines ; and state in what Props, of Book i. they are used. 

64. ■ What proposition b the converse to the twelfth axiom of the 
First Book } What other two propositions are complementary to Uiese } 

65. If lines beine produced eyer so far do not meet; can they be 
otherwise than parallel } If so, under what circumstances } 

66. Define adjacent angles, opposite angles, vertical angles^ and dUenuU§ 
angles; and giye examples from the First Book of Euclid. 

67. Can you suggest anything to justify the assumption in the 
twelfth axiom upon which the proof of Euc. i. 29, depends f 

68. What oblections hate been urged against the definition and the 
doctrine of parallel straight lines as laid down by Euclid } Where does 
the difficulty originate ? What other assumptions haye been suggested 
and for what reasons } > 

69. Assuming as an axiom that two straight lines which cut one 
another cannot both be parallel to the same straight line ; deduce Euclid's 
twelfth axiom as a corollary of Euc. i. 29. 

70. From Euc. i. 27, shew that the distance between two parallel 
straight lines is constant } 

71. If two straight lines be not parallel, shew that all straight lines 
falling on them, make alternate angles, which differ by the same angle. 

72. Taking as the definition of parallel straight lines that they are 
equally Inclined to the same straight line towards the same parts ; proye 
that '* beins produced eyer so far both ways they do not meet T' ^roye 
also Euclid s axiom 12, by means of the same definition. 

73. What is nieant by exterior and interior angles ? Point out examples. 

74. Can the three angles of a triangle be proved equal to two right 
angles without producing a side of the triangle ? 

75. Shew how the comers of a triangular piece of paper may be 
turned down, so as to exhibit to the eye that the three angles of a 
triangle are equal to two right angles. 

76. Explain the meaning of the term corollary. Enunciate the two 
corollaries appended to Euc. i. 32, and give another proof of the first. 
Wliat other corollaries may be deduced from this proposition ? 

77. Shew that the two lines which bisect the exterior and interior 
angles of a triangle, as well as those which bisect any two interior 
angles of a parallelogram, contain a right angle. 

78. The opposite sides and angles of a parallelogram are equal to 
one another, and the diameters bisect it. State and prove the converse 
of this proposition. Also shew that a quadrilateral figure, is a paral- 
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ielogram, when its diagonals bisect each other : and when Ita diagonals 
diyide it into four triangles, which are equal, two and two, via. those 
which hare the same vertical angles. 

79. If two straight lines join the extremities of two parallel straight 
lines, but not towards the same parts, when are the joining lines equal* 
and when are they unequal } 

80. If either diameter of a four-sided fiffure divide it into two equal 
triangles, is the figure necessarily a parallelogram } Prove your answer. 

81. Shew how to divide one of the parallelograms in £uc. i. 86, 
by straight lines so that the parts when properly arranged shall make 
up the other parallelogram. 

82. Distinguish between eqitai triangles and eguivalefU triangles, and 
give examples from the First Book of £uclid. 

88. What is meant by the locus of a point? Adduce instances of 
loci from the first Book of Euclid. 

84. How is it shewn that equal triangles upon the same base or 
equal bases have equal altitudes, whether they are situated on the same 
or opposite sides of the sfune straight line } 

85. In Euc. I. 37, 38, if the triangles are not towards the same pwts, 
shew that the straight line joining the vertices of the triangtes is 
bisected by the line containing the bases. 

86. If the complements (fig. Euc. i. 43) be squares, determine their 
relation to the whole parallelogram. 

87. What is meant by a parallelogram being applied to a straight line } 

88. Is the proof of Euc. i. 45, perfectly general ? 

89. Define a square without including superfluous conditions, and 
explain the mode of constructing a square upon a given straight line 
in conformity with such a definition. 

90. The sum of the angles of a square is equal to four right angles. 
Is the converse true } If not, why } 

91. Conceiving a square to be a figure bounded b^ four equal straight 
line? not necessarily in the same plane, what condition respecting tha 
angles is necessary to complete the definition ? 

92. In Euclid i. 47, wny is it necessary to prove that one side of 
each square described upon each of the sides containing the right angle, 
should be. in the same straight line with the other side of the triangle } 

93. On what assumption is an analogv shewn to exist between the * 
product of two equal numbers and the surface of a square } 

94. Is the triangle whose sides are 3, 4, 5 right-angled, or not? 

95. Can the side and diagonal of a square be represented simul- 
laneously by any finite numbers } 

96. By means of Euc. i. 47, the square roots of the natural numbers, 
1, 2, 3, 4, &c. may be represented by straight lines. 

97. If the square on the hypotenuse in the fig. Euc. i. 47, be 
described on the other side of it: shew from the diagi-am how the 
squares on the two sides of the triangle may be made to cover exactly 
the square on the hjrpotcnuse. 

98. If Euclid II. 2, be assumed, enunciate the form in which Euc. i. 47 
may be expressed. 

99. Classify all the properties of trianglet and paralUlo§framt, proved 
in the First Book of Euclid. 

100. Mention anv propositions in Book i. which are included in moro 
general ones which follow. 
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ON THE ANCIENT GEOMETRICAL ANALYSIS. 

Synthesis, or the method of composition, is a mode of reasoning which 
begins with something given, and ends with something required, either 
to be done or to be proved. This may be termed a direct process, as it. 
leads from principles to consequences. 

Analysis, or the method of resolution, is the reverse of synthesiSv 
and thus it may be considered an indirect process, a method of reason- 
ing from consequences to principles. 

The synthetic method is pursued by Euclid in his Elements of 
Geometry. He commences with certain assumed principles, and pro- 
ceeds to the solution of problems and the demonstration of theorems 
by undeniable and successive inferences from them. 

The Geometrical Analysis was a process employed by the ancient 
Geometers, both for the discovery of the solution of proolems and for 
the investigation of the truth of theorems. In the analysb of a orp6- 
lem, tbe qusesita, or what is required to be done, is supposed to nave 
been effected, and the consequences are traced by a series of geometri- 
cal constructions and reasonings, till at length they terminate in the 
data of the problem, or in some previously demonstrated or admitted 
truth, whence the direct solution of the problem is deduced. 

In the Synthesis of a problem, however, the last consequence of the 
analysis is assumed as the first' step of the process, and by proceeding 
in a contrary order through the several steps of the analysis until the 
prbcess tefminate in the qusesita, the solution of the problem is effected. 

But if, in the analysis, we arrive at a consequence which contra* 
diets any truth demonstrated in the Elements, or which is inconsistent 
with the data of the problem, the problem must be impossible : and 
further, if in certain relations of the given magnitudes the construction 
be possible, while in other relations it is impossible, the discovery 
of these relations will become a necessary part of the solution of thie 
prbblem. 

In the analysis of a theorem, the question to be determined, is, 
whether by the application of the geometrical truths proved in tiie 
Elements, the preclicate is consistent with the hypothesis. This point 
is ascertained by assuming the predicate to be true, and by deducing 
the successive consequences of this assumption combined with proved 
geometrical truths, till they terminate in the hypothesis of the theorem 
or some demonstrated truth. The theorem will be proved synthetically 
by retracing, in order, the steps of the investigation pursued in tlie 
analysis, till they terminate m the predicate, which was assumed 
in the analysis. This process will constitute the demonstration of the 
theorem. 

If the assumption of the truth of the predicate in the analysis lead 
to some consequence which is inconsistent with any demonstrated 
truth, the false conclusion thus arrived at, indicates the falsehood of 
the pi*edicate ; and by reversing the process of the analysis, it may 
be demonstrated, that the theorem cannot be true. 

It may here be remarked, that the geometrical analysis is moir^ 
extensively useful in discovering the solution of problems than for inc 
vestigating the demonstration of theorems. 
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From the nature of the subject, it must be at once obvious, that no 
general rules can be prescribed, which will be found applicable in ail 
cases, and infallibly lead to the solution of every problem. The con- 
ditions of problems must suggest what constructions may be possible; 
and the consequences which follow from these constructions and the 
assumed solution, will shew the possibility or impossibility of arriving 
at some known property consistent with the data of the problem. 

Though the data of a problem may be given in magnitude and 
position, certain ambiguities will arise, if they are not properly re- 
stricted. Two points may be considered as situated on the same side, 
or one on each side of a given line ; and there may be two lines drawn 
from a given point making equal angles with a Une given in position; 
and to avoid ambiguity, it must be stated on which side of the line 
the angle is to be formed. 

A problem is said to be determinate when, with the prescribed con- 
ditions, it admits of one definite solution ; the same construction which 
may be made on the other side of any given line, not being considered 
a di^erent solution : and a problem is said to be indeterminate when it 
admits of more than one definite solution. This latter circumstance 
arises from the data not ahsolutely fixing^ but tnerely restricting the 
qusesita, leaving certain points or lines not fixed in one position only. 
The number of given conditions may he insufficient for a single deter* 
niinate solution ; or relations may subsist among some of the ^Iven 
conditions from which one or more of the remaining given conditions 
may be deduced. 

If the base of a right-angled triangle be given, and also the differ- 
ence of the squares on the hypotenuse and perpendicular, the triangle 
is indeterminate. Por though apparently here are three things given, 
the fight angle, the base, and tne difference of the squares on the 
hypotenuse and perpendicular, it is obvious that these tburee apparent 
conditions are in fact reducible to two : for since in a right-angled tri- 
angle, the sum of the squares on the base and on the perpendicular, 
is equal to the square on the hypotenuse, it follows that the differ- 
ence of the squares on the hypotenuse and perpendicular, is equal to 
the square on the base of the triangle, and therefore the base is Known 
from the difference of the squares on the hypotenuse and perpendicular 
being known. The conditions therefore ai*e insufficient to determine 
a right-angled triangle ; an indefinite number of triangles may be 
found with the prescribed conditions, whose vertices will he in the line 
which is perpendicular to the base. 

If a problem relate to the determination of o single pointy and the 
data be sufficient to determine the position of that point, the problem 
is determinate: but if one or more of the conditions be omitted, the 
data which remain may be sufficient for the determination of more 
than one point, each of^ which satisfies the conditions of the problem: 
in that case, the problem is indeterminate : and in general, such points 
are found to be Mtuated in some line, and hence such line is called the 
locus of the point uhich satisfies the conditions of the problem. 

If any two given points A and B (fig. Euc. IV. 5.) be joined by 
a straight line A B, and this line be bisected in /), then if a perpen-^ 
dictdar be drawn from the point of bisection, it is manifest that a circl# 
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described with any point in the perpendicular as a center, and a radius 
equal to its distance from one of the given points, will pass through 
the otner point, and the perpendicular will be the locus of all &e 
circles which can be described passing through the two given points. 

Again, if a third point C be taken, but not in the same straight line 
with the other two, and this point be joined with the first point A ; 
then the perpendicular drawn from the bisection B of this line will be 
the locus of the centers of all circles which pass through the first and 
third points A and C. But the perpendicular at the bisection of the 
first and second points A and B is the locus of the centers of circles 
which pass through these two points. Hence the intersection F of 
these two perpendiculars, will be the center of a circle which passes 
through the three points and is called the intersection of the two loci. 
Sometimes this method of solving geometrical problems may be pur- 
sued with advantage, bv constructing the locus of every two points 
separately, which are given in the conditions of the problem. In the 
Geometrical Exercises which follow, only those local problems are 
given where the locus is either a straight line or a circle. 

Whenever the qusesitum is a point, the problem on being rendered 
indeterminate, becomes a locus, whether the deficient datum be of the 
essential or of the accidental kind. When the qusesitum is a straight 
line or a circle, (which were the only two loci admitted into the ancient 
Elementary Geometry) the problem may admit of an accidentally in- 
determinate case ; but will not invariably or even very frequently do so. 
Tills wiU be the case, when the line or circle shall be so far arbitrary 
In its position, as depends upon the deficiency of a single condition to 
fix it perfectly ; — ^that is, (for instance) one point in the line, or two 
points in the circle, may be determined from the given conditions, but 
the remaining one is indeterminate from the accidental relations among 
the data of the problem. 

Determinate Problems become mdeterminate by the merging of 
some one datum in the results of the remaining ones. This may arise 
in three different ways ; first, from the coincidence of two points ; 
secondly, from that of two straight lines; and thirdly, from that 
of two circles. These, further, are the only three ways in which this 
accidental coincidence ol data can produce this indeterminateness ; that 
is, in other words, convert the problem into a Porism. 

In the original Greek of Euclid's Elements, the corollaries to the 
propositions are called porisms (wopic/noTo) • but this scarcely explains 
the nature of portsma, as it is manifest tnat they are difierent from 
simple deductions from the demonstrations of propositions. Some 
analogy, however, we may suppose them to have to the porisms or 
corollaries in the Elements. Pappus (Coll. Math. Lib. Vll. pref.) in- 
forms us that Euclid wrote three books on Porisms. He defines " a 
porism to be something between a problem and a theorem, or that in 
which something is proposed to be investigated.** Dr. Simson, to whom 
is due the merit of having restored the porisms of Euclid, gives the fol- 
lowing definition of that class of propositions : "Porisma est propositio 
in qua proponitur demonstrare rem aliquam, vel plures datas esse, cui, 
veWquibus, ut et cuUibet ex rebus innumeris, non quidem, datis, sed 
quae ad ea quse data sunt eandem habent relationem, convenire osien- 
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dendum est aifectionem quandam communera in propositione descrip- 
tam." That is, " fi. Porism is a proposition in which it is proposed to 
demonstrate that some one thing, or more things than one, are given, to 
which, as also to each of innumerable other things, not given indeed, 
but which have the same relation to thos^ which are given, it is to be 
shewn that there belongs some common afl'ection described in the 
proposition." Professor Dugald Stewart defines a porism to be "A 
proposition affirming the possibility of finding one or more of the con- 
ditions of an indeterminate theorem." Professor Playfair in a paper 
(from which the following account is taken J on Porismg, printed in the 
Transactions of the Royal Society of Edmburgh, for the year 1792, 
defines a porism to be " A proposition aflWming the possibility of find- 
ing such conditions as will render a certain problem indeterminate or 
capable of innumerable solutions." 

It may without much difficulty be perceived that this definition 
represents a porism as almost the «ame as an indeterminate problem. 
There is a large class of indeterminate problems which are, in general, 
loci, and satisfy certain defined conditions. Every indeterminate 
problem containing a locus may be made to assume the form of a 
porisn), but not the converse. I'orisms are of a more general nature 
than indeterminate problems which involve a locus. 

The ancient geometers appear to have undertaken the solution of 
problems with a scrupulous and minute attention, which would 
scarcely allow any of the collateral truths to escape their observation. 
They never considered a problem as solved till they had distinguished 
all its varieties, end evolved separately every different case that could 
occur, carefully distinguishing whatever change might arise in the 
construction from any change that was supposed to take place among 
the magnitudes whicn were given. This cautious method of proceed- 
ing soon led them to see that there were circumstances in which the 
solution of a problem would cease to be possible ; and this always 
happened when one of the conditions of the data was inconsistent with 
the rest. Such instances would or cur in the simplest problems ; but 
in the analysis of more com])lex problems, they must have remarked 
that their constructions failed, for a reason directly contrary to that 
assigned. Instances would be found where the lines, which, by their ' 
intersection, were to determine the thing sought, instead of intersecting 
one another, as they did in general, or of not meeting at all, would 
coincide with one another entirely, and consequently leave the Question 
unresolved. The confusion thus arising would soon be cleared up, by 
observing, that a problem before determined by the intersection of two 
lines, would now become capable of an indefinite number of solutions. 
This was soon perceived to arise from one of the conditions of the pro- 
blem involving another, or from two parts of the data becoming one, 
so that there was not left a sufficient number of independent conditions 
to confine the problem to a single solution, or any determinate number 
of solutions. It was not difhcult afterwards to perceive, that these 
cases of problems formed very curious propositions, of an indeter- 
minate nature between problems and theorems, and that tHey ad- 
mitted of being enunciated se])arately. It was to such propositions 
so enunciated that the ancient geometers gave the name of Poriams. 

Besides, it will be found, that some problems are possible within 
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certain limits, and that certain magnitudes increase while others de- 
crease within those limits ; and after having reached a certain value^ 
the former begin to decrease, while the latter increase. This circum- 
stance gives rise to questions of maxima and minima^ or the greatest 
and least values whicn cer^in magnitudes may. admit of in mdeter- 
minate problems. 

In the following collection of problems and theorems, most will be 
found to be of so simple a character, (being almost obvious deductions 
from propositions in the Elements) as scarcely to admit of the prin- 
ciple of tke Geometrical Analysis being applied, in their solution. 

It must however be recollected that a clear and exact knowledge 
of the first principles of Geometry must necessarily precede any in* 
telligent application of them. Indistinctness or defectiveness oi im- 
derstanding with respect to these, will be a perpetual source of error 
and confusion. The learner is therefore recommended to understand 
the principles of the Science, and^eir connexion, fully, before he 
attempt any applications of them. The following directions may. 
assist nim in his proceedings. 

ANALYSIS OF THEOREMS. 

1. Assume that the Theorem is true. 

2. Proceed to examine any consequences that result from this- 
admission, by the aid of other truths respecting the diagrami which 
have been already proved. 

3. Examine whether any of these consequences are already known- 
to be truef or to he false. 

» 4. If any one of them be false, we have arrived at a reduetio ad a6- 
turdum, which proves that the theorem itself is false, as in Euc« I. 25. 
, 5. If none of the consequences so deduced be known to be either 
true or false, proceed to deduce other consequences from all or any of 
these, as in (2). 

6. Examine these results, and proceed as in (3) and (4) ; and if 
still without any conclusive indications of the truth or falsehood of 
the alleged theorem, proceed still further, until such are obtained. 

ANALYSIS OF PROBLEMS. 

1. In general, any given problem will be found to depend on« 
several problems and theorems, and these ultimately on some problem 
or theorem in Euclid. 

2. Describe the diagram as directed in the enunciation, and sup- 
pose the solution of the problem effected. 

3. Examine the relations of the lines, angles, triangles, &c, in 
the diagram, and find the dependence of the assumed solution on some 
theorem or problem in the Elements. 

4. K such cannot be found, draw other lines parallel or perpen^- 
dicular as the case may require, join given points, or points assumed* 
in the solution, and describe circles if need be : and then proceed to 
trace the dependence of the assumed solution on some theorem or 
problem in Euclid. 

5. Let not the first unsuccessful attempts at the solution of a 
Problem be considered as of no value ; such attempts have been found" 
to lead to the discovery of other theorems and problems. 
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GEOMETRICAL EXERCISES ON BOOK 1. 



PROPOSITION I. PROBLEM. 
to trisect a ffiven straight Hne» 

Analysis. Let AB he the &;iven straight line, and suppose St 
^divided into three equal parts in the points £, E, 

c 




On DE describe an equilateral trif^ngle 2)J?F, 

then J)F is equal to AD, and FE to EB. 

On AB describe an equilateral triangle ABC, 

and join Jf J*, Jj9. 

llien because ^i> is equal to DP, 

therefore the an^le AFD is. equal to the angle DAF, 

and the two angles DAF, DFA are double of one of them DAF. 

But the angle FDE is equal to the andes DAF, DFA, 

and the angle FDE is equal to DA C, each being an angle of an* 

equilateral triangle ; 

therefore the angle D^Cis double the angle DAF; 

wherefore the angle DA C is bisected by AF, 

Also because the angle FAC'is equal to the angle FAD, 

and the angle FAD to DFA ; 

therefore the angle CAF is equal to the alternate angle AFD : 

and consequently FD is paiallel to ^ C 

S}7ithesis. Upon AB describe an equilateral triangle ABC, 

bisect the angles at ^ and B by the straight lines AF^ BF^ meeting in 1^; 

through jPdraw FD parallel Ui AC, and FE parallel to BC 

Then ^^ is trisected in the points I), E. 

'Pot since -4 C is parallel to FD and FA meets them, 

therefore the alternate angles FAC, AFD are equal; 

but the angle FAD is equal to the angle FA C, 

hence the angle DAF is egual to the angle AFD, 

and therefore DF is equal to DA . 
But the angle FDE is equal to the ant(le CAB, 
and FED to CBA ; (I. 2y.) 
therefore the remaining angle DFE is equal to the remaining angle 
ACB^ 
Hence the three sides of the triangle DFE are equal to one another^ 
and Di^has been shewn to be equal to DA, 
therefore AD- DE, EB are equal to one another. 
Hence the following theorem. 

If the angles at the base of an equilateral triangle be bisected by 
two lines which meet at a point within the triangle ; the two lines 
drawn from this pojnt parallel to the sides of the tiiangle, diyide the 
base into three equal parts. 
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Note. There is another method whereby a line may be divided 
into three equal parts : — by drawing from one extremity of the given 
line, another making an acute angle with it, and taking three equal 
distances from the extremity^ then joining the extremities, and through 
the other two points of division, drawing lines parallel to this line 
through the other two points of division, and to the given line ; the 
three triangles thus formed are equal in all respects. This may be 
extended for any number of parts, and is a particular case of Euc. Yl. 10. 

PROPOSITION n. THEOREM. 

If two opposite aides of a parallelogram be bisected, and tioo lines be drawn 
from the points of bisection to the opposite angles, ttiese two lines trisect 
the diagonal. 

Let ABCD be a parallelogram of which the diagonal \rAC. 

Let ^^ be bisected in E, and DC in F, 

also let BE, FB be joined cutting the diagonal mO^H. 

Then ^ C is trisected in l£e points G^ H, 

ABB 




Through E draw EK parallel to ^Cand meeting FB in K, 
Then because EB is the half of AB, and DF the half of DC\ 

therefore EB is equal to DF; 
and these equal and parallel straight lines are joined towards tht 
same parts by DE and FB ; 

therefore DE and FB are equal and parallel. (l. 33.) 

And because AEB meets the parallels EK^ AC, 

therefore the exterior angle BEK is eaual to the interior angle EAO. 

For a similar reason, the angle FUJ^ is equal to the angle AEG, 

Hence in the triangles -4 -E(t, EBK, there are the two angles GAE, 

AEG in the one, equal to the two angles KEB, EBK in the other, 

and one side adjacent to the equal angles in each triangle, namely AB 

equal to EB \ 

therefore -46? is equal to EK, (I. 26.) 

but EK is equal to Gil, (i. 34.) therefore AG is equal to GH, 

By a similar process, it may be shewn that GH\% equal to HC 

Hence A G, GH, HC are equal to one another, 

and therefore ^ C is trisected in the points G, H, 

It may also be proved that BF is trisected in H and K. 

PROPOSITION III. PROBLEM. 

Draw through a given point, between two straight lines not parallel^ a 
straight line which shall be bisected in that point. 

Analysis. Let BC BD be the two lines meeting in 3, and let A 
be the given point between them. 
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Suppose the line EAF drawn through A^ so that EA is equal to AJF^ 

D 




through A draw A O parallel to BC, and GH parallel to EF, 

Then A OHE is a parallelogram, wherefore AE is equal to OH, 

but EA is equal to ^ J" by hypothesis ; therefore GH is equal to AF. 

Hence in the triangles BUG, GAF, 
the angles HBO, AGFate equal, as also BOH, OFA, (L 29.) 

also the side GHis equal to AF; 
whence the other parts of the triangles are equal, (l. 20.) 
therefore BG is equafto OF. 
Synthesis. Through the given point A, draw AG parallel to BC; 

on GD, take GFeqneA to OB-, 

then J* is a second point in the required line : 

join the points F, A, and produce FA to meet BCia E} 

then the line FE is oisected in the point A ; 

draw (?ir parallel to AE. 

Then in the triangles BGH, OFA, the side ^69' is equal to OF, 

and the angles GBH, ^G^IT are* respectively equal to FOA, OFAf 

wherefore G'-H'is equal to AF, (i. 26.) 

but GH is equal to AEj (i. 34.) 

therefore AE is equal to AF, or EF is bisected in A. 

PROPOSITION IV. PROBLEM. 

From two ffiven points on the same tide ef a straight line given in posi^ 
tion, draw two straight lines which shall meet in that hne, and make epuU 
angles with it ; eUso prove, that the sum of these two Hnes is less than the 
sum of any oiher two lines drawn to any other point in the line. 

Analysis. Let A, B be the two given points, and 'CD the given line; 
Suppose the required point in the line, such that AG and BG 
being joined, the angle AOCis equal to the angle BOD. 

B 




Draw ^J^nerpendicular to CD and meeting ^(? produced in E, 
Then, because the angle BGD is equal to AGF, (hyp.) 

and also to the vertical angle FOE, (l. 15.) 
therefore the angle AGF is equal to the angle EOF\ 
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nUo the right angle AFO is equal to the right wa^ EFG, 
iind the side FG is common to tne two triangles AFG, EFG^ 

therefore ^6^ is equal to EGy and AFto FK 
Hence the point F being known, the point Q is determined by the 
intersection of CD and BE. 

Synthesis. From A draw ^F perpendicular to CD, and produce 
it to Et making FE equal to AF, and join EE cutting CD in G, 

Join also AG. 
Then AG hnd BG make equal angles with CD, 
Tdft since AF is equal to FEt and FG is common to the two 
triangles A GF, EGF, and the included angles AFG, EFG are equal ; 
therefore the base AG'\% equal to the b&sjB ^Gr* 
and the angle AGFto the.a,ngle EGFi , . 
b:ut the ttngle EG'Fi» equal to the ver^cal angle BGD, 
therefore the anele AGF is eaual to the angle EGD ; 
that is, the straight unes AG ana EG make equal angles with 
the straight One CD. 

Also me sum of the lines A G, GB is a nainiroum. 
For take any other point H in CD, and joip EB, HE, AH. ^ 
Tnen since any two sides of a triangle are neater than the third side, 
th€lefore J^IT, KB are greater than EB in the triangle EHB. 
But EG is equal U> AG, and EH to AH\ 
therefore AH, HE are greater than AG, GB. 
That i^, AG, GB are less than any other two lines which can be 
drawn frt>m A, B, to any other point ^in the line CD. 

By means of this Proposition may be found the shortest path from 
one given point to another, subject to the condition, that it shall 
meet two given lines. 

PROPOSITION V. PROBLEM. 

(Hoen C1U migle, a $ide oppotite to itf and the ium of the other two iidei, 
sunstruot the triangle. 

Analpis. Suppose ^^Cthe triangle required, having EC equal 
to the given side, nA C equal to the given angle opposite to EC, also 
^ BD equal to ihe'siun of the other two sides. 

D 
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B 

Join DC. 

Then since the two sides BA, A C are equal to BD, by taking BA 
from these equals, the remainder ^ C is equal to the remainder AD. 

Hence the triangle A CD is isosceles, and therefore the angle ADC 
is equal to the angle A CD. 

but the exterior angle ^^C of the triangle ADC is equal to the 
two interior and opposite angles ACD and ADC: 

Mlierefore the angle BAC\a double the angle BDC^ and EDO is 
the half of the angle BA C. 

Hence the synthesis. 



■v\. 
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At the point Din BD, make the angle BDG eqnal to half the 
giren angle, ^ 

and from B the other extremity of BD, draw BO eqnal to the 

given side, and meeting. DC/m O, 
ai C in CD make the ahgte DOA equal to the angle CDA, so 

that CA may meet BD m th^ point A, 
Then the triangle ABG sha^ have the required oondltioi^. 

, _, , PEOPOfllTIOlf Vt PEOBLEM* v . 

To biteet a triangle hy a Uiie drawn from a given poUU in ofM 9fthe Ud^ jt'l 

Anal^sifl. ^^Let- 'ABO be the given triangle, and D the given point 
k the side AB, 

k ■ ' 




• »i _ . .' . ^,' 

Suppose 2>ir the line drawn from 2> which t)isec^.tQe triangte; 
therefore the triangle DBF is half of the triani^le ABO^ 
Bisect BO m JST, and join ^^, 2>JS?, AF, 
then the triangle ^^^ is half of the triangle ABC: , 
hence the tnai^ ABE is equal to the triangle DBF; 
. take aw^ from these eG^uals the triangle /)J9iS?, 
' therefore the remainder A DE is equal to the remainder 2>J?i^. 
But ADE, DEF are equal triangles upon the same base DE, and 

on the same side of it* 

they are therefore between the same parallels, (i. 39.). 

that is, AF is parallel to DE, 

therefore the point F is determined. 

Synthesis* Bisect the base BG in E, join DE^ 

from A, drvw AF parallel to DE, and join DF, 

Then because DE is parallel to AF, 

therefore the triangle ADE is equal to the triangle DEF; (h 87.) 

to each of these equals^ add the triangle BDE, . 
therefore the whole triangle ABE is equal to the whole DBF^ 
but ABE is hall of the whole triangle ABC; 
therefore BDF is also half of the triangle ABC^ 

PEOPOSITION VII. THEOEEM. 

If from a point without a parallelogram linee he drawn to theextremitUt 
of two ndjaeent Bides, md of the diagonal which tJiey include ; of the tri- 
angles thtU formed, that, whote base is the diagonal, is equal to the sum of 
the other two. . . 

Let A BCD be a parailelogram of which AO is one of the dis^nal^, 
and let? P be any point without it : and let AP, FO, BP, FD bo 
joined. ». .. 

Then the triangles APD^ APB uxe together equivalent to the tri. 
«ngle APO. 

1 
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Draw POE parallel to AB or BC^ and meeting AB in €7, and LC 
mB\ and join DO^ OC. 

Then the triangles CBP, CBO are eoual: (l ZI.) 

and taking the common part CBH nrom each| 

the remainders PUB, CHQ are equal. 

Again, the triangles DAP, DAO are equal; (l. 87.) 

also the triangles DAO, AGCsie equal, being on the same base 

AOt and between the same parallels AU, DC: 

therefore the triangle I)AP is equaj to the triangle AOC: 
but the triangle PHB is equtu to the triangle CIIG, 
wherefore the triangles PUB, DAP are equal to AQC, CHO, or 
A CH, add to these equals the triangle A PIT, 
therefore the triangles APH, PHB, DAP Are equal to APH, ACH, 
that is, the triangles APB, DAP are together equal to the triangle 

PAC. ' 

If the point P be within the parallelogram, then the difference oi 
the trianglea APB, DAP may be proTed to be equal to the triangle 
PAC. 



8. Describe an isosceles triangle upon a ^yen base and haying 
each of the sides double of the base, without usmg any proposition ol 
the Elements subsequent to the first three. If the base and sides be 
giyim, what condition must be fulfilled with regard to the magnitude 
of each of the equal sides in order that an isosceles triangle may be 
oonstruotedP 

9. In the fig. Euc. I. 5. If FC and BO meet in H, then proye 
that ^JST bisects the angle BAC. 

10. In the ^g. Euc. I. 6. If the angle FBO be e^ual to the an^Ie 
ABC, and BO, CF, intersect in O; the angle BOF is equal to twice 
the angle ^^C. 

1 1. From the extremities of the base of an isosceles triangle straight 
lines are drawn perpendicular to the sides, the angles made by them 
with the base are each e^ual to half the vertical angle. 

N 12. A line drawn bisecting the angle contained by the two equal 
aides of an isosceles triangle, bisects the third side at right angles. 

Id. If a straight line drawn bisecting the vertical angle of a tri- 
angle also bisect uie base, the triangle is isosceles. 
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H. Given two points one on each side of a given straight line} 
find a point in the line such that the angle contained by two lines 
drawn to the given points mav be bisected ny the given line. 

15. In the fig. Luc. i 6, let F and G be the points in the sides 
AB and A C produced, and let lines FH and OK be drawn perpen- 
dicular and equal to FC and GB re8j)ectively : also if BH, CK^ op 
these lines produced meet in O ; prove that BII is equal to CK and 
BO to CO, 

16. From every point of a given straight line, the straight lines 
drawn to each of two ^iven points on opposite sides of the line are 
equal : prove that the line joining the given points will cut the given 
line at right angles. 

37. If ^ be the vertex of an isns^^eles triangle ABCy and BA be 
produced so that ^D is equal to BA^ and DC oe drawn; shew that 
BCD is a right angle. 

18. The. straight line EBF, drawn at right angles to BCihe base 
of an isosceles triangle ABC, cuts the side AB m i>, and CA pro-' 
duced in E\ shew that AlSD is an isosceles triangle. 

19. In the ^^, Euc. i. \,\i AB be produced both ways to meet 
the circles in D and E, and from C, CD and CE be drawn ; the figure 
CDE is an isosceles triangle having each of the angles at the base, 
eqaal to one fourth of the angle at the vertex of the triangle. 

20. From a ^ven point, draw two straight lines making equal 
angles with two given straight lines intersecting one another. 

21. From a given point to draw a straight Tine to a given straight 
line, that shall be bisected by another given straight line. 

22. Place a straight line of given length between two given 
straight lines which meet, so that it shall be equally inclined to each 
of them. 

23. To determine that point in a straight line from which the 
straiffht lines drawn to two other given points shall be eoual, pro- 
vided the line joining the two given points is not perpendicular to the 
given line. 

24. In a given straight line to find a point equally distant from 
two given straight lines. In what case is this impossible P 

25. If a line intercepted between the extremity of the base of an 
isosceles triangle, and the opposite side (produced if necessary^ be 
equal to a side of the triangle, the angle formed by this line and the 
base produced^ is equal to three times either of tiie equal angles of the 
triangle. 

26. In the base ^C of an isosceles triangle ABC, take a point 2>, 
and in CA take CE equal to CD, let J^X) produced meet -<< J? produced 
in P\ then Z^AEF^ 2 right angles + AFE, or = 4 right angles A FE. 

27. If from the base to the opposite sides of an isosceles triangle, 
three straight lines be drawn, making equal angles with the base, vis. 
one from its extremity, the other two from any other point in it, tliese 
two shall be together ec^ual to the first. 

28. A straight line is drawn, terminated by one of the sides of ac 
isosceles triangle, and by the other side produced, and bisected by 
the base; prove that the straight lines, thus intercepted between the 

b2 
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fertex of the isosceles triangle, and this straight line, axe together 
equal to the two equal sides of the triangle. ' . 

29. In a triangle, if the lines bisecting the angles at the htap, be . 
equal, the triangle is isosceles, and the angle contained b^ the bisectr 
ing lines is equal to an exterior angle at the base of the tnangle. 

30. In a triangle, if lines be equal when drawn from the extremi- 
ties of the base, {u perpendicular to the sides, (2) bisecting tHe sidesi 
(3) making equal angles with ihe sides; the triangle is^ isosceles: 
and then Siese lines which respectively join the intersection plT toe 
■ides, are parallel to the base. 

n. 

31. ABC is a triangle right-angled at B, and having the angle jL. 
double the angle C; shew that the side^^C ia Jeas than double tfaH 

sidMJ?. '. . ........ .^ .. - 

32. If one angle of a triangle be e^ual to the sum of the other 
two, tiie^^reatest side-is double •of the distance <tf ils middlepoiht tMk 
the opposite angle« , * 

33. If from the right an^le of a right-angled triangle, two straight 
lines be drawn, one perpendicular to the biase, and the otherrbiiiectitig 
it, th^y will contain an an^le equal to tiie dilTereiice of the two ajciite 
angles of the triangle, 

34. If the vertical angle CAB of a triangle ABC be bisected by . 
AD, to which the perpendiculars CE, BF are drawn from the remain* 
ing angles: bisect the base BCixiQ, join QE, QF, and prove tiiese 
lines equal to each other. 

35. The difference of the aneles at the base of any triangle, if 
double the angle contained by a fine dnwn from the vertex perpeu* 
dicular to the pase, and another bisecting tiie angle at the vertex. 

36. If one angle at the base of a triangle be double of the other, 
the less side is equal to the sum or difference of the segments of the 
base made by the perpendicular from the vertex, according as the 
angle is greater or less than a rieht angle^ 

37. If two exterior angles of a tnangle be bisected, and from the- 
point of intersection of the bisecting lin^ a line be drawn to Uie op«' 
poaite angle of the^iangie, it will bisect that angle. 

38u Prom the vertex of a scalene triangle draw a right line to 
the base, which shall exceed the less side as much as it is exceeded 
by the greater. 

39. Divide a right angle into three equal angles. 

40. One of the acute angles of a right-angled triangle is three 
times as great as the other ; trisect the smaller ^ these. 

41. I'rove that the sum of the distances of soiv point within 
a triangle from the three angles is greater than half the perimeter 
of the triangle. 

42. The perimeter of an isosceles triangle is less than that of any 
other equal triangle upon the same base. 

43. If from the angles of a triangle ABC, straight lines AJ)Ep 
BDF, QDQ be drawn through a point. D to the opposite aideS| 
prove that the sides of the triangle are together greater uua the.ihree . 
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hiie$ drawQ to the point D, and less than twice the same, but greater 
than two-thirds of the lines drawn through the point to the opposite 
sidea. . . 

44. In a plane triangle an angle is right, acute or obtuse, ao- 
eording as the line joining the yerte^ of the angle with the middle 
point of the opposite side i^ equal to, greater or less than half of 
that side. , . 

45. If the straight line AD bisect the angle A of the triangle 
ABCt and BDE be drawn perpendipular to AD and meeting AC ot 
A C produced in Ey shew Uiat BD = DE, 

, 46. The side BC.ot a triangle .ABC is produced to a point D. 
The angle ACB is bisected by a line CE which meets AB in JE* 
A line is drawn through E parallel to BC and meeting ^C in ^^ 
and the line bisecting the exterior angle ACD, in O, Shew that 
J^J^'is eaual to J^'Cr. . . 

47. The sides AB, AC, of a triangle are bisected. in D and S 
respectively, and BE, CD, are produced until EF= EB, and OD ^DC\ 
shew that the line G^J^ passes through ^. ... , ' 

48. In a triangle ABQ^ AD being drawn perpendicular' to the 
straight line BD which bisects the angle B^ shew that a line drawn 
fiom D parallel to Bp will bisect AC.-. 

49. If the sides of a triangle be trisected and lines be dravm 
through the points, of section adjacent to each angle so as to form 
another triangle, this shall be in all respects equal to the first 
triangle. 

50. between two given straight lines it is required to draw ^ a 
straight line which shall be equal to one given straight line, and 
parallel to another. ... 

51. If from the vertical angle of a triangle three straight lines be 
drawn, one bisecting the angle, another bisecting the base, and the 
third perpendicular to the base, the first is always intermediate in 
magnitude and position to the other two. 

52. In the base of a triangle, find the point from which, lines 
drawn parallel to the sides of the triangle and limited by them, are equal. 

53. In the base of a triangle, to find a point from which if two 
lines be drawn, (1) perpendicular, (2) parallel, to the two sides of the 

riangle, their sum shall be equal to a given line. 

m. 

54. In the figure of Euo. 1. 1, the given line is produced to meet 
either of the circfes in P ; shew that Jr and the points of intersection 
of the circles, are the angular points of an equilateral triangle. « 

55. If each of the equal angles of an isosceles triangle be one- 
fourth of the third angle, and from one. of them a line b? drawn 
at right angles to the base meeting the opposite side produced ; then 
will the part produced, the perpendicular, and the remaining side, 
fonp an equilateral triangle. 

56. In the figure £uc. 1. 1, if the sides CAf CB of the equilateml 
triangle ABC be produced to meet the circlesin -iF, G, respectively, 
and u C be the point in which the circles cut one another on the 
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Other side oiAJBi prove the points F, C, (r to be in the same straight 
line ; and the fi^re CFG to oe an equilateral triangle. 

57. ABC is a triangle and the exterior angles rX B and C 
are bisected by lines BI)^ CD respectively, meetins^ in 2): shew 
that the angle BDC and half the angle BAG make up a right 
angle. 

63. If the exterior angle of a triangle be bisected, and the angles 
of the triangle made by the bisectors be bisected, and so on» the 
triangles so formed will tend to become eventually equilateral. 

69. If in the three sides AB, BC, CA of an equilateral triangle 
ABC, distances AE^ BF, CO be taken, each equal to a third of 
one of the sides, and the points F, F, O be respectively joined 
(1^ with each other, (2) with the opposite angles : shew that the two 
triangles so formed, are equilateral triangles. 

IV. 

60. Describe a right-angled triangle upon a given base, having 
^ven also the perpendicular firom the right angle upon the hy- 
potenuse. 

61. Given one side of a right-angled triangle, and the difference 
between the hypotenuse and the sum of the otner two sides, to con* 
struct the triangle. 

62. Construct an isosceles right-angled triangle, having given 
(1) the sum of the hypotenuse and one siae ; lf2) their difference. 

63. Describe a right-angled triangle ot which the hypotenuse 
and the difference between the other two sides are given. 

64. Given the base of an isosceles triangle, and the sum or dif- 
ference of a side and the perpendicular from the vertex on the base. 
Construct the triangle. 

65. Make an isosceles triangle of given altitude whose sides shall 
pass through two given points and have its base on a given straight 
line. 

66. Construct an equilateral triangle, having given the length of 
the perpendicular drawn from one of the angles on the opposite side. 

67. Havins given the straight lines which bisect the angles at the 
base of an eauilateral triangle, determine a side of the triangle. 

68. Having given two sides and an angle of a triangle, construct 
the triangle, distinguishing the different cases. 

69. Having given the oase of a triangle, the difference of the sides, 
and the difference of the angles at the base ; to descril>e the triangle. 

70. Given the perimeter and the angles of a U'iangle, to con- 
struct it. 

71. Having given the base of a triangle, and half the sum and 
half the difference of the angles at the base ; to construct the triangle. 

72. Having given two lines, which are not parallel, and a point 
between them ; ' describe a triangle having two of its angles in the 
respective lines, and the third at the ^iven point ; and such that the 
sides shall be equally inclined to the lines wnich they meet. 

73. Construct a triangle, having given the three lines drawn from 
the angles to bisect the sides opposite. 
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74. Given one of the angles at the base of a triangle, the base 
Itself, and the sum of the two remaining sides, to construct the tri- 
angle. 

75. Given the base, an angle adjacent to the base, and the di^ 
ference of the sides of a triangle, to construct it. 

76. Given one angle, a side opposite to it, and the difference ci 
the other two sides ; to construct the triangle. 

77. Given the base and the sum of the two other sides of a 
triangle, construct it so that the line which bisects the vertical 
angle shall be parallel to a given line. 

V. 

78. From a given point without a given straight line, to draw a Una 
making an angle with the given line equal to a given rectilineal angle. 

79. Through a given point A, draw a straight line ABC meetmg 
two given parallel straight lines in B and C, such that BC maj be 
equal to a given straight line. 

80. If the line joining two parallel lines be bisected, all the lines 
drawn through the point of bisection and terminated by the parallel 
lines are also bisected in that point. 

81. Three given straight lines issue from a point: draw another 
straight line cutting them so that the two segments of it intercepted 
between them may oe equal to one another. 

82. ABy AC are two straight lines, B and C given points in the 
same ; BD is drawn perpendicular to A C, and DE perpendicular to 
^^ ; in like manner CF is drawn perpendicular to AB, and FO to 
Ji C. Shew that BO is parallel to J?d ' 

83. ABC is a right-angled triangle, and the sides AC, AB are 
produced to 2) and F; bisect FBCsmd ^ CD by the lines BB, CB, 
and from E let fall the perpendiculars EF, JED. Prove (without 
assuming any properties of parallels) that ADEF is a square. 

84. Two pairs of equal straight lines being given, shew how to 
construct with them the greatest parallelogram. 

85. On the sides AB, 60, OD of a parallelogram are described 
equilateral triangles ABE, ODE without, and BOG within the figure ; 
prove that EG is eq[ual to one, and EG the other diagonal 

86. Having given one of the diagonals of a parallelogram, the 
sum of the two a^acent sides and the angle between them, construct 
the parallelogram. 

87. One oi the diagonals of a parallelogram being given, and the 
angle which it makes with one of the sides, complete the parallelo- 
gram, so that the other diagonal may be parallel to a given Hue. 

88. ABCDf ABCJy are two parallelograms whose corres- 
ponding sides are equal, but the an^le A is greater than the angle 
A'y prove that the oiameter ^C is less than AQ^ but BB greater 
than BB\ 

89. If in the diagonal of a parallelogram any two points equi- 
distant from its extremities be joined with the opposite angles, a 
figure will be formed which is also a parallelogram. 

00. From each angle of a parallelogram a line is drawn making 
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the same angle towards the same parts with an adjacent side,, takea 
. always in the sam^ qr/der ; shew that these lines farm another paxallelo- 
. gram simihr to the original one. 

91. Along the sides of a parallelogram taken in order, measure 

A A' P MB = CO^DJy : the figure A'BOD will be a parallelogram. 
9^. On the sides AB, BC^ CD, DA, of a parallelogram, set off 

AJEyBF, €0, 2>//y equal to each other, and join AF, BO, CH.DEi 

these lines form a parallelogiam, and the dliference of the angles 
, AFB, BGCt equals the difference of any two proximate angles tif the 
. two parallelograms. 

93. OBt OC are two straight lines at right angles to each other, 
through any point P any two straight lines are drawn intersecting 
OB, OC, in ft B, C, C, respectively. If 2> and /)' be the middle 

.points of BB and CO, shew that the angle BFU is equal to the 
Angle DOB. 

94. A BCD is a parallelogram of which the angle Cis opposite to 
the angle A, If throush A any straight line be drawn, then the dis- 
tance of C is equal to the sum or difference of the distances of B and 

^of D from that straight line, according as it lies without or within the 
parallelogram. 

95. Upon stretching two chains AC, BD, across a field ABCD^ 
I find that ^Z> and ^ C make equal angles with JDC, and that AC 
makes the sam^ %ngle with AD that BD does with BC\ hence prove 
that AB is parallel to CD. 

96. To fin4 a point in the side or side produced of any parallelo- 
gnim, such that the angle it makes with the line joining l&e [point 
,and one extremity ^fthe opposite side, may be bisected oy the line 
joining it with the other extremity, . . 

97» When . the corner of the leaf of a book is turned down a second 
time, so that ihe lines of folding are parallel and equidistant^ the spac*; 
.in the second fold is equal to three tmies that in the £rst. 

VI. 

98. If the points of bisection of the sides of a triangle be jolaedf 
the triai^gle^Bo formed shall be one-fourth of the given triangle. * ^ 

99. If in the triangle ABC, BC he bisected in D, AD joined 
and bisected in JS, ^£ joined and bisected in F, and CF joined and 
bisected in O; then the .triangle BFG will be equal to one-eighth of 
the triangle ABC. 

100. Shew that the areas of the two equilateral triangles in 
Prob. 59, ^ 78, are respectively, one- third and one-seventh of the area 
.of the original triangle. 

101. To describe a triangle equal to a given triangle, (1) when 
the base, (2) when the altitude of the required triangle is given. 

102. To describe a triangle equal to the sum or difference of two 
given triangles. 

103. Upon a given base describe an isosceles triangle equal to a 
given triangle* 

1 J04, Describe a right-angled triangle equal to a given triangle 
ABC. 
:106. To A giveti straight line apply a triangle which shall be equal 
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to a cfyen parallelogram and have one of its angles equal to, a ^giyen 
nctiuneal angle. 

106. .Transform a given rectilineal figure into a triangle wboie 
▼ertex shall be in a given angle of the figure,^ and whose base shall be 
IB one of the sides. 

107. Divide a triangle by two straight lines into three parts which 
when properly arranged shall form a parallelogram whose angles are 
of a given magnitude. 

108. Shew that a scalene triangle cannot bo divided into two 
parts which will coincide. 

109. If two sides of a triangle be given, the triangle will be 
jrreatest when Ihej contain a right angle. 

110. Of all triangles having the same vertical an?le, and whose 
bases pass through a given point, the least is that whose base is bisected 
in the given point. 

111. Of all triangles having the sune base and the same perimeter, 
that is the ^eatest which has the two undetermined sides equal. 

112. Divide a triangle into three equal parts, (1) by lines drawn 
from a point in one of the sides : (2^ b^ lines drawn from the angles 
to apomt within the triangle: (3) oy lines drawn from a given point 
within the triangle. In how many ways can the third case be done ? 

11^. JJvridfd an equilateral triangle into nine equal parts. 

114*^ Bisect a parallelosram, (1) by a line drawn from a point in 
one of its sides : (2) b^ a Tine drawn from a given point within or 
without it : (3) by a line perpendicular to one of the sides : (4) by a 
line drawn parallel to |k given line. 

115. From a ^ven point in one side produced of a parallelogram, 
4raw a st^ght ^e which shall divide the parallelogram into two 
equal parts. 

.116. To trisect a parallelogram by lines drawn (1) from 4 given 
point in one of its sides, (2) from one of its angular points. 

VIL 

117. To describe a rhombus which shall be equal to any g^ven 
quadrilateral figure. 

118. Describe a parallelogram which shall be equal in area, and 
perimeter to a given triangle. 

119. Find a point in the diagonal of a square produced, from which 
if a straight line be drawn parallel to any siae of the square, and 
ineet;n|? another side produced, it will form together with the pro- 
duced diagonal and produced side, a triangle equal to the square. 

120. Ju from any point within a parulelogram, straight lines be 
drawn to the angles, the parallelogram shall be divided into four tri* 
angles, of which each two opposite are together equal to one-half of 
the parallelogram. 

121. If ^^CD be a parallelogram, and E any point in the dia- 
gonal AC, OT AC produced ; shew that the triangles HJBC, EDC, are 
^ual, as also the triangles MBA and EBD. 

122. ABCD ia a parallelogram, draw BFQ meeting BC in F 

E •? 
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and AB produced in O ; join AF, CO ; then will the triangles A.B.T^ 
CFG be equal to one another. 

123. A BCD is a paralleiogram, E the point of intersection of its 
diagonals, and JT any point in AD, If KB, KC be joined, shew that 
the figure BKEC is one-fourth of the parallelogram. 

124. Let A BCD be a parallelogram, and O any point within it, 
through O draw lines parallel to the sides of A BCD, and join OA, 
OC; prove that the difference of the parallelograms DO, BOis twice 
the triangle (M C. 

125. The diagonals A C, BD of a parallelogram intersect in 0, and 
P is a point within the triangle AOB\ prove that the difference of the 
triangles APB, CPD is equal to the sum of the triangles A PC, BPD. 

126. UK be the common angular point of the parallelograms 
about the diameter A C (fig. Euc. i. 43.) and BD be the other dia- 
meter, the difference of these parallelograms is equal to twice the 
triangle BKD. 

127. The perimeter of a square is less than that of any other paral- 
lelogram of equal area. 

128. Shew that of all equiangular parallelograms of equal peri- 
meters, that which is equilateral is the greatest. 

129. Prove that the perimeter of an isosceles triangle is greater 
Ihan fhat of an equal right-angled parallelogram of the same altitude. 

VIIL 

130. If a quadrilateral figure is bisected by one diagonal, the 
second diagonal is bisected by the first. 

131. If two opposite angles of a quadrilateral figure are equal^ 
shew that the angles between opposite sides produced are equal. 

132. Prove tnat the sides of any four-sided rectilinear figure are 
together greater than the two diagonals. 

133. The sum of the diagonals of a trapezium is less than the sum 
of any four lines which can be drawn to the four angles, from any 
point within the figure, except their intersection. 

134. The longest side of a given quadrilateral is opposite to the 
shortest ; shew that the angles adjacent to the shortest side are together 
greater than the sum of the angles adjacent to the longest side. 

13d. Give any two points in the opposite sides of a trapezium, in- 
scribe in it a parallelogram having two of its angles at these points. 

136. Shew that in every quadrilateral plane figure, two parallelo- 
grams can be described upon two opposite sides as diagonals, such 
that the other two diagonals shall be in the same straight line and equal. 

131 . Describe a quadrilateral figure whose sides shall be equal to 
four given straight lines. What limitation is necessary ? 

138. If the sides of a quadrilateral figure be bisected and the 
points of bisection joined, the included figure is a parallelogram, and 
equal in area to half the original figure. 

139. A trapezium is such, that the perpendiculars let fall on a 
diagonal from the opposite angles are equaL Divide the trapezium 
into four equal triangles, by straight lines drawn to the angles from a 
point within it. 
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140. If two oppositfe sides of a trapezium be parallel to one another, 
the straight line joining their bisections, bisects the trapezium. 

141. If of the four triangles into which the diagonals divide a 
trapezium, any two opposite ones are equal, the trapezium has two of 
its opposite sides parallel. 

142. If two sides of a quadrilateral are parallel but not equal, 
and the other two sides are equal but not parallel, the opposite angles 
of the Quadrilateral are together equal to two right angles: and 
conversely. 

143. If two sides of a quadrilateral be parallel, and the line joining 
the middle points of the diagonals be produced to meet the other 
sides; the line so produced will be equal to half the sum of the 
parallel sides, and the line between the points of bisection equal te 
half their difference. 

144. To bisect a trapezium, (1) by a line drawn from one of its 
angular points : (2) by a line drawn from a given point in one side. 

145. To divide a square into four equal portions by lines drawn 
from any point in one of its sides. 

146. It is impossible to divide a quadrilateral figure (except it be 
a parallelogram) into equal triangles by lines drawn from a point 
within it to its four comers. 

IX. 

147. If the mater of the acute angles of a right-angled triangle^ 
be double the other, the square on the greater side is U^ee times the 
square on the other. 

148. Upon a given straight line construct a right-angled triangje 
such that the square on the other side may be equal to seven times 
the square on the given line. 

149. If from the vertex of a plane triangle, a perpendicular fall 
upon the base or the base produced, the difference of the squares on 
the sides is equal to the difference of the squares on the segments of 
the base. 

150. If from the middle point of one of the sides of a right-angled 
t|^angle, a perpendicular be drawn to the hypotenuse, the difference 
of the squares on the segments into which it is divided, is equal to the 
square on the other side. 

151. If a straight line be drawn from one of the acute angles of a 
right-angled triangle, bisecting the opposite side, the sauare upon that 
line is less than the sc^uare upon the nypotenuse by three times the 
f«quare upon half the line bisected. 

152. If the sum of the squares on the three sides of a triangle be 
equal to eight times the square on the line drawn from the vertex 
to the point of bisection of the base, then the vertical angle la a 
right angle. 

153. If a line be drawn parallel to the hypotenuse of a right- 
angled triangle, and each of the acute angles be joined with the 
points where this line intersects the sides respectively opposite to 
them, the squares on the joining lines are together equal to the 
squares on the hypotenuse and on the line drawn parallel to it 
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154. Let ACB, ADB be two right-angled triangled hayiiig a 
common hypotenuse AB, join CA and on CD produced both way* 
draw perpendiculars AE, BF. Shew that CE*-^ CF^^DJS^ + DF*. 

155. If perpendiculars AD, BE, CF, drawn from the angles 
on the opposite sides of a triangle intersect in O, the difference Of 
the squai-es on the sides AC, AB, is equal to the difference of the 
sqnares on the lines CQ* BO, 

156. If J BC be a triangle of which the angle ul is a right 
angle; and BE, CF be drawn bisecting the opposite sides re- 
spectiyely : shew that four times the sum of the squares on BS 
and CFis equal to five times the square on BO. 

157. If ^^C be an isosceles triangle, and CD be drawn per- 
pendicular to il^; the sum of the squares on the three sides is 
equal to 

^2)»+2. BD'+B. CD', 
' 158. The sum of the squares described upon the sides of a 
rhombus is. equal to the squares described on its diameters. 

159. A point is taken within a square, and straight lines drawn 
from it to the angular points of the square, and perpendicular to 
the sides; the squares on the first are double the sum of the 
squares on the last. Shew that these sums are least when the 
point is in the center of the square. 

160. In the figure Euc. i. 47, 

{a) Shew that the diagonals FA, AKoi the sqnfeures on AB, 
AC, lie in the same straight line. 

{h) If DF, EKhe jomed, the sum of the angles at the baises 
of the triangles BFD, CEK\a equal to one right angle. 

(e) It BG and CJ7 be joined, those lines will be paraUeL 

(</) If perpendiculars be let fall from i^and Kon B€ "pro- 
duced, the parts produced will be equal; and the perpendicTuars 
together will be equal to BC, 

' (e) Join GB[, KE, FD, and prove that each of the triangles 
00 formed, equals the given triangle ABC, 

(f) The sum of the sauares on GR, KE, and FD will ^o 
equal to six times the square on the hypotenuse. 

(g) The difference of the squares on AB, AC, is equal to the 
difference of the squares on AD, AE> 

161. The area of any two parallelograms described on the two 
sides of a triangle, is equal to that of a |)arallelogram on the base, 
whose side is equal and parallel to the h&e drawn from the vertex 
of the triangle, to the intersection of the two sides of the foriner 
parallelogi'ams produced to meet. 

162. If one angle of a triangle be a right angle, and another 
equal to two-thirds of a right angle, prove &om the First Book of 
Euclid, that the equilatersd triangle described on the hypotentise, 
is equal to the sum of the equilateral triangles described upon' the 
sides which contain the right angle. 
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DEFIXmON^p 

L 

Ey^T Q^t-^led, parallelogram U called Ji rjrtonjprfe' attd i^'iMud 
to be eontained^by any two of the vtiitlght liiitet' iHiidi donfiitf od^ of 
the right AOf Im. , < 

n. 

J 

In erery parallelogmnv »f y P^ ih^ p«i:a]}e«>grAn» about a diameter 
together with.1j),e^MfiCi99«l^iWnt«,j« nailed a goonlon^ : : ^ 

▲ B ^ D 



K 



** Thus the parallelogrsin HO together with the complementi i#F, FC, 
is the ^omon^ which ia xnore Iprieny expressed by. the letters 40it oc 
EHC, tdiich are at the ophite angles of the psraUelograms irhi^ make' 
the ipioman." 
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PROPOSITION I. THEOREM. 

Ifthi$reh9.itpo,tirmght Knei^ one of wkUh w divided- inio tmjfmwtiUf' 
of parte ; the rectangle contained by the two etr^ight lineHi ** egwU io the ^ ^ 
rectanglee contained bjf the undivided Une^ and the eeveral parte of the 
divided line, 

"Let A and BC be two straight lines ; 
and let fiC ba dividedinto any parts BDf DEi ECy in the potnti 2>, JBL 
Then the rectangle, contained by the straight lines A and BC^ shall 
be equal to the rectangle contained by A and BD^ together with that 
contained by A m»<1 J>Bii and that contaised by A and E€. ' ■■ 
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From the point ^, draw BFdX right angles to J?C, (L 11.) 
and make BG equal to A ; (l. 3.) 
tlirough G draw GJI parallel to -BC, (i. 31.) 
and through D, E, C, draw DK, EL, CZT parallel Xxi BQ, meeting 

GH'mK,L,H. 
Then the rectangle BHia equal to the rectangles BK, DL, EM, 
And JEiHih contained by A and BC, 
for it is contained bv GB, BC, and GB is equal to .^ : 
and the rectangle BK is contained by A, BD, 
lor It is contained by GB, BD, of which GB is equal to A i 
also Jl>L is contained by A, DE, 
because DK, that is, BG, (i. 34.) is equal to A ; 
and in like manner the rectangle ^H is contained by A, ECi 
therefore the rectangle contained by A, BC, is equal to the several 
rectangles contained by A, BD, and by A, DE, and by A^ EC 
'Wliereforei if there be two straight linesi &o. Q. e.d. 



PROPOSITION II. THEOREM. 

If a itraighi line he divided into any two parte, the reetangUe contained 
ly ike whole and each of the parte, are together eguai to the eguare oii the 
whole line. 

Let the straight line .^^ be divided into any two parts in the point C 
Then the rectangle contained by AB, BC, together with that cpn- 
tained by AB, A C, shall be equal to the square on AB. 

A C B 
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Upon AB desortbe tiie square A DEB, (i. 46.) and through Cdraw 
CF paraHel to AD or BE, (i. 81 .) meeting DE in F. 

Then AE is equal to the rectangles AF, CE, 

And AJB is the square on AB ; 

and ^J^is the rectangle contained by BA, AC; 

Inr H is contained by DA, A C, of which DA is equal to ABi 

and CE is contained by AB, BC, 

for BE is equal to AB: 

therefore the reetangle contained by AB, AC, together with the 

rectangle AB, .BC is. equal to the square on AB, 

If therefore a straight line, &o. Q. Ej). 
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PROPOSITION III. THEOREM. 
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JJa tiraiffht lifte be divided into any two parts, the rectangle oontained by 
the whole and one 0/ the parts, is equal to the rectangle contained bg the two 
parts f together with the square, on the aforesaid part. 

Let the straight line ^^ be divided into any two parts in the point C, 
Then thc^ rectangle ABy BC, shan be equal to the rectangle 
ACi CB, together with the square on BC, 




Upon ^C describe the square CDEB, (i. 46.) and produce ET) to F^ 

through A draw ^i^narallel to CD or BE, (j. 31.) meaing EF'm F. 

Then the rectangle AE is equal to the rectangles A 3, CE. 

And A Eh the rectangle contained by AB, BC, 

for it is contained by A B, BE, of which BE is equal to BC: 

and AD is oontained by A C, CB, for CD is equal to CB : 

and CE is the square on ^C: 

therefore the rectangle AB^ BC, is equal to the rectangle AC, CBr 

together with me square on BC, 

u therefore a straight line be divided, &c. Q.E.D. 



PROPOSITION IV. THEOREM. 

If a straight Une be divided into any two parts, the square on the whok 
tine is equal io the squares on the two parts, together with twice the rectangle 
eoniaified by the parts. 

Let the straight line ABhe divided into any two parts in C 
Then the square on AB shall be equal to tne squares on AC, and 
CB/ together with twice the rectangle contained by AC, CB. 

A C B 
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Upon AB describe the square A DEB, (I. 46.) join SD, 
through C draw CG^JF^parallel to AD or BE, (i. 31.) meeting BD 

in O and DE in JF; 
and through G draw HOK parallel to AB or DE, meeting AD in 

2r, and JB^in JT; 
Then, because CFis narallel to AD and BD falls upon them, 
therefore the exterior angle BOOa equal to the interior and opposite 
anffle BDA ; (l. 29.J 

but the angle BDA is equal to the angle DBA, (l. 6.) 
because BA is equal to AD, being sides of a square ; 
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wherefore the angle BGCis equal to the angle DBA or OBC\ 
and therefore the side J^Cis equal to the side 06^; (i. S.)*' ^ 
but ^Ois equal also to GK, and CG to BK\ (l. 34.) 
wherefore the figure CGKB is equilateitd. 
It is likewise rectangular i ■ » 

for, since CG is parallel to BK^ and J^Cmeets t^emg ,;. . 
therefore tlie ang^l^ K^Ot BCG are equal to two right angles ; (L te.) 
but the angle JCBO'A a right angle | (def. 30. coostr.) 
wherefore BVG k ^ ri^ht. angle : • 
tand therefore also the angles CGKt GKB, opposite to these, are right 
angles ; (I. 34.) 

wherefore CGKB is vectaiignlar : 

but it is also equih^^rai, as was Remonstrated ; 

wherefore it is a square, a^dJt is upon the ^de,pB. 

For tiie saWe reason ^JF^iflr a square," 

and itls'upeti the nidelTGi wl;iich ii^ equal to AC {l, 34:) - * 

Therefoi^e ti^e figures ffF, ClCf are the sqna^ on A C> PB, 

And because -thi comphtxtiiiit A& is equal to the complement OX, 

(1.43:) • '; 

and that 'AO h the rectangle contained l^jr A C, Cb, 

for^Cis equal to C5; , 

theref*i^^iC?^i8^aW equal to the rectangle :I<C,CT; \ 
wherefore AG, GJE obb equal t6 twice the rectangl^ AC, d^ 

and HF, tfK are the squares onAO, CB ; 
wherefore the four figures HF, CK, AG, GE, are eoual to the 

squares on AC, CB, and twi6e:the rectanf^e AQ^ Cmt 
but JIF, CK,.AG, GJE make up the whole figure ADJ^B, which 
is the squjare on .4,^ ; . .' . v. . . ;.. 

therefore the square on ^^ is equal to tlie squares onACf, CB,9kd 

twice the rectangle A C, CB* 
Wherefdre, if a straight line be divided, ifec a.B.D. 

Cor. Trom the demonstration, it is manifest^ tliat tl^e parallelo- 
grams about the diameter of a 8quarie,'are likewise squares 

PROPOSITION V. THEOREM. 

If a straight Une h0 divided into two squal parts, and also into twe 
unequal parte ; the rectangle contained hg ihf unequal parte, together with 
4he square on the Hne between the points of section, is equal to the square on 
half the line, 

I 

Let the straight line AB be divided into two equal parts in the 
point C and into two unequal parts in the.po{nt D. 

Then the rectangle AD, DB, together with the square on C2>, shaH 
'be equal to the square on CB. 

A C D B 

"0, 



«t 
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Upon CB describe the square CBFB, (l. 46.) join BB^ 
tiiroiigh D draw DHO parallel to CE^i BF, (i. 31.} meeting BE 

in //, and EF in (?, 
and through //draw JTXJf parallel to CB or EF^ meeting CS 
in Z, and ^/^ in 3/; 
also through A draw AK parallel to CL oi BM^ meeting MLK in JT. 
Then because the complement CH is equal to the complement iZF^. 
(L 45.) to each of these equals add DM; 

therefore the whole CM is, equal to the whole DFi 

but because the line -4 C is equal* to CJf, 

therefore -^Z is equal to Cm, (i. 36.) / 

therefore also AL is equal to r>F\ 

to each of these equals add CH, 

and therefore the whole AIl}^ equal to /)l^and CH*. 

bvl AH is the rectangle contained by A D, DB, for DiTis equal to DBi 

and 1)1^ together with C2/ is the gnomon CMO% 
, therefore the gnomon CMQ i^ equal to the rectangle AD, DBt 
to each of these equals add ZO, which is equal to the square on 

CD i (II. 4. Cor.) 
therefore the gnomon CMO, together with Z(7, is equal td th0 
rectangle AD, DB, together with the square on CD: 
Irat the j;;nomon CJHO and LO make up the whole figure CEFB, 
-Which 18 the square on CB ; 

therefore the rectangle AD, DB, together with the iquare <»-&/> 
it eqmd to the square on CB, 

Wherefore, if a straight line, &c. Q.B.D. 
CoB« From this proposition it is manifest, that the difierenee of' 
Che squares on two unequal lines A C, CD, is equal to the rectangle' 
contained by their sum AD and their difference DB, 

PROPOSITION VI. THEOREM. 

J[fa tiraight Une be bisected, and produced to mny poini ; tk$ reetangUr 
emUtined by the whole lifts thus produced, etnd the part <^ ii produced, 
together with the square on half the Une bisected, is egual to the sqftturg ms 
tit siraight line nhich is made up of the half and the part produced* 

Let the straight line ^^ be bisected in C, and produced to the point !>• 
Then the rectangle AD, DB, together with the square on VB, shall 
he equal to the square on CDs 

A C ' B D 








E 

Upon CD descnbe the square CEFD, (i. 4!6.) and join DJE*, . 
through B draw BUG parallel to CE or DF, (t. 31.) meeting DJB 

inH,9indEFinO; 
through // draw JTZi/ parallel to AD or EF, meeting DF ia 
If, andC^inZ; 
indl through A draw AJSC parallel to CL or DM, meeting JfZJTtn B^ 
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Then because the line ACih equal to CBy 
thenfore the rectangle A Lib equal to the rectangle CH,. (j. 86.) 

but CII is equal to JIF; (l. 43.) » 

therefore ^Z is equal to HF; 
. to each of these equals add CAT; 
therefore the whole AMii equal to the gnoi^on CMOi 
but AM is the rectangle, contained by ADt DB, , 

for DM is equal to DB : (ll. 4. Cor.) 
therefore the gnomon CMG is ecjual to the rectangle ADi DB;. 
to each of these equak add LG which is equal to the square 6n CB ; 
therefore the rectangle AD^ DB, together with the square on CB, i» 

equal to the gnomon Cp^fO, and the figure LQ; 
but the gnomon CMO and LQ make up the whole figure CEFD, 

which is the square on CD ; 
therefore the rectangle AD, DB, together with the squafe oa CB, 
" ia equal to the square on CD. - . . ^ 

Whereiore, if a straight line, &c. Q.&D. 

PROPOSITION VIL THEOREM. 

If a ttraight line be divided into any ttoo parts, the squares o» IKei whoU 
Unhand on one of the parts f are equal, to t^iee the rectangle eontamed by 
ihe whole and that part, together with the square on the other part. 

Let the straight line AB be divided into any two parts in the pqpt C 
Then the squares on AB, ^C shall be equal to twice the rectangle 
4^,%0€| together with the square oa^Ci .'i 

A C B 
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Upon AB describe the square ADJSB, {i, 46.) and. join BIh 
through Cdraw CJF*parallel to ^D or B£ (i. 31.) meeting SD'm 
Gr&ndDBinFi '" 

* through G draw IT^^iT parallel to ABox DE, meeting ,4JD/^?:jp, 
and^^injr. 

Then because -^6? is equal to (?JS:, (t. 43.) 'i J J 

add to each of them C^; • 

therefore the whole AK is equal to the w.hole CEi i .' ,' 
and therefore AK, CE, are double of ^JiT: 
but AK, CE, are the gnomon ^JlTi^and the square CK\ 
therefore the gnomon AKFand the square CK are double of AK: 
but twice the rectangle AB, BCf,\a double of AK, 
for BK is equal to BQ; (ll. 4. Cor.) 
therefore the gnomon AKF and the square CK, are equal to twice;the 
Rectangle ^^, ^C; , i 

^ . to toch of these equals add HF, which is equial to the shuai*e 6n ALC 
*^ therefore the gnomon AKF, and the squares CK, HF,tre ^qtial to 

,twice the rectangle AB, BC, and the square on AC;, 
*• but the gnomon AKF, together with the squares CK JSfyf inake 
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Op the whole figure ADJSB and CK, which are the sqiiai«8 on AB 
toidBC:, 

therefore the squares on ^P and BCuTt equal to twice the rectangle 
ABf BCj together with the square on ^C 

Wherefore, if a straight line, &c. Q. E. D. 

<f < 

PROPOSITION" Vin. THEOREM. 

IjjTtf itrai^ht line he divided into any two parts, four times the. r$eUmgU 
eo^ined by the whole line^ and one of the parts, together with the square on 
the oiher part, is eqiial to the square on the straight liue^ which is made up 
of the whole atid that part, 

, A^Iicstihe straight line ^£be divided into any two jmrts in the pohit C» 
Then four times the rectangle AB, /^C, together with the square on 
A C, shall be equal to the square on the ruraight tine made up of AB 
and BC together 

A o B D 

171 
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*■ Produce AB to D, so that BD be equal to CB, (I. 3.) 

upon -42> describe the square AEFB, (i. 46.) and join j6^, 

through B, C, draw J?Z,. CH parallel to AE or DF, and cutting DB 

in the points K, P respectively, and meeting EF in L, Jf; 

through X, P, draw MGKN, XPRO parallel to AD or EF. 

Then because CB is equal to BD, CB to OK, and BD to KNi 

therefore GK is equal to JTiVj 
. for the same reason, PR is equal to jRO; 
and because CB is equal to BD, and GK to JTiV, 
therefoir« the rectangle CK is equal to BN, and OB to BN\ (i. 86^) 

- but CK\& eoual to RN, (I. 43. J 
because they are the eomplementa of the parallelogram CO; 
.' therefore also j&JV is equal to (?i2; 

and the four rectangles BN, CK, GR, RN^ are equal to one another, 
I ahd soiare quadruple of one of them CK, 
Again, because CB is equal to BD, hnd BD to BK, that la, to OGi 
and because CB is- equal to OK, that is, to OP; 

therefore CO is equal to OP. 

And because CO is equal to OP, and PR to RO^ 

therefore the rectangle ^6^ is equal to MP, and PL to RFi 

but the rectangle MP is equal to PZ, (1. 43.) 
because they are the complements of the parallelogram ML : 
\ wherefore also ^6r is equal to RF: ' ' .1. 

therefore the four rectangles AG, MP, PL, RF, are equal to one 
anothei*, and so are quadruple of one of them A G, 
And it was demonstrated, that the four CKy BN, OR, and RUt, aro 
quadniple of CK : 
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therefore the eight rectangles which contain the gnomon AOH^ are 
quadruple of !i(kjr. 
And because AK is the rectangle contained by AB^ BC^ 

for BK is equal to BC^ 
therefore four times the rectangle AB^ BCh quadruple of AK: 
but the gnomon AOH ^9a demonstrated to be quadruple of AK; 
therefore four times the rectanfi:Ie AB.BC'ib equal to the gnomon A OH} 
to each of these equals add A//, whicfi is equal to the squai-eon AC\ 
therefore four times the rectangle AB^ BC, together with. the squAfe 
on ^C' is equal to the gnomon ^0/f and the square A'JT; T 
but the gnomon A OH and XH make up the figure AEFD, which ia 
the square on ^2>; 
therefore four times the rectangle AB, i?C together with the square 
on ^ C, is equal to the souare on AD^ that is, on AB and BC added 
together in one straight line. 

Wherefore, if a straight line, &c, Q.B.D. 1 

PROPOSITION IX. THEOREM. 

If a ttraight line be divided into two equal^ and alto into two mtefvat 
parte; the equaret on the two unequal parte are together double of the equar$ 
on half the line, and of the equare on the line between thepointe ofeectim, 'r 

Let the straight line ABhe divided into two equal parts in the point 
C, and into two unequal parts in the point i). 

Then the squares on ADf DB together, shall be double- «£ ^ 
squares on ^C7, CD, 




;'.' .^^ 



From the point Cdraw CE at right angles to ^^, (I. 11.) 
make CB equal to ^Cor CB, K 3.) and join EA, EB; 
through 2> drawDi^ parallel to. CEt meeting EB in F, (l. 8I4 *. '^ 
through JPdraw FG parallel to BA, and join AF»\ 

Then, because ^ C is equal to CE, ^ '• 

therefore the angle AEC is equal to the angle EA C; (1. 16.) 

and because A CE is a right angle, . \ 

therefore the two other angles AEC, EAC of the triangle are together 
equal to a right angle ; (l 32.) '.w 

and since they are equal to one another ; 
therefore each of them is half a right angle. 
For the same reason, each of the angles CEB, EBCi% half a right angle; 
and therefore the whole AEB is a right angle. 
And because the eatgle QEF is half a right angle, 
and EOF a right angle, 
for it is equal to the interior and opposite angle ECB, (i. 20.) 
therefore the remaining angle EFO is half a right itngle ; 
wherefore the angle ^j^jPis equal to the angle EFv, 
• * and the side GF equal to the side EG. (L 6.) • 
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AgtiOt because the aneU at J9 U half a rigkt angle. ■ 

and FDi a right angle, 

fbr it is equal to the interior and opposite ancle ECB^ (i. 29.) 

therefore the remaining ai^le BFD is half a right angle ) 

wherefore the angle at J> Lb eoual to the angle BFDf 

and the side Di^ equal to tne side 2>i?. (l 6.) 

And because ^ C is equal to CE, 

the square on ^C is equal to the square on CE\ 

Hierefore the squares on AC^ CE are double of the square on A C| 

but the square on AE is equal to the souares on A C, C4& (l* 47.) 

because A CE is a.rignt angle ; 

therefore the square on ^£ is double of the square, on ^ C 

Again, because J^G^ is equal to 6 Jr', 

the square on EGL is equal to tne square on GEi 

therefore the squares on EOt OF are double of the square on OFt 

but the square* on ^jPis equal to the sauares on EG, &F; (i. 47.) 

therefore the square on EF is double of the square on GFi 

and OF IB equal to C7>; (L 34.) 

therefore the square on EF is double of the square on CD ; 

but the square cfnAEw double of the square oi^ A C; 

Hierffore the squares on AEy EF are double of the squares on A C^ CD; 

but the square on ^i^is equal to the squares on AE, EFt 

because ^^^ is a right angle: (1.47.) 

therefore the square on ^ J" is double of the squares on AC, CD: 

But the squares on AD, DFtite equal to the square on AFi 

because the angle ADF is a right angle ; (l. 47.) 

thereforelhe squares on A D, DFwe douole of the squares on A C, CD ; 

and DF is equal to DB *, 

therefore the squares on A Z>, DB arc double of the squares on ^C, CD, 

If therefore a straight line be divided, &c. Q.B.D. 

PROPOSITIOX X. THEOREM. 

If a Uraight line be bieeded, and prodttced to any point, (he ■ tqtimre on 
the whak line thtu produced, and the square on the part of it prodwed, are 
together doubh ofihe sgfiare on half the line bitectii, and of ike square on 
the line made up of the half and the part produced^ . ' 

Lc^ the straight line ^^ be bisected in C, and produced to the 
point D. • 

' Then the squares on AD, DB, shall be double of the squares on 
Aa CD. 

E F 




From the point C draw CE at right angles to AB, (l. 11.). 

make CE equal to -4 Cor CB. (l. 3.) and join AE, EB; 

through E draw £/'' parallel to AB, (l. 31.) 

and through D draw DF parallel to CE, meetmg EF in F. 
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Then because the straight line J?^ meets the parallels CE, PD^ 
therefore the angles CBF, EFD are equal to twoxi^ht angles; (l*^.} 
and therefore the angles BEF^ EFD are less than two right angles. 
But straight lines, ^%'hich with another straight line make, the in- 
terior angles upon the same side of a line, less than two right angles^ 
will meet if produced far enough ; (I. ax. 12.) 

therefore EB. FD will meet, if produced towards B9D1 
let them be produced aiid meet in 6r, andjoin AG^ ^ «) 

Then, because AC'\% equal to CE, \ 

^refore the angle CEA is equal tp the angle EAC\ (l. 5.) 
and the angle A CE is a right angle ; 
therefore each of the angles CEA^ EA C is half a light angle. (1. 32.) 
For the same reason, 

each of the angles CEB, EBC is half a right angk; -.» 

therefore the whole AEB is a right ancle. ; 

« And because EBC'vi half a right angle, 

therefore DBQ is also half a right angle, (l. 15.) 
Sox they are verticallv opposite j 
but BDO is a right angle, 
because it it equal to the alternate angle DCE; (I. 29.) 
tli^nefore the remaining angle DOB is half a right angle; 
' and is therefore equal to the angl<» DBO ; 
wherefo^ also the side BD is equal to the side DO. (I. 6.) . ,» 
Agaiii, becaitse EOF is half a right angle, and the angle at Fi$i 
right atiglej being equal to the opposite an^le ECD, (i. 34.) 

thepefore the remaining tLtigle FEG is half a right angle^. - ,, . 
• and therefore equal to the angle EOF; 
. wherefore also the side OF is equal to the side FE* (l. 6.) 
And because EC is equal to CA ; 
the square on J^Cis equal to the square on CA; 
therefore the squares on EC, CA are double of the square on CA ; 
but the square on J?^ is equal to the squares on EC, CA\ Tl. 470 
therefore the square on EA is double of the square on AC^ 
Again, because ^i^ is eoual to FE, 
■ the square on' 6^ IS equal to tlie square on jPJ?; 

therefor^ the squares on OF, FJS are double of Uie square on FE*, 
but the square 0^ ]BO is 'equal to the squares on OF,FE\ (I. 47.) 
thei;erore the square on EG is double of the square on FE*, 

and FE is equal to CD\ fl.' 84.) 
wherefore the square on EG is double or the square on CD\ 
but it was demonstrated, 

that the square on EA is double of the square on A C; 

therefore the squares on EA, EG are double of the squares on A C, CD\ 

but the square on A O in equal to the squares on II A, EG; (i. 47.) 

therefore the square on A is double of the squares on AC, CD i 

but the squares on AD, DO are equal to the square on ^6^ ; . 

Iheirefore the squares on A D, DO are double of the squares on A C, CD ; 

but DG\& equal to DB ; 

therefore the squares on A D, DB are double of the squares on A C, CD, 

Wherefore, if a straight line, &e. Q.E.i>. 
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pnoposrriON zi. problem. 

, To divid4. a given ttraight £mm into two parti, 90 that the rectmgh «9^ 
iained 5y the iohole and one of the parte, ehaU 6e equal to the s^uare^e^ 
tie other part. 

Let AB be the given etraight line^ 
It it reauired to divide AB into two parts, so that the mctsngle 
ountained by the whole line and obo ok the parts, shall be equal 
to the square on ihe other part. 

TO 






C K D 

Upon AB describe the square ACDB ; fi. 40») ; 

bisect ACin Ef (i. 1(^.) and join BE^ 
produce CA to E, and make EE equal to EB, (x, 3.) ., 
upon AE deiscribe the square EG HA, (l. 46i.) 
' Then AB ^hall be divided in JET, so that the rectangle AB„ BJff m 
equal to the square on AH. > , 

Produce Off to meet CD in JT., . • i 

rhen because the straight line ^ Cis bisected in E, and produced to E, 
therefora the rectangle CJF*, EA together with the square' oi^ AE, 
• , is equal to the square on EE; (11. 6.) ., . . ;« 

but ^F is equal to ^i? ; 
. therefore the rectangle CE, EA together with the square on AEfiJit 

equal to the square on J^j? ; 
but the squares on BA, AEaxe equal to the square on EB, (i. 47.) 

because the ai^Ie EAB is a right angle ; 
therefore the rectangle OJF, EA, together with th0 square on AE, 
^, . is equal tothe squares on BA, AE; ^ . . ^ . \ 

\ take away the square on AE, which is common to ootn; .- 

. therefore the rectangle contained by CE, EA is equal to the squaie 
< on BA» 

But the figure EE is the rectangle contained by €E, EAf 
• , . for EA is equal to EG j . . . . . • ' 

aiid AD is the square on AB; . . > . . . 
therefore the figure EJC is equal to AD ; ' 

, , : . takeaway the common part 4^^, . . , ^ 

therefore the remainder Eff is equal to ithe Remainder IfDi: ' ? 
but J7D is ^e rectangle contained by AB, BH, 
for AB u equal to BD ; 
and EH is the/Sqt)are on AH; 
therefore the rectangle AB, Bfti, ise^ual to the square on AH^ 
Wherefore the straight line '^^i? is divided in M, so that the 
rectangle AB, BH is equal to the square on AH, a. E. F. 
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PROPOSITION XII. THEOREM, 

A iihtuu»angUd triangUi^ if a perpendicular be drawn from eitAgr cf 
ike aetUe anglee to the appotite tide pr^tieed, the iqitare on the $ide tub^ 
tending the obtuee angle, it greater than the tguaree on the eidet eontainis^g 
the obtuse angle, by twice the rectangle eonidined by the tide upon which, 
when .produced, the perpendicular fallt, and 'the straight line intercepted 
. urithout the triangle between the perpeiuiicular and the obtuee angle* 

Let ABC he an obtuse-angled triangle, having the obtuse angle 
A CB, and from the point ul, let ^2) be dntwn perpendicular to ^C 
produced. 

Then the square on AB shall be greater than the s^iares en AC, 
CB, by twice t,b« rMcungle BC, CD. 

A 




Because the straiglit line BD is divided into two parts in the point C, 
therefore the square on BD is equal to the squares on BC, CD, 
and twice the rectangle BC, CD; ^ii. 4.) 

to each of these equals add Uie square on DA ; 

therefore tbe squares on BiX, DA are equal to the squares on BQ^ 

CD, DA, and.twice the rectangle BC, CD; 

but the square on BA is equal to trie squares on BD, DA, (l. 47.) 

because the angle at i> is a right angle ; 

and the square on CA is equal to the squares on CD, DA ; 

iherefore the square on BA is equal to the squares on BC, CA, and 

twice the rectangle J&C| CD; 
that is, the square on BA is jf^reater than the squares on BC, CA, by 
twice the rectangle BC, CD. 

Therefore io obtuse-angled triangles, &c. aE.D. 

PROPosmox xin. theorem. 

In every triangle, the equare on the tide subtending either of the acute 
angles, is less than the squares on the sides containing that angle, by twice 
the' rectangle contained by either of these sides, and the straight line inter* 
cepted between the acute angle and the perpendicular let fall ^gnm it from 
the eppoiite angle* 

Let ABC he any triangle, and the angle at B one of its acuta 
angles, and upon iC, one of the sides containing it, let fall the 
perpendicular AD from the opposite angle. (1. 12.) 

Then the square on ^C opposite to the angle B, shall be lets thna 
tbe squares on CB, BA, by twice the rectangle CB, BD* 

A 
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First, let A D fall within the tnan^le A B€. 
Then beqikuse the straight line CB is divided into two parts in 2), 
the squares on CB^ BD are equal to twice the rectangle contained Hb^ 
CB, BD, and t^e square on Ix?; (li. 7.) 

to each of these equals add the square otn AD \ 

therefore the squares on CB, BD, DA, are equal to twice tibe 

rectangle CB, iD, and the squares on AD, DC; 

but the square on AB \s equal to the squares on BD, DA, (1. 47.) 

because the angle BDA is a rig^t angle ; 

and the square on ^Cis equal to the squares on AD, DC; 

therefore the squares on CB, BA are equal to the square on AC, 

and twice the rectai^^le CB, BD: 

that is, the Square on ^ Caiohe is less than the tquftroi on 0B, 'BA, 

by twice tne rectangle CB, BD, 
Seeondly, let AD hH wifhoat the triangle AB€L 




Then* because the angle at D is a light angl»> ' 
the angle A CB is greater than a right angle ; (t J 6.} 
•md therefore the square on AB is equal to the squares dn AC, fTJf 
an^ twicj^ the rectangle J?(7, CD; (IL 12.) 

to each of tliese equals add the squ w on BCi 

^frefo^, the' squares on AB, BC are equal to the square on A J, 

twice the square on^8jt7, and twice the rectangle BC, (3); 

but because BD is divided iiito two parts in C, 

iljM^rtq^e the rectangle DB, BC is equal to the rectangle BC, CA 

and the square on ^C; rtl. 3.) 

and the dou oles of these are equal ; 
that is, twice the rectangle DB, BC ia equal to twicd the rectangle 
BC, CD &nd twice the square on Bd 

therefore the squares on AB, PC are equal to the square on AC, 
"' and twice the rectangle DB, BC: 
i^berefpre the square on .i u alone is less than the dquares on AB, SCi 

~ \)j twice the rectangle DB, BC 
Lastly, let the. side ^ C be perpendicular to BC* 




B G 

Then BC is the straight line between the perpendicular and the 
acute angle at B ; 

and it is manifest, that the squares on AB, BC, are equal to the 
square on A C, and twice the square on BC. (l. 47.) 
Therefore in any trianglei &C. aE.D. 
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PROPOSITION XIV. FROBLKM. 

3b detcfile a 9fuare thai shaU be egttal to a given rectiUneai/jftrt 

Let ^ be the given rectilineal fi^re. 
It is regnired to describe ft square that shaU be eqiUL' to Am 





Describe the rectaneular parallelogram BCDE equal to the reefi. 
lineal figure A. (i. 45!) 

Then, if the sides of it, BEt EDy are equal to one another, 
it is a square, and what was required is now don . 
But if BBj ED, are notequal, 
produce one of them BE to F^ and make EF equal to ED^ 
bisect jBF in <?; (I. 10.) 
from the center Q, at the distance OB, or OF, describe the semicirelfr 
BHF, 

and produce DE to meet the circumference in H. 
The square described upon EH shall be equal to the giTen reeti- 
lineal figure A. 

Join OH. 
Then because the straight line BF is divided into two equal parte 
in the point O, and into two unequal parts in the point E\ 

therefore the rectangle BE, mF, together with the square on S&, 
IB equal to the square on- 0F\ (il. 6.) 

. but OF]a equal to GHi {del 15.) 
therefore the rectangle BE, EF, together with the square on BO, ir 

equal to the square on 0H\ 
but the squares on HE, EO are equal to the scjuare on OH; (L 470 
therefore the rectangle BE, EF, together with the square on BG^ 
is eaual to the squares on HE, EG ; 
take away the square on EO, which is common to both ; 
therefore the rectangle BE, EF is equal tc the square on HE, 
But the rectangle contained by BE, EF is the parallelogram 3D,* 
because ^JF* is equal to j^i); 

therefore BD is equal to the square on EH ; 
but BD is equal to the rectilineal figure A *, (con tr.) 
therefore the square on EH is equal to the rectiUneal figure A* 
Wherefore a square has been n?ade equal to the given riectiliceal) 
figure A, namely, the square deecribed upon EH, q.b»y» 
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In Book 1, Geometrical magnitudes of the same kind, lines, angleb ^ 
ind surfaces, more particularly triangles and parallelograinH, are com- 
pared, either as being. absolutely equal,, or unequal to one another. 

In Book II, the properties of right-angled parallelograms, but withottl- 
reference to their magnitudes, are demonstrated, and an important 
extension is made of Hue. i. 47, to acute-angled and obtuse-angled ' 
triangles. Euclid has given no definition of a rectangular paraUelogram 
or rectufiffie : probably, because the Greek expression trapaWtiXoypafifAoif 
6f>0oymviov, or optioyo'viov simply, is a definition of the figure, in Englibh, 
the term rectangle, formed from rectus ang^lus, ought to be defined before 
its properties are demonstrated. A i ectangle may be defined tp be a 
parallelogram having one angle a right-angle, or a right angled paral- 
lelogram; and a square is a rectangle having all its sides equal. 

As the squares in Kuclid*s demonstrations are squares described or . 
supposed to be described on straight lines, the expiession ** the tqftare 
on ABf!* IB a more appropriate abbreviation for **the square described on 
the line AB" than '* the sqtiare of AD" The latter expression . more 
fitly expresses the arithmetical or algebraical equivalent for the square 
on the line \B, 

In Euc. .. 35, it may be seen that there may bo an indefinite number 
of parallelograms on the same base and between the same parallels whose 
areas are always equal to one another ; but that one of them has all its 
aAgles right angles, and the length of itshoundary less than the boundary ^ 
of any other parallelogram upon the same base and between the same 
parallels. Tne area of this rectangular parallelogram is therefore de* 
termined hj the two lines which contain one of its right ang:les. Hence 
it is stated in Def. 1, that every right-angled parallelogram is said to be 
eontaihedhy any two of the straight lines which contain one of the right 
angles. No distinction is made in Book ii, between equality and identity^ 
as the rectangle may be said to be contained by two lines which are 
equal respectively to the two which contain one right angle of the figiire. 
It may be remarked that the rectangle itself ii bounded by four straight 
lines. 

It is of primary importance to discriminate the Geometrical concept'a.i 
of a rectangle from the Arithmetical or Algebraical representation of ic* 
The subject of Geometry is magnitude not number t and therefore it would 
be a departure from strict reasoning on space, to substitute in Geometrical 
demonstrations, the Arithmetical or Algebraical representation of a rect- 
angle for the rectangle itself. It is however, absolutely necessary 'IM 
the connexion of number and magnitude be clearly understood, u iar 
asi regards the representation of lines and areas. 

AU lines iftre measured by lines, and all surfaces by surfaces. Some 
one line of definite length is arbitrarily assumed as the linear unit,^ and 
the length of every oSier line is represented by the number of Unear 
units, contained in it. The square is the figure assumed for the measure 
of surfaces. The square imit or the unit of area is assumed to be that 
•quare, the side of which is one unit in 'length, and the ma^^nitude of 
every surface is represented by the number of square units contained 
m it. But here it may be remarked, that the properties of rectangles 
and squares in the SSecond Book of Euclid are proved Independently 

f2 
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of the eonsideraiion, whether the flides of the reotanffles ean be repre- 
sented by any multiplies of the gamb linear unit. If, however, the 
sides of rectangles are supposed to be divisible into &D. exact number 
of linear units, a numerical representation for the area of a rectangle 
may be deduced. 

On two lines at right angles to each other, take AB equal, to 4» land 
4Z>><MiUBi to .8 linear units. 

Complete the rectangle ABCT>^ and through the points of divisiba of 
AB, AD, draw EL, FM, O-if parallel to AD; and HP, KQ parallel tor 
AiB .iBqpeeth»ly. 

A IS FOB 

P 



B 

E 


• 


B 




1 

1 



L M N C 

Tha^ tbe- whole rectaugle ACia diyided into squares, all equal to eaob 
other. 

Audi J-C' is equal to the emn of the rectangles AL, Elf, FN, GC; (n.!.) 

flteo these rectangles are equal to one another, (i. 86.) 

therefore the whole ^C7 is equal to four times one of them.4^« 

i^aifB, the rectangle AL is equal to the rectangles ES, JQTi?, RD, 
aAd these rectangles, hy. eonstjruetion, are squares described upon the 
equal lines AH, HK, KD, and are equal to one another* 

therefore the reotangle AL is equal to 8 times the square on AH^ . 

but the whole rectangle AC is equal to 4 times the rectangle ALi ' 
therefore the rectangle 40 is 4 x 8 times the square on AH, or .12 
square units: 

that is, the product of the two numbers which express the number of 
linear units in the two sides, will give the number of square units in the 
reetangle, and therefore will be an arithmetical representation of its area. 

And generally, if AB, AD, instead of 4 and 8, consisted of a and h 
linear units respectively, it may be shewn in a similar manner, that the 
area of the -rectangle 4 C would contain o^ square units ; and therefore the 
product ab is a proper representation for the area of the rectangle AC, 

Hence, it follows, that the term rectangle in Geometry corresponds to 
the term product in Arithmetic and Algebra, and that a similar com- 
parison may be. made between the products of the two numbers whioh 
represent the sides of rectt- ugles, as between the areas of the rectangles 
themselves. This forms the basis of what are called Arithmetical or 
Algebraical proofs of Geometrical properties. 

If the two sides of the rectangle be equal, or if & be equal to a, 
the figure is a square, and the area is represented by €ui or aK 

Also, since a triangle is equal to the half of a parallelogram ol the 
same base and altitude; . 

Therefore the area of a triangle will be represented by half the rect- 
angle which has the same base and altitude as the triangle : in other 
words, if the length of the base be a units, and the altitude be b units.; , 

Then the area of the triangle is algebraically represented by.^. 

The demonstrations of the .first eight jn-opositions, exempl^y the 
obvious axiom, that, "the whole area of every figure in each oaiOi u - 
equal to all the parts of it taken together." ^ 

t>et ^. The parallelogram EK together with the compleBMotoulit'^. 
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FC; is also » fntmumt m weU as the parallelogram HO toxethear wHh the 
Mitie eomplemciAts. ' * 

Pfop. I. ¥iMt the sake of brevity of expression, " the rectangle con- 
tained by the straight lines jIB, At'," is called "the rectangls AB, BCf 
aiid'acnmetiines ** the rectangle ABC** 

To this proposition may be added the corollary : If two straight lines 
bet'dlTid^d'into any number of parts, the rectangle contained by the two 
straight lines, is equal to the rectangles contained by the teveru partr^f 
-one line and the seyeral parts of the other respectively. 

The method of reasoning on the properties of rectan^lex, by means of 
the products which indicate the number of square units ccctained in their 
areasyis foreign to Euclid's ideas of rectangles, as discussed in his Second 
Bbc%f which hftve no reference to any particular unit of length or measure 
of surface. 

Prop. T. The figureis BW^ BK, DZ, EH are rectangles, as may 
readily be shewn. For, by the parallels, the angle CEL is equal to EDK ; 
and the angle EDK is equal to BDG (Euc. i. 29.)* But BDG is a right 
angle. Hence one of the angles in each of the fisure^ /?//, BK, DL, EH 
iS) ft right angle, and thexifore (Euc i, 46^ Cor.) tbM flgUies are 
sMtangudax. 

Prop. I. Algebraically, (fig. Prop, i.) 

L^t tlie line BC contain a linear units^ and theUaae *Af b Unctarvnits of 
idiid satt)e length. 

Ailso suppose tbt parts BD, IXS, EC to eontain'm, %|i linetr nitiOi 
wspsctifeiy. 

Then a e m + » -f j», 

ittoltJ^ly^theBe equals by 5, 

therefbre ab ^ im + hn -ir bp, 

TkM Sl|;th# ffeeduct 4>f two nambefs* one «f whiQb. i> divided into liny 
number of parts, is equal to the sum of the products of the undividad 
number, and the sereral PArts of the other : 

or, if the Geometrical interpretation ot the products be restored. 

The number of sqnikre units expressed by the product ab, is equal 
ftt ilii|iiHMit)«i of squaro units ei^essed by the^sum of the produAls^laH 

rrffpj n, AJ^Vraically. (fig. Prop(. ii.) 

Let AB contam a linear units, and AC^ CB^ m «ndi n li&ew unils 
iWpoMly«ly. 

lliea • ^is'««r 
Bwltiply' these equals by a, 

therefore om^ + on cr «*• 

That is, if a nimiber be divided into any two ?sr^, the sum of the 
products of the whole and each of the parts is equal to the square of the 
whole n\unber 

Prop. III. AlgebraicaRy; (fig. Prop, ni.) 

Let AB contain a linear units, ;and kt £€ «onta!n tn, and AC^h Sneat 

.Then amm^^nt 
multiply tbese equals by m, 

therefore ma^fnt?-^ mn, . 
Thatis; if a number be divid^^ into any ti^o jMif V« &e pit>diiet ol 
{he whole numbei*' snd one -of the parts'^-is'ssqual to the square of thai 
part^ and the product of the two parts. 
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Prop. IT. might have been deduced from the tivo preceding propo* 
titums ; but Euclid has preferred the method of exhiUtiiig, in the de- 
monstntionB of the second book, the equality of the spares compared. 

In the coroUarr to Prop. xlti. Book I. it is stated that » pandlelogram 
w^ich hsM one right angle, has all its angles right angles. By applying 
this corollary, Uie demonstration of Prop. it. may be considenkblf 
■hortened. 

If the two paru of the line be equal, then the square on tke whoU 
fine is equal to four times the square on half the Ur^e. 

Also, if a line be divided into any three part^ the square on the wboLt 
fine is equal to the sqiiares on the three parts, and twice the veelaiiglea 
eootained by every two parts.- 

Prop. IT. Algebraically (fig. Prop, rv.) 

Let the line JB contain a linear units, and the parti of it JiC^ad BCf 
m and n linear units respectively. 

Then a ^m -^ n, 

•quaring these equals, .\ a* ^ {m -k- »)*, 

or a* s m* -f 2sm -f it*. 

That is, if a number be diTided into any two parts, the aquan of tha 
Bimber is equal to the squares of the two parts together with twice the 
product of the two parts. 

From Euc n. 4, may be deduced a proof of Buc. i. i7. In the fig. 
take DL on D£, and £Jif on £B, each equal to BC, and join CA, hL^ 
l,M. MO. Then the figure HLMC is a square, and the four triuigl^ 
CJH, HDL, LEM, If^Care equal to one another, and together axe equal 
to the two rectangles AG, GE, 

Now A G. G£, FH, CK are together equal to the whole figure ADEBi 
end HLMC, with the four triangles CAU^ HDL^ LEB^ lIBCalte make 
np the whole figure ADEB ; 

Hence AG, GE, FH, CK are equal to HLMC together with the fimr 
toiangles 

but AG, GE are equal to the four trianglee. 

wherefore FH, CK are equal to HLMC, 

that ia, the aquares on AC, AH are together equal to the aquexe on CH. 

Prop. T. It must be kept in mind, that the sum of two straight lines 
in Geometry, means the straight line formed by ioining the two lines 
together, so that both may be in the same straight line. 

The following simple properties respecting the equal and uneqyel 
division of a line are worthy of being remembered. 

L Binee AB^lBC^iiBD-^ DC) ^2BD-^%DC. (fig. Prop. T^ 

and AB^ AD-\- DB; 

', 2CD + 2DB = i4D + DB, 

and by aubtracting 2DB from these equals, 

.-. 2CD ^AD^ DB, 

and CD = I (AD - DB). 

That is, if a line^Bbe divided into two equal parts in C, and into tw 
unequal paru in D, the part CD of the line bs^ween the points of section 
ia equal to half the difference of the unequal parts A D and DB, 

IL Here AD^AC-^ CD, the sum of the unequal perta, (fig. Prop. T.) 

and DBm AC- CD their difference. 
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Hence by adding these equaU together, 

.-. AD^^ DB^ 2AC, 

or the sum and difference of two lines AC^ CD, are togeihei equal to 
twice the greater line. 

And the halyes of these equals are equal, 

:,\,AD ^\,DBw, AC, 

or, half the sum of two unequal h^^^^% AC, CD added to half their diile* 
rence is equal to the greater lih« 

in. Again, since AD b AC . . />, and DB s AC - CD^ 

by subtracting these equals, 

/. AD^DB^ 2CZ), 

or, the difference between the sum and difference of two unequal lines is 
equal to twice the less line. 

And the halves of these equals are equal, 

.-.i.AD-i.DB m CD, 

or, half the difference of two lines subtracted from hali their sum is ^ual 
to the less of the two lines. 

IV. Since AC - CD « DB the difference, 

,\ AC m CD •{■ DB, 

and adding CD the less to each of these equals* 

.'. AC -k- CD'^ 2CD + DB, 

or, the sum of two unequal lines is equal to twice the leas line together 
with the difference between the lines. 

P^ofK T. Algebraically. 

Let AB contain 2a linear units, 

its half BC will contain a linear units. 

And let CD the line between the points of section contain m linear units. 
* Then AD the greater of the two unequal parts, contains d-\-m linear units ; 

and DB the less contains a -^m units* 
Also m is half the difference of a + m and a ^m; 

,\ (a + m) (a - m) = a* - m\ 

to each of these equals add m* ; 

/i (a + in) (a- m) + m* = a*. 

That is, if a number be divided into two equal parts, and also into two 
unequal parts, the product of the unequal parts together with the square 
of half their difference, is equal to the square of half the number. 

Bearing in mind that AC, CD are respectively half the sum and half 
the difference of the two lines AD, DB ; the corollary to this proposition 
•may be expressed in the f^Uowlns form : " The rectangle contained bj 
two straight lines is equal to the difference on the squares of half their 
sum and half their difference." 

The rectangle contained by i4D and DB, and the square on BC are 
each bounded by the same extent of line, but the spaces enclosed differ 
by the square on CD, 

A ffiven straightline is said to be produced when it has its length increased 
in either direction, and the increase it receives, is called the partprodueid. 

If a point be taken in a line or in a line produced, the line is said to 
be divided intemaU^ or exUmatty, and the distances of the point from 
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the ends of the line are called the internal or (^:i^ternal segmen/ll ti the 
line, according as the point of section is in the line or Uie Ime produoed. 

Prop. Ti. Algebraically. 

Ij^t A3 contain 3a Hnear units, then its hidf BC contains a units ; and 
let BD contain m units. 

Then AD contains 2a -f m units, 

and .*. (2a '\- m) m = 2am + m* ; 

to each of these equals add a*, 

.*. (2a -^ m) m -\- a* = a* -k- 2am + m\ 

But a* + 2am '\- n* i^ {a -^ »)•, 

/. (2a ■^m)m-\-a* ^\a-\- my. 

Thai is, If a number be divided into twoe^iial numbers, and another 

-number be added to the whole and to oiie 61 the parts ; the p^pdupt of 

the whole number thus increased and the oth^r number, together )i^;iih the 

square of half the given number, is equai to the square of the number 

Which is made up of half the given number- ihofeased. 

7^ /Ngel^aical resuU^ oif jrrop. y. and. Prep. vi. are identical, as it Is 
' obvious that the difference of a + m and a -^ m in Prop. ▼. is equal tG^ the 
difference of 2a + m and fn in Prop. tI| and gne algebraic^ result] ex- 
presses the truth of both propositions. 

This arises from the two ways in which the difference between two 
unequal lines may be represented geometricaUy, ^hen tiiey ^ la the 
same direction. 

r fo the dia^i^m ($g. to Prop, t.), the difference Z>-J? pt the twon^eflual 
Un^irCku'd CD tsexhibited by producing the I^ss line CD^jsud ^t^W« 
CB equal to AC the greater. 

Then the part produced DB is the difference betwees AC aud ^CD'^ 

for AC is equal to. CtB, and taking CD ^m each, 
the difference o£.^C ai^d,p:St if j^ual tp the dilQEnrenee of CB and CD. 

In the diagram (fig. to Prop, vi.), the difference ^^9^ ^^ ^^' vn* 
eqnd Imes C% and C4 is exhibited by cutting off from CD the'gf^tef, 
It pan dB equal to CJ the less. 

Prop. yii. Either of the two |>arts AC, CB of the line ^^^n^ be 
taken: and it is equally tfue, that the' squares on AB and AC are' equal 
to twice the rectangle AB, AC, together With the square on BC. 

Prop. Til. Algeb'adcftlly. 

Let AB contain a Unear iin^ta^ ai\d let the pert» AC and C^ contain m 
and fi linear units respectively. 

Then a a m + iif , 

squaring these equals, 

.\ aP St m^' -f 2i}in + n% 

add n* to each of these equals, 

,*. a* + n* « w* + 2mn .+ 3n^ 

But 2mn + 2»* » 2 (m -f n) n » 2a7i, 

^ .•. o* + «• i= M* + 2aii. 

That is. If a number be divided into any two parts, the squares 9ljthQ 
whole number and of one pf^he parts, are equal to twice thepro^uc^ o^^ 
Whofe^hiimbei:' imd that part, together vfiUx tlie square ol[ the ,9theri part. 

Pi'M). vin. As iii Prop. TIL either part of the line njiay be tl^s^t 
send it IS also trUe in this Troposltlon, tnai four tinges the rectamgle wn- 
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tamed by JB, ^C together with the square on BC^ is equi4 to the iqiaaie 
{ <ibtlie itrai^ht Ihie made up of i4B and i4C together. 

' Tkie truth of this proposition may be deduced from Eue. ir. 4 and 7. 

For the square on AD (fig. Prop. 8.) is equal to the squares on^B, 
BD, and twice the rectangle AB^ BD\ (Euc. n. 4.) or the squares on 
JLBj BCf and fwi<^ethe rectangle AB^ BC, because BC is equal to BD: 
and the squares on AB^ BCtae equal to twice the rectangle AB, 5C^ with 
tkiB fi^ttar» en AC: (Euc. ii. 7.) therefore the square on AD is eqiiMlto 
four times the rectangle AB^ BC together with the square on AC» 

Prop. viii. Algebraically. 
. Xet the whole line AB dontain « linear nnitf of wfakh the ^art» AC^ 
CJ? contain m^n units, req^ecfively. 

Then m 4- n ^ «, 

and subtracting ofr .takings' n firpm each, 

squaring.these oquals, 

,% t»* ?• a* -- 2ait + »•, 

aa4 sddinf ^<v| tq each, of these equals, 

,\ ian + !»•«=»• + 2an -f n\ 

But a' + J?an +.fiF « (a + »)•, 

That is, If«a number be divided inta any t^o parts, lour times the pro- 
ftoct of the, whole number and one of thcnarts, togeUier with the smiare 
^^fule other part, is lequal to the square of the number ma^e ot the yiM» 
•iAd \he parf* first tkken. 

^ ^op* viii. may. be put under the. following form: Th#- sqiwiAiCfiv the 
smnof tw6 lines exceeds the square on their dijSbri^efb ^fJUf^ (toss ti* 
jrec^n^le cpntai^ed by the lines. 

Vrop, IX. . The .demonstration- of Uiia pioposititui aiay> be iediiMd 
pOftL Hue;. M. i and 7. 

tffK (BuCf II. 4.) ^ square on AD is equal to the sqtaares en AH?,. OB 
l|iidtwic^theriei;titt)gleulC7, CVi (fig^Fn>p< 9.) and adding the square 
on DB to each, therefore the square on AO^ 2>B are equal to the- squares 
Mi'ACf CJ> and twice the recteogle AQt CD together with the square on 
pB f 0)r to the sq^ajres on BQ, CD and twice the jectang^e BC, C/) wiU 
the square on DB, because BC is equal to AC* 

But the squares on BC, CD are equal to twice the xeet|uag^e BQ^ CD, 
nith the square on D^. (Euo»ii.7.) 

Wherefore the squares on ^D^ VB are equal to ^oe the s<|iiazes on 
.BCandC^. 

Prop. IX. Algebraieally. 

Let AB contaui.2» linear units, its half .^er i^C7 will contain a units ( 
and let CD the line between the pmtaof settlox contain m imits. 

.. .J^ikfio^ JlD the grealev of the two 9neqaial,pai1s.«ofttains a -f M^uiiits» 

and DB the less oontainif ^*-m units. 

Then (a -f m)*' » a^ 4 2am -f m\ 

and (a «- my ^ a' - 2am + sf*. 

Hence , by adding these equals, 

A i(« + m)? 4 (• -^ m)a«r2#? rf 2mK 

F5 
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That Is, If s number be diyided into two equal parts, uid also, into ftjro 
mnequal parts, the sum of the squares of the two unequal parts is equal 
to t^ice the square of half the niunber itself, and twice the square of 
tialf the difference of the unequal parts. 

The proof of Prop. x. may be deduced from Eue. ii. 4, 7, a« Prop. BE. 

Prop. X. Algebraically. 

Let the line AB contain 2a linear units, of which iti half AC or CB 
^win contain a units ; 

and let BD contain m units. 

.Then the whole line and the part produced will contain 2m -{-m uiiit% 

said half the line and the part produced will contain a-^m units, 

.-. (2^ + m)* « 4a^ + 4aifi + m\ 

add m* to each of these equals, 

,* (2a + m)* + m* B 4a* •)- iam + 2m* 

Again, (a -f m)* ^a* -^ 2am + m% 

add a* to each of these equals, 

,\ (a + my + a* « 2a* + 2am + m« 

and doubling these equals, 

.*. "2 (a + m)* + 2a* « 4a» + 4am + 2m^ 

But (2a + m)* -f m' « 4a* + 4am + 2m . 

Hence .-. (2a + m)* + m* » 2a* + 2 (a -|- m)*. 

lliat is, If a number be divided into two equal parts, and the whole 
Bumber and one of the parts be increased by the addition of another nuini- 
ber, the squares of the whole number thus increased, and of the number 
'^y which it is increased, are equal to double the squares of half the num* 
'%er, and of half the number increased. 

The algebraical results of Prop, ix, and Prop, z, are identical, (th% 
enunciatioils of the two Props, arising, as in Prop, v, and Prop, ti, from 
the two ways of exhibiting the difference between two lines) ; and both, 
may be included under tiie following proposition : The square on tha 
^anm of two lines and the square on their difference, are together equal to 
double the sum of the squares on the two lines. 

Prop. XI. Two series of lines, one series decreasing and the other 
•series increasing in magnitude, and each line divided in the same man* 
ner may be found by means of this proposition. 

(1) To find the decreasing series. 

In the fig. £uc. ii. 11, AB ^ AH -k- BE^ 

and since AB.BH^ AH*, /. (AH + BH) . BH = ^ff*, 

.-. B/i* = AH* - AH. BH^AH. (AH - BM). 

If now in MA, HL be taken equal to BH, 

then HL* = AH (AH - HL), or AH.AL^ HV : 

:that is, AH is divided in X, so that the rectangle contained by the whole 
ine AH and one part, is equal to the square on the other part UL, By a 
limilar process, HL may be so divided ; and so on, by always taking from 
.he greater part of the divided line, a part equal to Uie less. 

(2) To find the increasing series. 

From the fig. it is obvious that CF, FA = CJ% 
dCence CFis divided in A,ia. the same manncfr 9A AB \a divided in H« 
!»y adding APul line equal to the greater segment, to the given line CA 
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nr AB. And bj ir^ecesflirel^ adding to the last line thus dirided, its 
greater segment, a series of lines increasing in magnitude ma j be found 
sinilUerlyjaiTided to JB, 

It ma J also be shewn that the squares on the whole line and on the less 
figment are equal to three times the square on the greater segment 
(Hue. xm. 4) 

Tt solve lYop. XI, algebraically, or to find the point H in AB such 
that the rectangle contamed by the whole line AS and the part US shall 
be equal to the square on the other part AH, 

Let AB contain a linear units, and AH one of the unknown parts eon- 
tain ir units, 

then the other part HB contains a — « units. 

And .'. afa-'g) m x\ by the problem, 

or 4;' + ojs « a\ a quadratic equation. 

Whence x « ^ • 

The former of these yalues of x determines the point B, 

V5 - I 
80 that X « — . AB m AH, one part, 

and a > « « « - AH ■ — ^ — »AB m HB, the other parC 

It may be obsenred, that the parts AH and HB cannot be numerieally 
expressed by any rational number. Approximation to their true Tallies 
in terms of AB, may be made to any required degree of accuracy, by ex- 
tending the extraction of the square rout of 6 to any number of decimals, 

To ascertain the meaning of the other result « « - ^ ^ . d. 

In the equation a (a — 2) « «*, 
for X write — x, then m{a-k- x) » «', 
which when translated into words giyes the following problem. 

To find the length to which; a giren line must be produced so that the 
rectangle contained by the given line and the line made up of the given line 
and the part produced, may be equal to the square on the part produced. 

Or, the problem ma^ also be expressed as follows : 

To find two lines having a given difference, such that the rectangle con- 
tuned by the difference and on6 of them may be equal to the square on 
the other. 

It may here be remarked, that Prop. xi. Book ii, affords a simple 
Geometrical construction for a quadratic equation. 

Prop. xu. Algebraically. 
Assuming the truth of Kuc. x. 47. 

Let BC, CA, AB contain «, ^, e linear units respectively^ 

and let CD, DAi contain m, n units, 

then BD contaiifs a + m units. 

And therefore, c* • (a •«- m)' -f- n*, from the right-angled triangle ABD^ 

also 6^ s m* •{- n* from ACD ; 

/. c* - 6* » (a |. !»)• - mi 
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t 

/. c* « 6» + o« -^ 2am, 
that ii, 6* is greater than 5' + a* by 2aif». 

Prop. XIII. Case ii. may be proyed more simply as foUowf. 

Since BD is diyided into two parts in thepoint D, 
thjerefore the squares on CB, BD are equal to twice the rectanglB tsoli* 
' taincd by C^, BD and the square on CD; (n. 7.) 

add the square on AD to each of these equals ; 
- ' tlterefor^ the squares on CB, BD, DA are equal to tmce ths^xectsMgle 
CB, BD, and the squares on CD and DAf 
but the squares on BD, DA are equal to the square on AB, (i. 47.) 

and the squares on CD, DA are equal to the square on AC, 
therefore the sqaMHes on CB, BA are eqtial to the square on AC and 

twice the rectangle CB, BD, That is, &c. 
Prop. xui« Algebraically. 

Let BC, CA, AB contain respectively a, b, e Uneav vadtBr'^atdUifrBD 
and AD also contain m and n units. 

Case I. Then DC contains « — m units. 

Therefore <!* « n* + m' from the right-angled triangle ABDp 
.and. ^ S'l^^ + (^i^-* m>' &&mrADCi 
/. «« - 6« = »»• - (a - my 

«s m* — a* + 2a»t — m* 
e - a* + 2(m, 
.•* f* + f» » W -f 2a», 
or •' +<-2<|m a a* + c*, 

that is, (*is less than a* + c*, by 2affi, 
Case u, DC a m.<-« o-iunitS) 

/. c* a m* 4^ n' from the right-angled triangle ABD^ 
and J* - (« - ay + n* firom ^CZ>, 

AV-6»«»>«-{f»-a)V 

e m' — m' + 2am — a* 
B 2am — a\ 
.M^ + «• - 6* + 2am, 

or 6' + 8am «■ o^ + ^» 
that is, &* is less than a" + «* by 2am. 
Case III. Here m is equal ta a. 

And 6' + a* B c>, from the right-angled triangle ABO, 
Add to each of these equals a*, 

/ (* + 2£^ « «^ + <i^> 
that is» &^i0 less 1haii«* + oi^by 2aF, or 2iaa. 

These two propositions^Bac» ii. 13, ISi^with But. i. 47i exhibit the 
K^^fiB which subsist between the M^left^l an ^btuse-vanglcd^aff ^atfojl^ 
angled, and right-angled triangle respcctirely. 
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KWTB OJf THfe ABBREVIATIONS AND ALOEBRAIOAL 
SYMBOLS EMPLOYED IN GEOMETRY. 

Tits 8iict«nt Geometry of the Greeks admitted no symbols besides tKe 
diagrams and ordinary language. In later times, after symbols of opera* 
tion ^adbeen deirised by writers on Algebra, they were very soon adopted ' 
aild employed on account of their breyity and conrenience, in ^Titmgi 
purely geometrical. Dr. Barrow was one of the first who introduced 
algebraical symbols into the lan^nti^ge of Elementary Geometry, and dis- 
tin^Uy states in the prefaee to h» Euclid, that his object is ** to conteiit 
the desires of those who are deHghted more with symbolical than verbal 
dedoiiBtrations." As algebraical sym\)ol8 are employed in almost atj 
woilu on the mathematicB, whether g^metrical or not, it seems, proper 
in thlft plaee to give some brief aecount of the marks Whick may be re- 
garded as the alphabet of symbolical language. 

Thematic ^ was first used by Robert Recorde, in his treatise on Algebra 
«irtiiaed,><*TheWhet»tone^f'Wltte," 1557. He remarks ;** And to avoide 
the tedionse repetition of these woordes : it equaOe to : I will sett^ as I 
doe'dften ifi wdotke use, a paire of paraQeles, or Gemowe tines of one 
lengthe, thus : «, bieause noe 2 thjmges can be more cqualle," It was 
employed by him as simphr affirmmg the equality of two numerical of 
algebraical elpressions. Geometrical equality is nOt exactly the same 
as-Bumerical equality, and Mrhen this symbol is used in geometrical reason- 
ings, it must be understood aa having refeiencd to pure geometrical 
equality. 

The signs of r^tiv« magnitude, > meaning, is greater fhan, and < , it 
lest than, were first introduced into algebra by Thomas Harriot, in his 
**Artis AnaljTticse Praxis," which was published after his death in 1631. 

The signs + and — were firstemploved by Michael Stifel, in his *'Arith- 
metica Integra," which was published in 1544. The sign + was employed 
by him for the word plt*9t and the sign — , for the word mintu. Those 
sighs were used by Stifel strictly as the arithmetical or algebraical si^hs 
of addition and subtraction. 

The iigti of multiplication y was first introduced by Oughtred in his 
**Clavis Mathematical" which was published in 1631. In algebraical 
multiplication he either connects the letters which form the factors of a 
product by the sign x , or writes them as words without any sigiyor mark 
between tnem, as had been done before by Harriot, who first introduced 
the sm^ letters to designate known and unknown quantities. However 
concise and convenient the notation AB x BC or AB . BC may be in 
practice for '' the rectangle contained by the lines AB and BC** ; the student 
is cautioned against the use of it, in the early part of his geometrical 
studies, as its use is likely to occasion a misapprehension of Eucliid's 
meaning, by confounding the idea of Geometrical equality with that of 
Arithmetical equality. Later writers on Geometry who employed the 
Latin language, explained the notation AB x BC, by " AB ductum in 
BC* ; that is, if the line AB he carried along the line BC in a normal 
position to it, until it come to the end C, it viiU then form with BC, the 
rectangle contained by AB and BC. Dr. Barrow sonictimcs exproises 
** th^ rectangle contained by AB and BC" by *Uhe rectangle ABC.** 

Midiael Stifel was the first who introduced integral exponents to 
denote the- powers of algebraical symbols .of quantity, for which he em- 
l>loyM capital letters. Vieta afterwards used the vowels to denote known^ 
%na ih^ consonants, unknoWn o uan titles, iKit used words to designate tke 
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powers., Simon Steyin, in his treatise on Algebra, which was published 
m 160% improved the notation of Stifel, by placing the flgnrea that in- 
dicated the powers within small circles. Peter Ramus adopted the 
initial letters /, q, e, bq of latua, qt4adratui, cubus, biquadrcUtts, as the nota- 
tion of the first four powers. Harriot exhibited the different powers of 
algebraical symbols by repeating the symbol, two, three, four, &c. times, 
according to the order of the power. Descartes restored the numerical 
exponents of powers, placing them at the right of the numbers, or symbols 
of quantity, as at the present time. Dr. Barrow employed the notation 
ABqt for ** the square on the line AB^* in his edition of Euclid. T^e 
notations AB^^ AB'^t for ** the square and cube on the line whose extremitiee 
are A and B," as well as AB x BC, for ** the rectangle contained 6y AB 
and BC," are used as abbreviations in almost all works on the Mathe- 
matics, though not wholly consistent with the algebraical notations a* 
and a\ 

The symbol V , being originally the initisl letter of the word radixt was 
first used by Stifel to denote the square root of the number, or of the 
symbol, be&re which it is placed. 

The Hindus, in their treatises on Algebra, indicated the ratio of two 
numbers, or of two algebraical symbols, by placing one above the other, 
without any line of separation. The line was first mtroduced by the Ara- 
bians, from whom it passed to the Italians, and from them to the rest of 
Europe. This notation has been employed for the expression of geome-^ 
trical ratios by almost all writers on the Mathematics, on account cf its 
great convenience. Oughtred first used points to indicate proportion ; 
thus, aikiic:df means Uiat a bears the same proportion tob,9Me does to d. 
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1. li rectangle the same as rectut anguluef Explain the dUstinetionr 
and give the corresponding Greek terms. 

2. What is meant by the sum of two, or more than two straight lines 
in Geometry ? 

3. Is there any difference between the straight lines by 'which a rect- 
angle is said to be contained, and those by which it is bounded? 

4. Define a gnomon. How many gnomons appear from the same oon- 
•trttction in the same rectangle ? Fmd the difference between them. 

6. What axiom is assumed in proving the first eight propositions of 
the Second Book of Euclid } 

6. bf equal squares and equal rectangles, which must necessarilg coin- 
cide } 

7. How may a rectanele be dissected so as to form an equivalent 
rectanele of any proposed length ? 

8. When the acy acent sides of a rectangle are commensurable, the area 
<^th0 rectangle is properly represented by tii» product of the number, of 
onits in two adjacent sides of uie rectangle. Illustrate this by considering 
the case when the two adjacent sides contain 3 and 1 units respectively, 
and distinguish between the units of the factors and the units of the product. 
Shew generally that a'reetangle whose adjacent sides arerepresentedby the 
integers a aad&, is xepresentAd b^ od. Also shew, that in the same sense. 

4^ a b 

the rectangle is repres«uU-a 1/ Jf the sides be represented by -« - v 
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QUESTIONS ON BOOK II. Ill 

9. 9thy kaj noi Algebraical or Arithmetical proofs be rabstituted (aa 
being shorter) tor the demonstrations of the Propositions in the Second 
Book of Euclid ) 

10. In what sense is the area of a triangle said to be equal to half th« 
product of its base and its altitade } What two propositions of Euclid 
may be adduced to prove it i 

1 1. How do you shew that the area of a rhombus is equal to half the 
rectangle contained by the diagonals ? 

12. How may a rule be deduced for finding a numerical espiession 
for the area oi any parallelogram, when two adjacent sides are given? 

13. The area of a trapezium which has two of its sides parallel is equal 
to that of a rectangle contained by its altitude and half the sum of its 
parallel sides. Wlutt propositions of the First and Second Books of Euclid 
are employed to proTe this ? Of what serrice is the above in the men- 
suration of fields with irregular borders ? 

14. From what propositions of Euclid may be deduced the following 
rule for finding the area of any quadrilateral ^gure : — *' Multiply the sum 
of the perpendiculars drawn from opposite angles of the figure upon the 
diagonal joining the other two angles, and take half the product. ' 

15. In Euclid, n. 3, where must be the point of division of the line, so 
that the rectangle contained by the two parte may be a maximum ? Ex- 
emplify in the case where the line is 12 inches long. 

16. itow may the demonstration of Euclid ii. 4, be legitimately short- 
ened ? Give the Algebraical proof, and state on what suppositions it caa 
be regarded as a proof. 

17. Shew that the proof of Euo. n. 4, can be deduced from the two 
previotis propositions without any geometrical construction. 

18. Shew that if the two complements be together equal to the two 
squares, the given line is bisected. 

19. If the line AB, as in Euc. ii. 4, be divided into any three partSy 
enunciate and prove the anaIo<j^ous proposition. 

20. Prove geometrically that if a straight line be trisected, the square 
on the whole Une equals nine times the square on a third part of it. 

21. Deduce from Euc. ii. 4, a proof of Euc. i. 47. 

22. If a straight line be divided into two parts, when is the rectangle 
contained bv the parts, the greateet poaeiblet and when is the sum of uie 
squares of tne parts, the least poseiblet 

23. Shew that if a line be divided into two equal parts and into two 
tmequal parte ; the. part of the line between the points of section is equal 
to half tl^ difierence of the unequal parts. 

24. If half the sum of two unequal lines be increased by half theii 
viifference, the sum will be equal to the ^eater line : and if the sum ol 
two lines be diminished by half their difierence, the remainder will be 
equal to the less line. 

25. Explain what is meant by the ititemal and external eegmenU of a 
line ; and show that the sum of the external segments of a line or the 
difierence of the internal segments is double the distance between the 
points of section an^ bisection of the line. 

26. Shew how Euc. u. 6, may be deduced immediately froui the 
preceding Proposition. 

27. Prove Geometricall^r that the squares on the sum and difl'erenee 
of two lines are equal to twice the squares on the lines themselves. 

2S. A given rectangle is divided by two straight lines into four reei- 
angies. Given the areas of Uie two whicb have not common sides : find 
the areas of the other two. 
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29. Iq how ionany vnyn raxf the difference of two lifiet be exhibited } 
Bnundate the propositions in Book ii. Which depehd on thatcircuinataiMse^ 

30. How may a series of lines be found similarly divided to ^e • Un« 
AB inBuc. ii. lU 

31. Divide Algebraieally a grreh line (n) into two pafte, such that 
the rectangle contained by the whole and one part may be equal to tka ' 
square of the other part. Bedude Euciiil's constructtbix from etie bo* 
lution, and explain the other. 

32. Criven the lesser segmdnt of a line, divided As in Buc. ii. 1:1, 
find the greater. 

33. Bnunciate the Arithi&etiei^ theorem* expressed by the folIbw4Ag 
Algebraical formulae, 

(a + 6)« - a« + 2a* + 6«:a« - 5» = (a + 6) {^r-b) : (a-*)« W a* - 24* ^f »«, 

and state the corresponding Oeometrical pr^tpositioBS. 
H. Shew that the first of the Algebraical propositioii9, 

(a + ») (a - *) + »» e a" : (a + «)» + (a - «)« ^ 2tf • + 2»% 

Is equivalent to the two propositions v. and Vr., and the second of ^Ihemi, ' 
to the two propositions ix. and x, &f the Secoiid Book of Buclid. 

35. Prove Buc. ii. 12, when the perpendicular BE is drawn from 
B on ^C7 produced to B, and shew that the rectangle BC, CD is equal 
to the rectangle AC^ CB, 

36. Include the first two cases of Euc. n. 13, in one proof. 

37. In the second case of Buc. ii. 13, draw a perpendicular CE from> 
the obtuse angle C upon the side AB, and prove that the square on AB 
is equal to the ^-ectangle AB, AE together with the rectangle BC^ BD.' 

38. Bnunciate Euc. ii. 13, and give an Algebraical or Arithmetical 
proof of it. 

39. The sides of a triangle are as 3, 4, 5. Determine whether the 
angles between 3, 4 ; 4,5; and 3, 5 ; respectiyely are greater than, equal 
to, or less than, a right an^le. 

40. Two sides of a triangle are 4 and 5 inches in lengfth,' if • the 
third side be Gi^ Inches, the triangle is acute-angled, but u it be6A 
inches, the triangle is obtuse- angled. 

41. A triangle has its sides 7, 8, 9 units respectively; a strip of 
lieadth 2 units being taken off all round firom the triangle, find the 
area of the remainder. 

42. If the original figure, Buc. n. 14, were a right-angled triangle^ 
whose sides were represented by 8 and 9, what number would represent 
the side of a square of the same area } H!iew that the perimeter of the 
•quare is less uian the perimeter of the triangle. 

43. If the sides of a rectangle are 8 feet and 2 feet, what is the side 
of the equivalent square ? 

44. *' All plane rectilineal figures admit of quadrature." Point out : 
tlie succession of steps by which Euclid establishes the truth of this 
proposition. 

45. Explain the construction (virithout proof) for making a square' 
equal to a plane polygon. 

46. Shew from Euc. ii. 14, that any algebraical surd as ya can be 
represented by .a line, if the unit be a line. 

47. Coula any of the propositions of the Second Book be m'ade £0r 
roUariM toother propositions, with advantage } Point Out anv such pro- 
poaitiona» and give youi reasons for the alterations you would n^i^e. 
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PROPOSITION I. PROBLEM. 

Divide a given straight line into tioo parti ttteh, that their rectangle map 
te equal to a given square; and determine the greatest square which the 
rectangle can equal. 

Let AB\)e the given straight line, and let M be the side of the 
given square. 

It is required to divide the line AB into two parts, so that the 
rectangle contained by them may be equal to the square on M, 

D E 



M. 




C B 

Bisect AB in C J with center (7, and radius CA or CBj describe the 
semicircle ADB. 

At the point B draw BE at right angles to AB and equal to M. 

Througn E, draw ED parallel to AB and cutting the semicircle 
inD; 

and draw DF parallel to EB meeting AB in F, 

Then AB is divided in F, so that the rectangle AFy FB is equal 
to the square on M, (ii. 14.) 

The square will be the greatest, when ED touches the semicirole, 
or when M is equal to half of the given line AB, 



PROPOSITION II. THEOREM. 

The square on the- excess of one straipht line above another is less than fA€ 
squares on the two lines by twice their rectangle. 

Let ABt BChe the two straight lines, whose difference is ^C 
Then the square on ^ C is less than the squares on AB and BChj 
twice the rectangle contained by.^^ and BC, 

A C B 



fl 



G 


/ 


/ 



K 



D F E 

Constructing as in Prop. 4. Book n. 
Because the complement AG is equal to OE, 
add to each CJT, * 

therefore the whole AKis equal to the whole CEi 
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and AKy CE together are double of AK; 
but AK, CE are the gnomon AKF ancf CK^ 
and ^J^ is the rectangle contained (fey A By BC% 
therefore the gnomon AKF and CX, 
are equal to twice the rectangle AB, BC, 
but AEj CK are equal to the squares on AB, BC\ 
taking the former equals from these equals, 
therefore the difference of AE and the gnomon AKF is equal to 
the difference between the squares on AB^ BC, and twice the rectangle 
AB.BC; 

but the difference AE and the gnomon AKFIb the figure HF, 
which is equal to the square on A C, 
"Wherefore the square on AC is equal to the difference between the 
squares on AB, BC, and twice the rectangle AB^ BC. 



PROPOSITIONJII. THEOREM. 

In any triangle the aqtmres on the ttec sides are together double of the 
sqttares on half the base and on the straight litie joining its bisection with the 
apposite angle, 

.Let ^^Cbe a triangle, and^i) the line drawn &om the vertex A 
to the bisection D of the base BC. 

A 




From A draw AE perpendicular to BC, 
Then, in the obtuse-angled triangle ABD^ (ll. 12.) ; 
the square on AB exceeds the squares on AD, DBy by twice the 
rectangle BD, DEi 

and in the acute-angled triangle ADC% (n. 13.) ; 
the square on .^C is less thanjthe squares on AD^ BC^ by twice 
the rectangle CD, DE\ 
wlierefore, since the rectangle BD, DE is ecmal to the rectangle CD^ 
DE ; it follows that me squares on ABy ^ C are double of the 
squares on AD, DB, 



PROPOSITION IV. THEOREM 

If straight lines be dravm from each angle of a triangle bisecting the 
opposite sides, four times the sum of the squares on these lines is egual to 
ihree times the sum of the squares on the sides of the triangle. 

Let ABC he any triangle, and let AD, BE, CF be drawn from 
A, B, C, to. 2), E, F, the bisections of the opposite sides of the tri* 
angle: draV .46? perpendicular to jBC 
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Then the square on AB is equal to the squares on BD, DA togethet 
with twice the rectangle BDy DG, (ll. 12.) 

and the square on ^Cis equal to the squares on CDf DAdimi' 
nished by twice the rectangle CD, DG; (ii. 13.) 
therefore the sc^uares on AB^ AC Are equal to twice the square on 

BDy and twice the square on AD; for DC is equal to JjD: 
and twice the squares on ABy AC aie equal to the square on BC^ 

and four times the square on -4D : for ^C is twice BD, 
Similarly, twice ^he squares on A B,BC are equal to the square on 
AC, and four times the square on BE: 

also twice the squares on BC, vA are equal to the square on AB^ 
and four times the square on FC: 

hence, oy adding these equals, 
four times the squares OTiAB,AC,BC are equal to four times the 
squares on AI), BE, Ci^together with the souares onAB,AC,B C: 
and taking the squares on AB, AC, BCirom these equals, 
therefore three times ftie squares on ^^, ^C, ^C are equal to four 
times the squares on AD, BE, CF* 



PROPOSITION V. THEOREM. 

The 8um of ths perpendiculars let fall from any point wihin an equila^ 
teral triangle, wiU he e^ual to the perpendicular let fall from one of ii$ 
angles upon the opposite side. Is this proposition true when the point u in 
one of the sides of the triangle t In what manner must the proposition U 
enunciated when the point U ^without the triangle f 

Let ABChe an equilateral triangle, and P any point within it: 
and from Pletfall PD, PE, PjP perpendiculars on the sides AB, BC, 
CA respectively, also from^ let fall A G perpendicular on the base B(X 
Then ^ Q" is equal to the sum of PD, PE, PF. 




From P draw PA, PB, PC to the angles A, B, C. 
Then the triangle ^^C is equal to the three triangles PAB, PBC, 
PCA. 
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But since every rectangle is double of a triangle of the same base 
and altitude, (i. 41.) • 

^ therefore the rectangle AG, BCy is equal to the three rectangles 
AB, PD; A C, i'i^and BC, PE. 

Whence the line AG h equal to the sum of the lines PD, PE, PF, 
If the point P fall on one side of the triangle, or coincide with E\ 
then the triangle ABCh equal to the two tiiangles A PC, BPA : 
whence AGi% equal to the sum of the two perpendiculars P/), PF, 
' If the point P fall without the base BC of the triangle : 

then the triangle ABC is equal to the difference between the sum 
of the two triangles APCf BPA^ and the ti'iangle PCB. 

Whence ^ 6r is equal to the difference between the sum of PD, 
.PF, and PE. 

1. 

6. If the straight line -4^ be divided info two unequal parts in 
D, and into two unequal parts in S, the rectangle contained by AEt 
EB, will be greater or less than the rectangle contained by AD, DB, 
according as ^ is nearer to, or further from, the middle point of AB, 
than D. 

7. Produce a given straight line in such a manner that the square 
on the whole line thus produced, shall be equal to twice the square on 
the given line. . j 

8. If -4 J? be the line so divided in the points C and D, (fig. Euc. 
n. 5.) shew that AB'^^.CD' + ^.AD.DB. 

9. Divide a straight line into two parts, such that the sum of their 
squares may be the least possible. 

10. Divide a line into two parts, such that the sum of their 
squares shall be double the square on another line. 

11. Shew^that the difference between the squares on the two un- 
equal parts (fig. Euc. II. 9.) is equal to twice the rectangle contained 
by the whole line, and the part between the points of section. 

12. Shew how in all the possible cases, a straight line may be 
geometrically divided into two such parts, that the sum of their squares 
fihall be e(][ual to a ^iven square. 

13. Divide a given straight line into two parts, such that the 
squares on the whole line and on one of the parts snail be equal to twice 
the square on the other part. 

14. Any rectangle is the half of the rectangle contained by tho 
diameters of the squares on its two sides. 

15. If a straight line be divided into two equal and into two un- 
equal parts, the squares on the two unequal parts are equal to twice 
the rectangle contained by the two unequal parts, together with four 
times the square on the line between the points of section. 

16. If the points C, D be equidistant from the extremities of the 
straight line AB, shew that the squares constructed on AD and AC^ 
exceed twice the rectangle AC, AD hy the square constructed on CD. 

17. If any point be taken in the plane of a parallelogram from 
which perpendiculars are let fall on the diagonal, and on the sides 
which include it, the rectangle of the diagonal and the perpendiculiLv 



\ 



on BOOK 11. 



117 



on it, is equal to the sum or difference of the rectangles of the sides 
and the perpendiculars on them. 

18. ABCD is a rectangular parallelogram, of which A, C are 
opposite angles, E any point in Bv, -Fany point in CD, Prove that 
twice the area of the mangle AEF together with the rectangle BE^ 
DF is equal to the parallelogram A C, 

n. 

19. Shew how to produce a given line, so that the rectangle con- 
tained by the whole line thus produced, and the produced part, shall be 
equal to the souare (1) on the given line (2) oh the part produced. 

20. If in tne figure Euc. ii. 11, we jom BF&nd CH, and produce 
CH to meet BF in X, CL is perpendicular to BF. 

21. If a line be divided, a^ in Euc. il. 11, the squares on the whole 
line and one of the pai-ts are together three times the square on the 
other part. 

22. If in the fig. Euc. II. 11, the points J*, 2) be joined cutting 
AHB, QUK in/, d respectively; then shall F/^Dd. 

• 

m. 

23. If from the three angles of a triangle, lines be drawn to the 
points of bisection of the opposite sides, the squares on the distances 
between the angles and the common intersection, are together one-third 
of the squares on the sides of the triangle. 

24. ABCiaa triangle of which the angle at Cis obtuse, and the 
angle at B is half a right ai^gle : D is the middle point oiAB, and CE 
is drawn perpendicular to AB. Bhew that the square on ^ C is double 
of the squares on ^2> and DE, 

25. if an angle of a triangle be two-thirds of two right angles, 
shew that the square on the side subtending that angle is equal to the 
squares on the sides containing it, together ynih the rectangle con« 
tained bythose sides. 

26. The square described on a straight line drawn from one of 
the angles at the base of a triangle to the midie point of the opposite 
side, is equal to the sum or difference of the square on half the side 
bisected, and the rectangle contained between the base and that part of 
it, or of it produced, which is intercepted between the same angle and 
a perpendicular drawn from the vertex. 

. 27. If the straight lines AD^ BE, CF, drawn from the angles of 
a triangle to D, E^ jP, the points of bisection of the opposite sides in- 
tersect m 0\ the squares on the sides ^^, BV^ and CA, are together 
equal to three times the squares on the lines AO, BG, and CG* 

28. Produce one side of a scalene triangle, so that the rectansel 
under it and the produced part may be equal to the difference of the 
squares on the other two sides. 

29. Given the base of anv triangle, the area^ and the line biseetiag 
the- base, construct the triangle.. 
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IV. 

30. Shew that the square on the h}'potenuse of a right-angled 
triangle, is equal to four times the area of the triangle together with 
the square on the difTerence of the sides. 

31. In the triangle ABC, if AD be the perpendicular let fall 
upon the side HC; then the square on ^ C together with the rectangle 
contained by JDC, BD is equal to the square on AB together with 
the rectangle CB, CD, 

32. ABC is a triangle, right angled at C, and CD is the perpen- 
dicular let fall from Cupon AB\ if HK is equal to the sum of the 
sides A C, CB, and LM to the sum oi AB, CD, shew that the square 
on IIK together with the square on CD is equal to the square on LMm 

Z\ ABC is & triangle having the angle at j& a right angle : it is 
required to find in AB a point P such that the square on ^C may 
exceed the squares on AP and .PC by half the square on AB. 

34. In a right-aneled triangle, the square on that side which is the 
greater of the two siaes containing the right an^le, is equal to the 
rectangle by the sum and difference of the other sides. 

35. The hj'potenuse AB of a right-angled triangle ABC is tri- 
sected in the points D, E ; prove that if CD, CE be joined, the sum 
of the squares on the sides of the triangle CDE is equal to two-thirds 
of the square on AB, 

36. From the h}7)otenuse of a ri^ht-angled triangle portions are 
cut off equal to the adjacent sides : shew that the square on the middle 
segment is equivalent to twice the rectangle under the extreme 
segments. 

V. 

37. Prove that the square on any straight line drawn from the 
vertex of an isosceles triangle to the base, is less than the square on a 
side of the ti'iangle by the rectangle contained by the segments of the 
base : and conversely. 

38. If from one of the equal angles of an isosceles triangle a per- 
pendicular be drawn to the opposite side, the rectangle contained by 
mat side and the segment of it intercepted between the perpendicular 
and base, is equal to the half of the square described upon the base. 

39. If in an isosceles triangle a perpendicular be let fall from one 
of the equal angles to the opposite side, the square on the perpendicu- 
lar is equal to the square on the line intercepted between the other 
equal angle and the perpendicular, together with twice the rectangle 
contained by the segments of that side. 

40. The square on the base of an isosceles triangle whose vertical 
angle is a right angle, is equal to four times the area of the triangle. 

41. Describe an isosceles obtuse-angled triangle, such that the 
square on the side subtending the obtuse angle may be three times the 
equare on either of the sides containing the obtuse angle. 

42. If A By one of the sides of an isosceles triangle AB C be pro- 
duoed beyond the base to 2), so that BD-AB^ shew that 

CD^ = AB +2.5C*. 
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43. If ABC be an iscpceles triangle, and LE be drawn parallel 
to the base BC, and EB be joined ; prove that BE* ^BC> DE+ CE\ 

44. If ABC be an isosceles triangle of which the angles at B and 
C are each double of A ; then the square on ^ C is equal to the sqiure 
on 9 C together with the rectangle contained by ^ICand BC. 

VL 

45. Shew that in a parallelogram the sc^uares on the diagonals aro. 
equal to the sum of the squares on all the sides. 

46. 1£ ABCDhe any rectangle, A and C being opposite angles 
and any point either within or without the rectangle : • 

OAUOC^OB*iOD\ 

47. In any quadrilateral figure, the sum. of the squares on the 
diagonals together with four times the square on the line joining their 
middle points, is equal to the sum of the squares on all the sides. 

48. In any trapezium, if the opposite sides be bisected, the sum 
of the squares on tne other two sides, together with the s<^uares on the 
diagonals, is equal to the sum of the squares on the bisected sides, 
together with four times the square on the line joining the points of 
bisection. 

49. The squares on the diagonals of a tranezium are together 
double the squares on the tri'O lines joining me bisections of the 
opposite sides. 

50. In any trapezium two of whose sides are parallel, the squares 
on the diagonals are together equal to the squares on its two sides which 
are not parallel, and twice the rectangle contained by the sides which 
are parallel. 

51. If the two sides of a trapezium be parallel, shew that its 
area is equal to that of a rectangle contained by its altitude and half 
the sum of the parallel sides. 

52. If a trapezium have two sides parallel, and the other two equal, 
shew that the rectangle contained by the two parallel sides, together 
with the s(^uare on one of the other sides, will oe equal to the square 
on the straight line joining two opposite angles of the trapezium. i 

53. If squares be described on the sides of any triangle and the 
angular points of the squares be joined ; the sum of the squares on th^ 
sides of the hexagonal figure thus formed is equal to four times the 
sum of the squares on the sides of the triangle. 

VII. 

64. Find th£ side of a square equal to a given equilateral triangle* 
f 5. Find a square which shall oe equal to the sum of two given 
rectilineal figures. 

56. To divide a given straight line so that the rectangle under its 
segments may be equal to a given rectangle. 

57. Construct a rectangle equal to a given square and having the 
difference of its sides equal to a given straight line. 

58. Shew how to describe a rectangle e^ual to a given square, and 
having one of its sides equal to a given straight line. 
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BOOK III. 

DEFINITIONS. 

c 

I. 

Equal eircles are those of which the diameters are equal, or &om 
ike centers of which the straight lines to the circumferences are 
equal. 

This is not a definition, but a theorem, the truth of which iseyident ; for, 
if the circles be applied to one another, so that their centers coincide, the 
circles must likewise coincide, since the straight lines from the centers are 
equal. 

n. 

A straight line is said to touch a circle when it meets the circle, 
mnd being produced does not cut it. 




IIL 

Circles are said to touch one another, which meet, but do not cut 

one another. 

IV. 

Straight lines axe said to be equally distant from the center of a 
circle, when the perpendiculars drawn to them from the center are 
equal. 




And the straight line on which the greater perpendicular falls, is 
•aid to be further from the center. 

VI. 

A segment of a circle is the figure contained by a straight line, and 
Ike arc or the part of the circumference which it cuts o£ 
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vn. 

■ 

The angle of a segment is that which is contained by a straight 
line and a part of the circumference. 

VIII. 

An angle in & segment is any angle contained by two straight lines 
drawn from any point in the arc of the segment, to the extremities of 
the straight line which is the base of the segment. 

IX. 

An angle is said to insist or stand upon the part of the circum- 
ference intercepted between the straight lines that contain the angle. 




X. 

A sector of a circle is the figure contained by two straight lines 
drawn from the center and the arc between them. 




XL 

Similar segments of circles are those in which the angles are equal, 
or which contain equal angles. 
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iit BUCLID's XLEMENT8. 

PROPOSITION L PROBLEM. 

To find the center of a given etrde. 

Let ABC be the given cirde : it is required to find its center. 




Draw within it any straight line AB to meet the circumference in 
At B'f and bisect AB in 2); (i. 10.) from the point D draw DC at 
right angles to AB, (i. 11.) meeting the circumference in C, produce 
CD to JEtX) meet the circumference again in J?, and bisect C£ in F, 

Then the point i^ shall be the center of the circle ABC, 
For, if it be not, if possible, let O be the center, and join'*6r^, GD, GB, 
Then, because DA is equal to DB, (constr.) 
and DG common to the two triangles ADG, BDG, 
the two sides AD, DG, are equal to the two BD, DG, each to each ; 
and the base GA is equal to the base GB, (l. def. 15.) 
because they are drawn from the center G : 
therefore the angle ADG is equal to the angle GDB : (I. 8.) 
but when a stralgnt line standing upon another straight line makes 
the adjacent angles equal to one another, each of the angles is a right 
angle J (l. def. 10.) 

therefore the angle GDB is a right angle : 

but FDB is likewise a risht angle ; Tconstr.) 

wherefore the angle FDB is eoual to the ang^le GDB, (ax. 1.) 

the greater angle equal to the less, which is impossible ; 

therefore S is not the center of the circle ABC. 

In the same manner it can be shewn that no other point out of the 

line CF is the center ; 

and since CF is bisected in F, 
any other point is CF diyides CF into uneqiuU parts, and cannot 
be the center. 

Therefore no point but Fis the center of the circle ABC», 

Which was to be found. 
^ CoK. From this it is manifest., that if in a circle a straight line 
bisects another at right angles, the center of the circle is in the line 
which bisects the other. 



PROPOSITION n. THEOREM. 

If any two points be taken in the drcwnference of a circle^ i?te eiraiffhi 
Kne which Joint them ehaUfaU within the circle, 

1st ABC he a circle, and A, B any two points in the circumference. 
Then the straight line drawn from Ato B shall fall within the circle. 
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For if ^^ do not fall within the circle, 

let it fall, if possible, without the circle as AEB\ 

And D the center of the circle ABCf (iii. I.) and join DA^ DB% 

in the circumference AB take any point F^ 

join DFf and produce it to meet AB in E, 

Then, because DA is equal to DJ?, (i. def. 15.) 

therefore the angle DBA is equal to the angle DAB ; {\, 5.) 

and because AE,ti side of the triangle DAE, is produced to B, 

the exterior angle DEB is greater than the interior and opposite 

angle DAE; (l. 16.) 

but DAE was proved to be equal to the angle DBE\ 

therefore the angle ,D^^ is greater than the an^le DBS; 

but to the greater angle the greater side is opposite, (l. 19.) 

therefore DB is greater than DE : 

but DB is equal to DF; (l, def. 15.) 

wherefore DF is greater than DE, 

the less than the greater, which is impossible ; 

therefore the straight line drawn from A'to B does not fall without 

the circle. 
In the same manner, it may be demonstrated that it does not f&U 
upon the circumference ; 

therefore it falls within it. 
Wherefore, if any two points, &c. Q.E.l>. 

PROPOSITION in. THEOREM. 

Ifattraight line drawn ihr<mgh the center of a circle bUeei attraight 
line in it which does not pose through the center, it shall eui it at right 
angles : and conversely, if it cut it at right angles, it shaU bisect it, 

' Let .^^Cbe a circle ; and let CD, a straight line drawn through 
the center, bisect any straight line AB, which does not pass through 
the center, in the point F. 

Then CD shall cut AB at right angles. 




Take E the center of the circle, (ill. 1.) and ioin EA, SB, 

Then, because ^2^ is equal to FB, (nyp.) 

and FE common to the two triangles AFE, BFE, 

o2 
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there are two sides in the one equal to two sides in the other, eacli 
to each ; 

and the base SA is equal to the base £B ; (l. def. 16.) 
therefore the angle AF^ is equal to the angle BFE\ (l. 8.) 
but when a straight line standing upon another straight line makes 
the adjacent angles equal to one another, 

each of them is a right angle; (i. def. 10.> 
therefore each of the angles AFF, BFE^ is a rignt angle : 
wherefore the straight line CD, drawn through the center, bisecting 
another AB that does not pass through the center, cuts the same at 
right angles. 

Conversely, let CD cut AB at right angles. 
Then CD shall also bisect ABj that is, AF shall be equal to FB. 

The same construction being made, 
because, EB^ EA, from the center are equal to one another, 
(I. def. 16.) 

therefore the angle ^^2^ is equal to the angle EBF\ (I. 6.) 
and the right angle ^i^^is equal to the right angle BFE ; (I. def. 10.) 

therefore, in the two triangles, EAF, EBF, 
there are two angles in the one equal to two angles in the other, each 

to each ; 
and the side EF, which is opposite to one of the equal angles in each, 
is common to both ; 

therefore the other sides are equal ; (l. 26.) 

therefore AF is equal to FB, 
Wherefore, if a straight line, &c. Q. E. D. 

PROPOSITION iV. THEOREM. 

If in a eirde ivoo straight Unee cut one another, which do not both past 
through the center, they do not bisect each other. 

Let ABCD be a circle, and A C, BD two straight lines in it which 
out oQ&another in the point E, and do not both pass through the center. 
Then AC, BD, shall not bisect one another. 




c 
For, if it be possible, let AE be equal to EC, and BE to ED. 

If one of the lines pass tnrough the center, 
it is plain that it cannot be bisected by the other which does not 
pass through the center : 

but u neither of them pass through the center, 

find J'the center of the circle, (ill. 1.) and join EF. 

Then because FE, a straight line drawn through the center, bisects 

another ^(7 which does not pass through the center, (hn>0 

therefore FE outs AC At right angles : (lU. 3.) 

wherefore FEA is a right angle. 
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Agun, because the straight line FE bisects the stralgllt line BD^ 
\7hich does not pass through the center, (hyp.) 
, therefore FE cuts BD at right angles : (ni. 8.) 

wherefore FEB is a right angle : 

but FEA was shewn to be a right angle ; 

therefore the angle FEA is equal to the angle FEBf (ax. 1.) 

the less equal to the greater, which is impossible : 

therefore A C, BD do not bisect one another. 

AMierefore, if in a circle, &c. Q. e.d. 

PROPOSITION V. THEOREM. 

Iffioo circles out one another f they shall not have the tame center. 

Let the two circles ABQ CDO, cut one another in the points B, C. 

They shall not have the same center. 




If possible, let E be the center of the two circles ; join EC, 

and draw any straight line EFO meeting the circumferences in J'and Q 

And because E is the center of the circle ABC, 

therefore ^Fis equal to £C; (i. def. 16.) 

again, because E is the center of the circle CDQ^ 

therefore EO is equal to ECi (I. def. IS.) 

but EF yvBiS shewn to be equal to EC] 

therefore EFh equal to EG, (ax. 1.) 

the less line equal to the greater, which is impossible. 

Therefore E is not the center of the circles ABC, CDO, 

WTierefore, if two circles, &c. Q. E. D. 

PROPOSITION VI. THEOREM. 
If one circle touch another internally, they shall not have the tame center^ 

Let the circle CDE touch the circle ABC internally in the point C 

They shall not have the same center. 

c 




If possible, let Fhe the center of the two circles: join FC, 

and draw any straight line FEB, meeting the circumferences in 5 md A 

And because Fh the center of the circle ABC, 

FB is equal to FC] (l. def. 16.) 
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sko, because F is the center of the circle CDB^ 

FE is equal to FCi (l. def. 15.) 

but FB was shewn to be equal to FC\ 

therefore FE is equal to FB, (ax. 1.) 

the less line equal to the greater, which is impossible : 

therefore F is not the center of the circles ABC, CDB, 

Therefore, if two circles, &c. Q. E. D. 

PROPOSITION VII. THEOREM. 

If any point he taken in the diameter of a circle which ii not the center^ 
of til the straight lines which can be drawn from it to the circumference^ 
the greatest is that in which the center ts, and the other part of thttt 
diameter is the leasts and, of the rest, that which is nearer to the 
line which passes through the center is always greater than one more remote : 
and from the same point there can be drawn- only two equal straight Hnee 
to the circumference one upon each side of the diameter. 

Let ABCD be a circle, and ^2) its diameter, in which let any point 
F be taken which is not the center : 

let the center be E, 
Then, of all the straight lines FB^ FC, FO &c. that can be drawn 
from F to the circumference, 

FA, that in which the center is, shall .be the greatest, 
and FD, the other part of the diameter AD, shall be the least: 
and of the rest, FB, the nearer to FA, shall be greater than FQ 
the more remote, and FC greater than FQ. 




A 
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( 
G d" " 

Join BE, CE, OE. 

Because two sides of a triangle are greater than the third side, (L 20.} 

therefore BE, EF are greater than BF\ 

but AE is equal to BE\ (L def. 15.) 

therefore AE, EF, that is, AF is greater than BF. 

Again, because BE is equal to CE, 

and FE common to the triangles BEF, CEF, 

the two sides BE, EF are equal to the two CE, EF, each i» each | 

but the ancle BEF is greater than the ancle CEF; (ax. 9. J 

therefore the base BF is greater than the base CF. (l. 24.) 

For the same reason CF'ia greater than GF, 

Again, because GF, FE are greater than EO, (I. 20.) 

and EO is equal to ED ; 

therefore GF, FE are greater than ED : 

take away the common part FE, 

and the remainder GF is greater than the remainder FD, (ax* 5.) 



,1 
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Therefore, FA is tbe greatest, 
Slid .7D the least of all the straight lines irom ^tothecircumferenBej 

and BP ia ereater than CF, and CF than OF. 
Also, there can be drawn only two equal atraight lines &om the 
point F\a the circumference, one upon each side of the diameter. 

At the point E, in the straight line EF, make the angle FEB. 
equJ to (he angle FEQ, (i. 23.) and join FB. 

Then, because OE is equal to EH, fl. def. IflJ 

and .EF common to the two triangles QBF, HEF\ 

the two aides QE, EF are equal to the two HE, EF, each to each i 

and the angle QEF'a equal to the angle HEF; (constr.) 

therefore the base FO is equal to the base FH: (I. 4.) 

but, besides FH, no other straight line can be drawn from J* to the 

arcumference equal to FQ : 

Jbr,ifpoaaible, letitbefX": 

and because FKi» equal to FO, and FO to FH, 

therefore FK ia equal to FH; (as. 1.) 

that ii, a line nearer to that which passes through the oenter, It equftl 

to one which is more remote ; 

-which haa been proved to be impossible. 
Therefore, if any point be taken, &o. Q. E. D. 

PROPOSITION Vni. THEOREM. 
^ Miy poini ia taJim wilhoul a eWele, and ttraight lint* U irmm fiom 
U U tht tiraimferenot, vhtrtof mt paiati through the emltr; of Ihost 
mhichfaa ifpon tht eoneav* pari of tht eircumfiranci, the gnatat u that 
uhixhpatut through tht center i and of tht rat, thai ahichU luartr (o tht 
ontpauing llirough tht eenter it alieai/i grtater than one mora rmott : but 
ef fkoie vhich fail vpm tht etmvtx pari of tht cirvtatferahca, the leatt it 
thai beheien Ihi pomt without Iha cirele and tha diameter i and of tha rati, 
that vhieh it ntortr to the leatt it alieayt leit than ona mora rimolt; and 
onty two tfual ttraight Unit can be draton from the lama point ta tht eireum- 
ftrinca, <ma upon each lida of tht lint uhich paaie* through tht emtar, 

tetASChe a circle, and I> any paint without it, from which let 
the straight lines DA, DE, DF, DC\m drawa to the circumference, 
whereof LA paaaea through the center. 



Of thoi* which fiill upon the concave part of the e 

AEFC, tbe greatest siiall be DA, which passes through the oentei| 
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and any line nearer to it shall be greater than one more remoit^ 

viz. D^ shall be greater than DF, and D-F greater than DC, 

but of those which fall upon the convex part of the circumference 7/ L K C» 

the least shall he DG between the point D and the diameter A G ; 

and any line nearer to it shall be less than one more remote, 

viz. DK less than DL^ and DL less than DIL 

Take ilf the center of the circle ABQ (in. 1.) 

and ioin 3IE, 3IF, MC, MK, ML, MH. 

And because AM is equal to ME, 

add MD to each of these equals, 

therefore ADva equal to EM^ MD: (ax. 2.) 

but EM, MD are gi-eater than ED ; (i. 20.) 

therefore also AD\% gi'eater than ED, 

Again, because ME is equal to MF, and MD common to the tir- 

angles EMD, FMD\ EM, MD, are equal to FM, MD, each to each, 

but the angle EMD is greater than the angle FMD ; (ax. 9.) 

therefore the base ED is greater than the base FD, (i. 24.) 

In like manner it may be shewn that FD is greater than CD. 

Therefore DA is the greatest ; 

and D-F greater than DjP, and Di''' greater than DC 

And, because MX, KD are greater tnan JfZ), (i. 20.) 

and MK is equal to MG, (l. def. 15.) 

the remainder KD is greater than the remainder OD, (ax. 6.) 

that is, GD is less than KD : 
and because MLD is a triangle, and from the points M, D, the 
extremities of its side MD, the sti*aight lines MK^ DK are drawn to 
the point K within the triangle, 

therefore MK, KD are less than itfX, LDi (l. 21.) 

•but- JOT is equal to ML\ (i. def. 15.J 

dierefore, the remainder DK is less than the remunaer DL. (ax. 5.) 

In like manner it may be shewn, that DL is less than DH, 
Therefore, DG is the least, and DK less than 2>Z, and DL less 
than DH. 

Also, there can be drawn only two equal straight lines from the 
point D to the circumference, one upon each side of the line which 
passes through the center. 

At the point M, in the straight line MD, 
make the angle DMB equal to the angle VMK, (i. 23.) and join DB. 
And because MK is equal to MB, and MD common to the tri- 
angles KMD, BMD, 
the two sides KM, MD are equal to the two BM, MD, each to each j 
and the angle KMD is equal to the angle BMD ; (constr.) 
therefore the base D^is equal to the base DB : (i. 4.) 
^ut, besides DB, no straight line equal to DK can be drawn from D 
to the circumference, 

for, if possible, let it be DN; 

and because DK is equal to DN, and also to DB, 

therefore DB is equal to DN\ 

that is, a Une nearer to the least is eoual to one more remote, 

which has been proved to be impossible. 

If therefore, any point, &o. Q. E. d. 
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PROPOSITION DC. THEOREM. 

If a fcint be taken within a circle, from which Lhei-e fa.ll more than 
two equuU Hraiffhi Une§ to the eireumferefice, that point i$ the center of the 
ewete% ^ 

Let the point Dbe taken within thecircle^^ C, from which to thecircum- 

ference there fall more than two equal straight lines, viz. DA^ DB, DC, 

Then the point D shall he the center of the circle. 




For, if not, let E, if possible, be the center : 
Join DEf andT produce it to meet the circumference in J*, (?; 
then FG is a diameter of the circle ABC: (i. def. 17.) 
and because in FO^ the diameter of the circle ABC, there is taken 
the point 2>, which is not the center, 
therefore DGh the greatest line drawn from It to the circumference, 
and DC is greater than DB, and DB greater Uian DA : (m. 7.) 
but these lines are likewise equal, (hyp.) which is impossible: 
therefore E is not the center of the circle ABC. 
In like manner it may be demonstrated, 
that no other point but D is the center ; 

D therefore is the center. 
Wherefore, if a point be taken, &c. q.e.d« 

PROPOSITION X. THE0RE3kI. 

One eireumferenee of a circle cannot cut another tn more than two paints. 

If it be possible let, the circumference ABC cut the circumf^enee 
DEF in, more than two points, viz. inB, O, F, 




Take the center K of the circle ABC, (in. 1.) and loin KB, KQ, KT. 
Then because K is the center of the circle ABC, 
therefore KB, KO, KF&re all equal to each other: (l. def. 15.) 
and because within the circle DEF there is taken the point K, from 
which to the circumference DEF fall more than two equal straight 
lines KB, KO, KF; 

therefore the point JT is the center of the circle DEF: (ill. 9.^ 
but JTis also the center of the circle ABC; (constr.) 

Q5 
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therefore the same point is the center of two ciielM thtt tilt one 
another, which is impossible, (in. 6.) 
Therefore, one circumference of a circle cannot cut another in mcrf 
tjc&n two points, a. e. d. 

PROPOSITION XI. THEOREM. 

If one circle touch another internally in any point, the siraipht lint 
'xhicK joint their center* heing produced, shall paei through that poini of 
contact. 

Let the circle ADS touch the circle ^JBC internally in the point A . 

and let -Fbe the center of the circle ABC, and O the center of thf 
circle ADE\ 
then the straight line which joins the centers F^ O, being pioduced, 

shall pass through the point A, 




Pot, if Fir prod:iced do not pass through the point A, 
let it fall otherwise, if possible, as FGDII, and jom AF, AO, 
Then, because two sides of a triangle are together greater than Um 
third side, (i. 20.) 

therefore FO, GA are greater than FA : 

but FA is equal to FH; (I. def. 15.) 

therefore FO, GA are greater than FHi 

take away from these unequals the common part FO ; 

rherefore the remainder AG is greater than the remainder GI£\ (ax. 5.) 

but A0\% equal to GD-, (I. def. 15.) 

therefore GD is greater than GH, 

the less than the neater, which is impossible. 

Therefore the straight line which joins the points F, G, being produeodt 

cannot fall otherwise than upon the point A, 

• that is, it must pass through it. 
Therefore, if one circle, &c. Q. E. D. 

PROPOSITION Xn. THEOREM. 

If two circle* touch each other externally in any poini, the etraighi lint 
WMchJoine their centers, sJiallpass through that point of contact. 

Let the two circles ABC, ADE, touch each other externally in th<r 
point A ; 

and let J* be the center of the circle .^BC, and G the center o(ADS< 
Then the straight line which joins the points F, O, shaU pass throagb 

the point of contact A. 
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If not, let h pass otherwise, if possible, as FCDG, and join FA, AG 
And because J* is the center of the circle AiCf 

FA IB equBi U> FC : 
also, because G is the center of the circle ADE, 

GA is equal to GD : 
therefore FA, AG nre e<jual to FC, DG; (ax. 2.) 
wherefore the whole FG is greater than FA^ AG: < 
but FG is less than FA,AG\ (l. 20.J which is impossible: 
':herefore the straight line which joins the points F, G, cannot pas . 
otherwise than through A the point of contact, 

that is, FG must pass through the point A* 
Therefore, if two circles, &c. Q. £. D. 

PROPOSITION Xm. THEOREM. 

One circle cannot touch another in more pointe than in one, whether U 
touchee it on the inside or outside. 

For,- if it be possible, let the circle ^J9^ touch the circle ABC in 
more points than in one. 

and first on the inside, in the points B, D. 
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Join BD, and draw 6^^ bisecting BD at right angles. (T, 11.) 

Because the points B, D are in the circumferences of each of tne circles, 

therefore the straight line BD falls within each of them ; fill. 2.) 

tlierefore their centers are in the straight line G'JjT which bisects BD 

at right angles ; (ill. 1. Cor.^ 

therefore & JET passes through the point of contact: (in. 11.) 

but it does not pass through it, 
because the points B, D are without the straight line G^; 

which is absurd : 
therefore one circle cannot touch another on the inside in more pcints 
than in one. 
Nor can two circles touch one another on the outride in more than 

in one point. 

For, if it be possible, 

let the circle A CK touch the circle ABC in the points A^ C\ 

join A C. 
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Because tlie two points A, C are in the circumference of the circle 
ACK, 

therefore the straight line A C which joins them, falls within the circle 
ACKi (III. 2. J 

but the circle ACK is without the circle ABC; (hyp.) 

therefore the straight line ^ Cis without this last circle : 

but, because the points A, C are in the circumference of the circle ABC, 

the straight line ^Cmust be within the same circle, (ill. 2.) 

which is absurd ; 
therefore one circle cannot touch another on the outside in more than 

in one point : 
and it has been shewn, that they cannot touch on the inside in more 
points than in one. 

Therefore, one circle, &c. Q.E.D. 

PROPOSITION XIV. THEOREM. 

Equal ttraighi lines in a circle arc equally distant from the center i 
and conversely f those which are equally distant from the center^ are equai 
to one another. 

Let the straight lines AB, CD, in the circle ABDC, be equal to 
one another. 

Then AB and CD shall be equally distant from the center. 

c 




Take JB the center of the circle ABDC, (in, 1.) 
from S draw EF, EO perpendiculars to AB, CD, (i. 12.) and jois 
j EA, EC. 

Then, because the straight line EF passing through the center, 

cuts AB, which does not pass through the center, at right angles ; 

^^ bisects AB in the point F: (m. 3.) 

therefore ^l^is equal to FB, and AB double of AF. 

For the same reason CD is double of CG : 

but AB is equal to CD : (hyp.) 

therefore AFi& equal to CO, (ax. 7.) 

And because AE is equal to EC, (i. def. 15.) 

the square on AE is equal to the square on EC: 

but the squares on AF, FEare equal to the square on AE, (I. 47.) 

because the angle AFE is a right angle ; 
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and for the same reason, the squares on £Q, OCktb equal to the 

square on JEC; 
therefore the squares on AF, FE are equal to the squares on CO^ 
GE\ (ax. 1.) 

but the square on AF is equal to the square on CO, 
because AFi% equal to CG ; 
therefore the remaining square on EF is equal to the remaining 
square on EG^ (ax. 3.) 
and the straight line £F is therefore equal to EG : 
but straight lines in a circle are said to be equally distant from the 
eenter, when the perpendiculars drawn to them from the center are 
equal : (ill. defL 4.) 

therefore AB, CD are equally distant from the center. 
Conyersely, let the straight lines AB^ CD be equally distant from 
the center, (iii. def. 4.) 

that is, let FE be equal to EG ; 

then AB shall be equal to CD, 

For the same construction being made, 

it may, as before, be demonstrated, 

that AB is double of AF, and CD double of CG, 

and that the squares on FE, AF are equal to the squares on EG, GC: 

but the square 6n FE is equal to the square on EG, 

because FE is equal to EG; (hyp.) 

th^efore the remaining square on AF is equal to the remaining square 

on CG : (ax. 3.) 

and the straight line AFls therefore equal to CG: 

but AB was shewn to be double of AF, and CD double of CG 5 

wherefore AB is e^ual to CD, (ax. 6.) 

Therefore equal straight lines, &c. Q. £. D. 

PROPOSITION XV. THEOREM. 

Thi diameter it the greatest straight line in a circle ; and of ike rest, 
Ihat which is nearer to the center is always greater than one more remote: 
and conversely the greater is nearer to the center than the less. 

Let ABCD be a circle, of which the diameter \rAD, and the center B j 

and let ^Cbe nearer to the center than FG, 
Then AD shall be greater than any straight line BC, which is not a 
diameter, and ^C shall be greater than FG, 

A B 




From E draw EE, perpendicular to ^C, and EK to FG, (1. 12.) 

and join EB, EC, EF. 

And because AE is equal to EB, and ED to EC, (l. del 16.) 

therefore AD is equal to EB, EC: (ax. 2.) 

but EB, ECaie greater than B C ; (I. 20.) 

wherefore also AD is greater than BCL 



184 ' euolid's elements. 

And, because BC is nearer to the center than FG, piypO 

therefore EHv& less than EKi (ill. def. 5.) 

but, as was demonstrated in the preceding^ proposition, 

^C is double of BU, and FG double of FK, 

and the squares on EH, HB are equal to the squares on EK, KFi 

but the square on EH is less than the square on EK, 

because EH is less than EK; 

therefore the square on BH is greater than the square on FK, 

and the straight line BH greater than FK, 

and therefore ^Cis greater than FG, 

Next, let -B C be greater thau FG ; 

then J? C shall be nearer to the center than FG, that is, the same con 

struction being made, EH shall be less than EK» (ill. def. 5.) 

Because BCia greater than FG, 
BH likewise is greater than KF: 
and the squares on BH, HE are equal to the squares on FK, KEt 
of which the square on BH is greater than the square on FK, 

because j^^is greater than FK: 

therefore the square on EH is less than the square on EK, 

and the straight line EH less than EK: 

and therefore BCis nearer to the center than FG, (ni. dfef. 5.) 

Wherefore the diameter, &c. Q.E.D. 

PEOPOSITION XVI. THEOREM. 

The straight line drawn at right angles to the diameter of a circle, from 
the extremity of it, falls toithoui the circle ; and no straight line can be drawn 
from the extremity between that straight line and the ciroumference, so as not 
to cut the circle : or, which is the same thing, no straight line can make so 
great an acute angle with the diameter at its extremity, or so small an angle 
with the straight line which is at right angles to it, as not to cut the circle. 

Let ABC he a circle, the center of which is 2>, and the diameter AB, 
Then the straight line drawn at right angles to AB from its ex- 
tremity A, shall fall without the circle. 




For, if it does not, let it fall, if possible, within the circle, as ^C; 

and draw JDCto the point C, where it meets the circumference. 

And because DA is equal to DC, (l. def. 15.) 

the angle DA C is equal to the angle A CD : (l. 6.) 

but DA C is a ri^ht angle ; (hyp.) 

therefore A CD is a right angle ; 

ftod therefore the angles DAC, A CD are equal to two right angles j 

which is impossible: (l. 17.) 
therefore the straight line drawn from A at right angles to J^^do^S 
not fall within the circle. 
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In the same manner it may be demonstsated, 
that it does not fall upon the circumference ; 
therefore it must fall without the circle, m AE. 
Also, between the straight line ^^and the circumference, no straight 
line can be drawn from the point A which does not cut the circle. 
For, if possible, let AF fall between them, 

FE 




and from the point D, let DO be drawn perpendicular to AF, (l. 12.) 

and let it meet the circumference in IT 

And becauft AOD is a right angle, 

and DAG less than a right angle, (I. 17.) 

therefore DA is greater than DO: (l. 19.) 

but DA is equal to DH; (I. def. 15.) 

therefore DH is greater than 2)6r, 

the less than the greater, which is impossible : 

therefore no straight line can be drawn from the point A, between 

AF and the circumference, which does not cut the circle : 
or, which amounts to the same thing, however great an acute angle 
a straight line makes with the diameter at the point A, or however 
small an angle it maVes with AE^ the circumference must pass be- 
tween that straight line and the perpendicular AF, q.e.d. 

Cor. From this it is manifest, that the straight line which is 
drawn at right angles to the diameter of a circle from the extremity 
of it touches the circle ; (ill. def. 2.) and that it touches it only in one 
point, because, if it did meet the circle in two, it would fall within it. 
(III. 2.) " Also, it is evident, that there can be but one straight line 
which touches the circle in the same point." 

PROPOSITJON XVn. PROBLEM. 

Todrdw a straight line from a given point, either without or in the cir" 
ctmferenee, which thcM touch a given circle. 

First, let ^ be a given point wiihoQt4he given circle BCD ; 
it is required to draw a straight line from A which shall touch the circle 

A 




Find the center E of the circle, (in. 1.) and join AF; 
find from the center E, at the distance EA. describe the circle AFG ; 
from the point D draw J>Fat right angles to EA, (h 11.) meeting 
|he circumference of the circle AFG in F; 

find join EBF, AF. 
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Then AB shall touch the circle BCD in the point B. 
Because E is the center of the circles BCD, AFQ9 (i. def. 16.) 

therefore EA is equal to EF, and ED to EB ; 
therefore the two sides AE^ EB, are equal to the two FE, ED, 

each to each : 
and they contain the angle at E common to the two triangles AEB, 
FED\ 
therefore the base DF is equal to the base AB, (L 4.) 
and the triangle FED to the triangle AEB. 
and the other angles to the other angles : 
therefore the angle EBA is equal to the anele EDFi 
but EDF is a right angle, (constr.; 
wherefore EBA is a right angle : (ax. L) 
and EB is drawn from the center : 
but a straight line drawn from the extremity of a diameter, at right 
angles to it, touches the circle : (ill. 16. Cor.) 
therefore AB touches the circle ; 
and it is drawn from the given point A» 
Secondly, if the given point be in the circumference of the tircki 

as the point 2), 

draw DE to the center Ey and Di^at right angles. to DEi 

then DJPtouches the circle, (ill. 16. Cor.) aE.r. 

PROPOSITION XVIII. THEORBM. 

If a straight line touch a circle, the straight line dravmfrom the center to 
iJu point of contact, shall be perpendicular to the line touching the cirtle. 

Let the straight line DE touch the circle ABC in the point C\ 

take the center F, and draw the straight line FC (ill, 1.) 

Then FC shall be perpendicular to DB. 

A 




If JF*Cbe not perpendl^lar to DE\ fVom the point F, if posaibla^ 
let FBO be drawn perpendicular to DE, 

And because FGC is a right angle, 

therefore GCFis an acute angle; (i. 17.) 

and to the greater angle the greater si^ is opposite : (L 19.) 

therefore FC is greater than FO : 

but FC is equal to FB ; (i. def. 16.) 

therefore FB la greater than FO, 

the less than the greater, which is impossible: 

therefore FO is not perpendicular to DE, 

In the same manner it may be shewn, 

that no other line is perpendicular to DE besides FC9 

that is, FC is perpendicular to DE. 

Therefore, if a straight line, &c. Q. E. D. 
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* 

PEOPOSinON XIX. THEOBSIL 

If a siraiffhi Une touch a eircle^ and from thepaini of comio/oi m Miraigkt 
Nne bo drtnon tU right angles to the touehtng Hm, the eetUer of the oirele ehaii 
he in that line. 

Let the straight line DE touch the circle ABC in C, 
^ and from C let CA be drawn at rieht angles to DE. 
Then the center of the circle snail be in CA 




For, if not, let Fhe the center, if possible, and join CF 

Because DE touches the circle ABC, 

and FC is drawn from the center to the point of contact, 

therefore FC is ])erpendicular to DJS; (ill. 18.) 

therefore FCE is a right angle : 

but A CE is also a rieht angle ; (h}^).) 

therefore the angle FCE is equal to the angle A CE, (ax. 1.) 

the less to the greater, which is impossible : 

therefore F\s not the center of the circle ABC, 

In the same manner it may be shewn, 

that no other point which is not in CA, is the center; 

that is, the center of the circle is in CA, 

Therefore, if a straight line, &c. Q. B.D. 

PROPOSITION XX. THEOREM. 

The angle at the center of a circle ie double of the angle at the circumfer^ 
ence upon the tame bate, that is, upon the tame part of the circumference. 

Let ^^Cbe a circle, and BECEti angle at the center, and BA C 
m angle at the circumference, which have .^Cthe same part of tlie 
circumference for their base. 

Then the angle ^J^C shall be double of the angle BAG, 




Join AE, and produce it to JF*. 
First, let the center of the circle be within the angle BAG 

Because EA is eoual to EB, 

therefore the angle EBA is equal to the angle EAB ; (I. 5.) 

therefore the angles EAB, EBA are double of the angle EAB: 

but the angle BEFis equal to the angles EAB, EBA ; (I. 32.) 
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therefore also the angle BEFis doable of the hngleJBABx 

fbr the same reason, the angle FECva double of the angle EAC: 

therefore the whole angle BECib doable of the whole angle BAQ, 

SeconcUy, let the center of the circle be without the angle BAC. 




It may be demonstrated, as in the first case, 
that the angle FEC is double of the angle FAC, 
and that FEB, a part of the first, is double of FAB, a part of the other ; 
therefore the remaining angle BEC is double of the remaining 
angle BA C. 

Therefore the angle at the center, &c. Q.E.D. 

PROPOSITION XXI. THEOREM. 
The angles in the $ame segment of a circle are equal to one another. 

Let A BCD be a circle, 

and BAD, BED angles in the same segment BAED, 

Then the angles BAD, BED shall be equal to one another. 

First, let the segment BAED be greater than a semicircle. 

A B 




Take F, the center of the circle ABCD, (ill. 1.) and join BF, FD* 

Because the angle BFD is at the center, and the angle BAD at 

the circumference, and that they have the same part of the oircum- 

ferenoe, Tiz. the arc BCD for their base ; 

therefore the angle BFD is double of the angle BAD : (in. 20.) 

for the same reason the angle BFD is doable of the angle BEDi 

therefore the angle BAD is equal to the angle BED, (ax. 7.) 

Next, let the segment BAED be not greater than a semicircle. 

AE 






Draw AF to the center, and produce it to C, and join CJB. 

Because ^C is a diameter of the circle, 

therefore the segment B ADC is greater than a semicircle i 

and the angles in it BAC, B EC are equal, by the first caa«) 
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fbr the same reason, because CBED is greater than a semicircle, 

the angles CAD, CBD, are equal : 

therefore the whole angle BAD is equal to the whole angle BED, (ax. 2.) 

Wherefore the angles in the same segment, &o. Q.E.D. 

PROPOSITION XXIL THEOREM. 

The ogpotiU angU$ of any qitadrilaUnU Jigtire interibed m a eirekf wm 
togethm' equal to two right angles. 

Let ^£CD be a quadrilateral figure in the circle ^J?Ci>. 
Then any two of its opposite angles shall together be equal to two 
right angles. 






Join A C, BD. 
And because the three angles of every triangle are equal to two 
nght angles, (I. 32.) 

the three angles of the triangle CAB, yiz. the angles CAB, ABCf 

BCA, are equal to two right angles : 
but the angle CAB is, equal to the angle CDB, (iTl. 21.) 
because they are in the same segment CDAB; 
and the angle A CB is equal to the angle ADB, 
because they are in the same segment ADCB : 
therefore the two angles CAB, ACB ar» together equal to the whole 
angle ADC: (ax. 2.) 

to each of these equals add the angle ABC; 
therefore the three angles ABC, CAB, BCA are equal to the two 
angles ABC, ADC: (ax. 2.) 
but ABC, CAB, Be A, are equal to two right angles ; 
therefore also the angles ABC, ADC are equal to two right angles. 
In the same manner, the angles BAD, DCB, may be shewn to be 
equal to two right angles. 

Therefore, the opposite angles, &c. Q.B.Di» 

PROPOSITION XXUI. THEOREM. 

Upon the same straight line, and upon the same side of it, there oammt 
be two similar segments of circles, not coinciding with one another. 

If it be possible, upon the same straight line AB, and upon the 
same side of it, let there be two similar segments of circleS|dACJ3| 
miJPBf not coinciding with one another. 
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Then, because the circumference A CJB cuts the circumference ADB 
in the two points A, B, they cannot cut one another in any 
other point : (ill. 10.) 

therefore one of the segments must fall wit! in the other : 

let A CB fall within ADB : 

draw the straight line BCD, and join CAy DA, 

Because the segment ACB is similar to the segment ADB, rh}'p.) 

and that similar segments of circles contain equal angles ; (lil. aef, 11.) 

therefore the angle A CB is equal to the angle ADB, 

the 'exterior angle to the interior, which is impossible. (l. 16.) 

Therefore, there cannot be two similar segments of circles* upon the 

same side of the same line, which do not coincide. Q.E.D. 

PROPOSITION XXIV. THEOREM. 

Similar segments of circles upon equal straight lineSf. are equal to one another 

Let ABB, CFD be similar segments of circles upon the equal 
straight lines AB, CD. 

Then the segment ABB shall be equal to the segment CFD. 

E F 





For if the segment ABB be applied to the segment CFD, 

80 that the point A may be on C, and the straight hne AB upon CDf 

then the point B shall coincide with the point D, 

because AB is equal to CD : 

therefore, the straight line AB coinciding with C/i, 

the segment ABB must coincide with the segment CFD, (III. 23.) 

and therefore is equal to it. (l. ax. 8.) 

Wherefore similar segments, &c. Q.E.D. 

PROPOSITION XXV. PROBLEM. 

A segment of a circle being given, to describe the circle of which U it ihs 
segment. 

Let ABC he the given segment of a circle. 

It is required to describe the circle of which it is the segment. 

Bisect ^Cin D (1-. 10.) and from the point D draw DB at right 
angles to ^C, (i. 11.) and join AB. 

First, let the angles ABD, BAD be equal to one another : 

B 



^r\ 



ADC 

then the straight line DA is equal to DB, fi. 6.) and therefore, to DC; 
and because the three straight lines DA, DB, DC are all equal, 

therefore D is the center of the circle, (ill. 9.) 
From the center D, at the distance of any of the three DA, DB, 
DC, describe a circle ; 

this shall pass through the other points ; 
and the circle of which ^^Cis a segment has been described: 
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and 1>ecaufle the center D is in ^ C, the segment ABC is a semicircle. 
But if the angles AJBD, BA D are not equal to one another : 



B B 



^ 




at the point A, in the straight line ABf 
make the angle BAE equal to the angle ABD, (l. 23.) 
and produce BD, if necessary, to meet AJS in E, and join BC. 
Because the an^le ABjS is equal to the angle BAJE, 
therefore the straight line BA is equal to BB : (l. 6.) 
and because AD is equal to DC, and DB common to the trianglea 
ADB, CpB, 

the two sides AD, DB, are equal to the two CD, DB, each to each | 

and the angle ADB is ec^ual to the angle CDJS ; 

for each of them is a nght angle ; (constr.) 

therefore the base BA is equal to me base BC: (L 4.) 

but BA was shewn to be equal to BB : 

wherefore also BB is equal to BCi (ax. 1.) 

and therefore the three straight lines BA^ BB, BC are equal to one 

another : 

wherefore ^ is the center of the circle, (in. 9.) 
From the center B, at the distance of any of the three BA, BB, 
BC, describe a oircle ; 

this shall pass through the other points ; 
and the oircle of which ABC is a segment, is described. 
And it is evident, that if the angle ABD be greater than the angle 
BAD, the center B falls without uie segment ABC, which therefore 
is less than a semicircle : 

but if the angle ABD be less than BAD, the center B falls within 
the segment ABC, which is therefore greater than a semicircle. 

Wherefore a segment of a circle being given, the circle is described 
of which it is a segment Q. E. F. 

PROPOSITION XXVI. THEOREM. 

In equal circles, equal angles ttand u/xm equal ara, whether the angtet be 
tU ths centers or drcum/erenees. 

Let ABC, DBF he equal circles, 

and let the angles BGC, BIiF&t their centers, 

and BAC, EDFat their circumferences be equal to each other. 

Then the arc BKC shall be equal to the aro BLF. 

A • . D 
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Join B€, EF. 

And because the circles^ J? C, DEFbx% equal, 

the straight lines drawn from their centers are equal : (ill. def. 1.) 

therefore we two sides BG^ GC, are equal to the two EJfff HF, each 

to each : 

and the angle at G is equal to the angle at H; (hyp.) 
therefore the base J^Cis equal to the base FF. (l. 4.) 
And because the an^^le at A is equal to the angle at D, (nvp.) 
the segment BAC is similar to the se^ent EDFi (iil. def. 11.) 
^ and they are upon equal straight lines BC, EF: 

but similar segments of circles upon equal straight lines, are equal to 
one another, (ill. 24.) 

therefore the segment BA C is equal to the segment EDF: 
but the whole circle ABCis equal to the whole DEF; (hyp.) 
therefore the remaining segment BKC is equal to the remaining seg- 
ment ELF, (l. ax. 3.) 

and the arc BKC to the arc ELF. 
Wherefore, in equal circles, &c. Q.E.IX 

PROPOSITION XXVII. THEOREM. 

In equal circles, the angles which stand upon eqtud ares, are equal Ufcne 
tmoth&n'^ whether tliey be at the centers or drcmnfercnces. 

Let ABG, DEF he equal circles, 

and let the angles BGC, ESFsA their centers, 

and the angles BAC, EDFai their circumferences, 

stand upon the equal arcs BC, EF. 

Then the angle BGC shall be equal to the angle EHF, 
' and the angle BAC to the angle EDF, 





If the angle BGC he egual to the angle EIIF, 
it is manifest that the angle BA C is also equal to EDF. (ill. 20. and 
I. ax. 7.) 
But, if not, one of them must be greater than the other : 
if possible, let the angle BGC he greater than EHF, 
and at the point G, in the straight line BG, 
make the angle BGK equal to the angle EHF. (I. 23.) 
Then because the angle BGK is equal to the angle JS^F, 
and that equal angles stand upon equal arcs, when they are at the 
centers ; (iii. 26.) 

therefore the arc BK is equal to the arc EF: 
but the arc ^JPis equal to the arc -BC; (hyp.) 
therefore also the arc BK is equal to the arc iCf 
the less equal to the greater, which is impossible : (l. ax. !•) 



BOOK III. pnop. xxvtti, XXIX. 143 

therefore the angle BGCh not unequal to the angle EHF% 

that is, it is eouai to it : 

but the angle at A is half of tne angle BGC, (m. 20.) 

and the angle at D, half of the angle EHF\ 

therefore the angle at A is equal to the angle at 2>. (x. ax. 7«) 

Wherefore, in equal circles, &c. Q.S.D 

PROPOSITION XXVin. THEOREM. 

■ • I 

tn eqttal circles^ eqtial straight Une$ cut off equal aret, the grioier Sfual 
to the greater t and the less to the less, 

Let,AB e, DJEF be equal cu-cles, 
and BC, JEF equal straight lines in them, which cut off the two greater 
arcs BAC, EDF, and the two less BQC^ JBHF. 
Then the greater arc ^^C shall be equal to the greater EDF, 
and the less arc BGC to the less EHF. 

A D 





Take Jr,Z, the centers of the circles, (ni. 1.) and join BKj KC, EL, LF. 

Because the circles ABd DFF&re equal, 

the straight lines from their centers are equal : (in. def. 1.) 

therefore BK, JTCare. equal to FL, LF, each to each : 

and the base BCia equal to the base FF, in the triangles BCK, EFL; 

therefore the angle ^JTCis equal to the angle ELF: (i. 8.) 

but equal angles stand upon equal arcs, when they are at the 

centers : (iii. 26.) 

therefore the sltc BGC is equal to the arc ERF: 
but the whole circumference ^^Cis equal to the whole EDF; (hyp.) 

therefore the remaining part of the circumference, 

viz. the arc BA C, is equal to the remaining part EDF, (l. ax. 3.) 

Therefore, in equal circles, &c. Q.E.D. 

PROPOSITION XXIX. THEOREM. 

Xn equal circles, equtl arcs are subtended by equal straight Unt$m 

Let ABC, DEF he equal circles, 

and let the arcs BGC, EHFeho be equal, 

and joined by the straight lines BC, EF. 

Then the straight line BC shall be equal to the straight line EF» 

A D 





.A' 
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Take f , L, (in. 1.) the centers of the circles, and join BK, KC^ EL^ LF. 

Because the arc BGCls equal to the arc BHF, 

therefore the angle BKCla equal to the angle ELF: (ill. 27.) 

and because the circles ABC, DBF, are equal, 

the straight lines from their centers are equal ; (ill. def. 1.) 

therefore BK, KC, are equal to EL^ LF, each to each : 

and they contain equal angles in the triangles BCK, EFL; 

therefore the base BCis equal to the base EF, (I. 4.) 

Therefore, in equal circles, &c. Q. E. D. 

PROPOSITION XXX. PROBLEM. 
To hUiel a given arc^ that is, to divide it into two equal parta. 

Let ADB be the given arc: 
it is required to bisect it. 



^^ 



B 

Join AB, and bisect it in C; (l. 10.) 

from the point C draw CD at risht angles to AB. (T. 11.) 

Then the arc AJ)B shall be bisected in the point D. 

Join AD, DB. 

And because AC\s equal to CB, 

and CD common to the triangles A CD, BCD, 

the two sides ^(7, CD are equal to the two BC, CD, each to each ; 

and the angle ACI) is equal to the angle BCD, 

because each of them is a right angle : 

therefore the base AD is equal to the base BD. (l. 4.) 

But equal straight lines cut off equal arcs, (ill. 28.) 

the fi^reater arc equal to the greater, and the less arc to the less ; 

and the arcs Al>, DB are each of them less than a semicircle ; 

because DC, if produced, passes through the center: (in. 1. Cor.) 

tiiererore the arc AD is e^ual to the arc DB. 

Therefore the given arc ADB is bisected in 2). Q.E.F. 

PROPOSITION XXXI. THEOREM. 

1% a eircU, the angle in a temieirele is a right angle ; but the anole in a 
segment greater than a semicirele is less than a right angle ; and the angle 
m a segment less than a temieirele is greater than a right angle. 

Let ABCD be a circle, of which the diameter is^C, and center E, 
and let CA be drawn, dividing the circle into the segments ABC, ADC. 

Join BA, AD, DC. 

Then the angle in the semicircle ^^C shall be a right angle ; 

and the angle in the segment ABC, which is greater than a semicircle, 

shall be less than a right an^le ; 
and the angle in the segihent aDC, which it leas than a semicircle, 
shall be greater than a right angle. 
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Join AEf and produce BA to F, 
First, because JBB is equal to JBA, (L def. 15.) 
the angle BAB is equal to BBA ; fl. 6.) 
also, because BA is equal to Bu, 
the angle ^Ol is equal to ^^C; 
wherefore- the whole angle BACib equal to the two angles BBAf 
BCA ; (L ax. 2.) 
but FACf the exterior angfle of the triangle ABC^ is equal to the two 
angles BBA, BCA ; (L 32.) 

therefore the angle BACis equal to the anele FAC; (ax. 1.) 
and therefore each of them is a right angle : (i. def. 10.) 
wherefore the angle BA C in a semicircle is a right angle. 
Secondly, because the two angles ABC, BAC of the triangle 
^i^C are together less than two right angles, (i. 17.) 

and that BA C has been proved to be a right angle ; 
therefore ABC mast be less than a right angle : 
and therefore the angle in a segment ABC greater thtm a semicircle, 
is less than a ri^t angle. 

And lastly, because ABCD is a quadrilateral figure in a circle, 

any two of its opposite angles are equal to two right angles : (iii. 22.) 

therefore the angles ABC, ADC, are equal to two right angles : 

and ABC has been proved to be less than a right angle ; 

wherefore the other ADC is greater than a right angle. 

Therefore, in a circle the angle in a semicircle is a right angle ; &c. Q.E.D. 

Cob. From this it is manifest, that if one angle of a triangle be 

equal to the other two, it is a right angle : because the angle adjacent 

to it is equal to the same two ; (I. 32.^ and when the adjacent angles 

are equal, they are right angles. (l. aef. 10.) 

PROPOSITION XXXn. THEOEEM. 

I/a ttraighi line touch a eireU, and from ths point of contact a ttraighi 
Krte be drawn meeting the circle; the anglee which this line make* with the 
Une touching the circle shall be equal to the anglee which are in the alter- 
note tegmente of the eirde. 

Let the straight line BF touch the circle ABCD in B, 
and from the point B let the straight line BD be drawn, meeting 
the circumference in D, and dividing it into the segments Z>CJ?,DA^ 
of which DCB ia less than, and JD^B greater than a semicircle. 

Then the angles which BD makes with the touching line BF^ 
shall be equal to the anffles in the alternate segments of the circle ; 
that is, the angle DBF shall be equal to the angle which is in the 
segment DAB, 
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and the angle DBE shall be equal to the angle in the alternate 
segment 2) C^, 

A 

D 




from the point B draw SA at right angles to EF, (l. II.) meeting 
the circumference in ^ ; 

take any point Cin the arc DB, and join AD, DC, CB. 
Because the straight line ^JF^ touches the cii'cle\/li^Ci> In the. 
points, . ^ 

and BA is drawn at right angles to the touching line from the 
point of contact J?, 

the center of the circle is in BA : (in. 19.) 
therefore the angle ADB in a semicircle is a right anele : (ill. 31.) 
and consequently the other two angles BAD, ABD, are equal to 
a right angle ; (l. 32.) 

but ^^J^is likewise a right angle; (eonstr.) 
therefore the angle ABF is equal to the angles BAD, ABD: (i.ax.l.) 

take from these equals the common angle ABD : 

therefore the remaining angle DBFib equalto the angle ^^^, (l.ax.8.) 

which is in BDA,, the alternate segment of the circle. 

And because ABCD is a quadrilateral figure in a circle, 

the opposite angles BAD, B CD are equal to two right angles : (itl. 22.) 

but the angles DBF, DBF are likewise equal to two right angles ; 

(L 13.) I 

therefore the angles DBF, DBF are equal to the angles BADp 
BCD, (L ax. 1.) 

and DjBF hM been proved equal to BAD; 
therefore the remaining angle DBF is equal to the angle BCD in 
BDC, the alternate segment of the circle. (I. ax. 2." 
Wherefore, if a straight line, &c. Q. E. D. 

PROPOSITION XXXIIL PROBLEM. 

. Vpon a given straight line to describe a segment of a eircle^ iohieh ehaU 
eontain an angle equal to a given rectilineal angle. 

Let AB be the given straight line, 
and the angle Cthe given rectmneal angle. 
It is required to describe upon the given straight line AB, a segment 
ola circle, which shall contain an angle equal to the angle C« 
First, let the angle Cbe a right angle. 



A F B 



■J 
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Bisect AB in JP, (i. 10.) 
and from the center J*, at the distance 2^^, describe the semioirole^JSTS, 
and draw AKy BH to any point H in the circumference. 

Therefore the angle AIIB in a semicircle is equal to the riglit 
angle C. (ill. 31.) ^ 

But if the angle C be not a right angle : 




<7 

r 




at the point A^ in the straight line AB, 
make the angle BAD equal to the angle C, (i. 23.) 
and from the point A draw ^^ at right angles \jo AD\ (I. 11.) 

bisect AB in^, (i. 10.) 
and from F draw FG at right angles to AB, (l. 11.) and join OB. 
Because AF is equal to FB, and FG common to the triangles 

afg, bfg, 

the two sides AF, FG are equal to the two BF, FG, each to each, 
and the angle AFG is equal to the angle BFG; (i. def. 10.) 

therefore the base ^ 6r is equal to the base GB ; (i. 4.) 
and the circle described from the center G, at the distance OA, 
shall pass through the point B : 

let this be the circle AHB. 
The segment AHB shall contain an angle equal to the given rec- 
tilineal angle C, 

Because from the point A the extremity of the diameter AEf 
AD is drawn at right angles to AE, 

therefore AD touches the circle : (ill. 16. Cor.) 
and because AB, drawn from the point of contact A, cuts the circle, 
the angle DAB is equal to the angle in the alternate segment 
AHB : (in. 320 

but the angle DAB is equal to the angle C; (constr.) 
therefore the angle C is equal to the angle in the segment AHB, 
Wherefore, upon the given straight line AB, the segment AHB 
of a circle is described, which contains an angle equal to the given 
angle C Q.E.P 

PROPOSITION XXXIV. PROBLEM. 

From a given circle to cut off a segment, which thali contain an angle 
equal to a given rectilineal angle* 

Let ABC he the given circle, and D the given rectilineal acgle. 
It is required to cut off from the circle ABC 9k segment that shall 
contain an angle equal to the given angle D, 

Ha 
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£ B F 

Draw the straight line EF touching the circle ABC in any point B» 
(m. 17.) 

and at the point B, in the straight line BF, 
make the angle FBC equal to the angle JD. (l. 23.) 
Then the segment BA C shall contain an angle equal to ihe given 
angle 7). 

Because the straight line J?^ touches the circle ABC^ 
and ^C is drawn from the point of contact B, 
therefore the angle FBC is equal to the angle in the alternate 
segment BA C of the circle : (ill. 32.) 
but the angle FBCis equal to the angle 2); (constr.l 
therefore the angle in the segment BAU is equal to the angle 

D, (I. ax. 1.^ # 

A^erefore from tne given circle ABC, the segment BAC is cut 
off, containing an angle equal to the given angle JD. Q. E.F. 

PROPOSITION XXXV. THEOREM. 

If two ttraight Hne» cut one another within a circle, the rectangle contained 
by thi segments of one ef ihem^ is equal to ^ rectangle contained by the 
segment* of the other. 

Let the two straight lines A C, BD, eut one anpther in the point 
E, within the circle A BCD, 

Then the rectangle contained by AE^ EC shall be equal to the 
xectangle contained by BE^ ED. 




First, \SAC9 BD pass each of them through the center, so that B 
is the center; 

it is evident that since AE, EC, BE, ED, being all equal, (i. def. 15.) 
therefbre Uie rectangle AE, EC is equal to the rectangle BE, ED. 

Secondly, let one of them BD pass through the center, and cut the 
other ACi which does not pass through the center, at right angles, in 
the point JIL 

D 
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Then, if BD be bisected in F, 

FiA the center of the circle AJBCD. 

Join AF. 

Because BD which passes through the center, cuts the straight 

line A C, which does not pass through the center, at ri^ht angles in JS^ 

therefore AB is equal to BC: (in. 3.) 
and because the straight line BD is cut into two equal parts in the 

point Ft and into two unequal parts in the point B, 
therefore the rectangle BB, BD, together with the square on BF, 
IS equal to the square on FB ; (u. 6.) 

that is, to the square on FA : 
but the squares on ABf BF, are equal to the souare on FA : (1. 47.) 
therefore the rectangle BB, BD, together with the square on Bp^ 
is equal to the squares on AB, BFi (L ax. 1.) 
take away the common square on BP, 
and the remaining rectangle BB, BD is equal to the remaining 
square on AB\ (l. ax. 3.) 

that is, to the rectangle AB, BC. 
Thirdly, let BD, which passes through the center, cut the other A C, 
which does not pass througa the tenteii in B, but not at right anglea. 




• Then, as before, if BD be bisected in F, 

F is the center of the circle. 
Join AF, and from J* draw FG perpendicular to AC; (l. 12.) 

therefore -46? is equal to OC; (ill. 3.) 
wherefore thejrectangle AB, .SC,, together with the square on BG$ 
is equal to the square on AO: (xi. 5.) 

to each of these equals add the square on OF; 

therefore the rectangle AB, BC, together with the squares on BGf 

OF, is equal to the squares on AO, OF; (i. ax. 2A 

but the squares on BO, OF, are equal to the souare on BF; (i. 47.) 

and tne squares on AO, OF Sire equal to tne souare on AF*. 

therefore the rectangle AB, BC, together with tne square on BF, 

is equal to the square on AF; 

that is, to the square on FS : 
but the souare on FB is equal to the rectangle BS, BD, together 
with the square on BF; (ii. 5.) 
therefore the rectangle A E, BC, together with the square on BF, 
is equal to the rectangle BB, BD, together with tne square on 

BFi (I. ««• !•) 

take away the common square on BF, 
and the remaining rectangle AB, BC, is therefore equal to the re- 
maining rectangle B^, BD. (ax. 3.) 
Lastly, let neither of the straight lines AQ BD pass through the 
center. 
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Take the center F, (ill. 1.) 
and throagh B the intersection of the straight lines AC^ DB, 

draw the diameter GEFH, 
And because the rectangle AE, EC\a equal, as has been shewn, 
to Lhe rectangle GEy EH; 

and for the same reason, the rectangle BE^ ED is equal to the 
same rectangle GEy EH; 
therefore the rectangle AE, ECh equal to the rectangle BE, ED, 
(l. a:i. 1.) 

"Wherefore, if two straight lines, &c. Q. E, D. 

PROPOSITION XXXVI. THEOREM. 

Jf from any point without a circle two straight lines be draum, one of 
uliich cuts the circle, and the other touches it ; the rectangle contained Itf 
the whole line which cuts the circle, and the part oj it without the circle , 
ttudl be equal to the square on the line which touches it. 

Let D be any point without the circle ABO^ 

and let DC Ay DB be two straight lines drawn from it, 

of which DC A cuts the circle, and DB touches the same 

Then the rectangle AD, DC shall be equal to the square on DB. 

Eitlier DC A passes through the center, or it does not: 

^'st, let it pass through the center E. 

D 




Join EB, 
therefore the angle EBD is a right angle, (in. 18.) 
And because the straight line ^ Cis bisected in E, and produced 
to the point JD, 
therefore the rectangle AD^ DC, together with the square on EC^ h 
equal to the square on ED : (il. 6.) 

but CE is equal to EB ; 
therefore the rectangle AD, DC, together with the square on EB, 
is equal to the square on ED : 
but the square on ED is equal to the squares on EB, BD, (i. 47.) 

because EBD is a right angle : 
therefore the rectangle AD, DC, together with the square on EB, 
is equal to the squares on EB, BD: (a3(. 1.) 
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take away the common square on EB; 
therefore the remaining rectangle AJD, DCia equal to the iquare 
on the tangent DB, (ax. 3.) 
Nexti if DC A does not past through the center of the circle ABC. 




Take JB the center of the circle, (in. 1.) 
draw ^/'perpendicular to AC, (i. 12.) and join JSB, EC, ED. 
Because the straight line EF, which passes through the center, 
cuts the straight line A C, which does not pass through the center, at 
right angles; it also bisects AC, (ill. 3.) 

therefore .^J'is equal to FCt 

and because the straight line ^ C is bisected in F, and produced to D, 

the rectangle AD, DC, together with the square on FC, 

is equal to the souare on FD : (n. 6.) 

to each of these equals add the square on FE; 

therefore the rectangle AD, DC, together with the squares on CFy FE, 

is equal to the squares on DF, FE: (i. ax. 2.) 

but the square on ED is equal to the sauares on DF, FE^ (i. 47.) 

because EFD vi a rignt angle; 

and for the same reason, 

the square on ^Cis equal to the squares on CF, FE; 

therefore the rectangle AD, jDC, together with the square on EC, 

is equal to the square on ED : (ax. 1«) 

but CE is equal to EB ; 

therefore the rectangle AD, DC, together with the square on EB, 

is equal to the square on ED : 
but the squares on EB, BD, are equal to the souare on ED, (l. 47.) 

because EBD is a right angle: 

therefore the rectangle AD, DC, togeuier with the square on EB) 

is equal to the squares on EB, BD ; 

take away the common square on EB ; 

and the remaining rectangle AD, DC Ia equal to the square 

on DB. (i. ax. 3:^ 

Wherefore, if from any point, &c. Q. E. D. 
Coil If from any point without a circle, there be drawn two straight 
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lines cutting it, as ABj A C, the^ rectangles contained by the whole 
lines and the parts of them ¥rithout the circle, are equal to one 
another, viz. the rectangle BA, AJS, to the rectangle CA, AF: for 
each of them is equal to the square on the straight line ADf which 
touches the circle. 

PROPOSITION XXXVII. THEOREM. 

If from a point without a circle there be drawn two etraighi ttneSf one of 
which cute the circle, and the other meets it ; if the rectangle eantained by the 
whole line which cute the circle, and the part if it without the eirele, be equal to 
the square on the line which meets it, the line which meets, shall touch the circle. 

Let any point D be taken without the circle ABC, 
and from it let two straight lines DCA and DB be drawn, of which 
DCA cuts the circle in the points C, A, and DB meets it in 
the point B, 

If the rectangle AD, DChe equal to the square on DB; 
then DB shall touch the circle. 
D 




Draw the straight line DE, touching the circle ABC, in the point 
Ei (ill. 17.) 

find F, the center of the circle, (iil 1.) 

and join FE, FB, FD. 

Then FED is a right angle: (in. 18^ 

and because DE touches the circle ABC, and DCA outs it, 

therefore the rectangle u^2>, DCis equal to the square on DE : (iii. 36.} 

but the rectangle AD, DC, is, by hypothesis, 

equal to the square on DB : 

therefore the square on DE is equal to the square on DB ; (i. ax. 1.) 

and the straight line DE equal to the straight line DB: 

and PJ^ is equal to FB ; (i. def. 15.) 

wherefore DE, EFsxe equal to DB, SF, each to each x 

and the base FD is common to the two triangles DEF, DBF; 

therefore the angle Di^J^is equal to the angle DBF: (i. 8.) 

but DEF was shewn to be a right angle ; 

therefore also DBF is a right anele: (i. ax. 1.) 

and BF, if produced, is a mameter ; 

end the straight line which is drawn at right angles to a diameter, 

from the extremity of it, touches the circle ; (in. 16. Cor.) 

therefore DB touches the circle AJaC. 

Wherefor«|iffroiiiapouity&o. aB.D 
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Iir the Third Book of the Elements are demonstrated the moet 
elementary properties of the eircle, assuming all the properties of figures 
demonstrated in the Firsthand Second Books. 

It may be worthy of remark, that the word circle will be found some- 
times taken to mean the surface included within the circumference, and 
sometimes the ci^ctanference itself, Euclid has employed the word (vf/oi- 
ipiptia) periphery^ both for the whole, and for a part of the circumference 
of a circle. If the word circtmiferenee were restricted to mean the whole 
circumference, and the word are to mean a part of it^ ambiguity might 
be aroided when speaking of the circumference of a circle, wh^e only 
a part of it is the subject imder consideration. A circle is said to 
be given in position, when the position of its center is known, and 
in magnitude, when its radios is known. 

Def. I. And it may be added, or of which the circumferences are 
equal. And conversely: if two circles be equal* their diameters and 
radii are equal ; as also their circumferences. 

Def. I. states the criterion of equal circles. Simson calls it a theorem ; 
and Euclid seems to have consiaered it as one of those theorems, or 
axioms, which might be admitted as a basis for reasoning on the equality 
of circles. 

Def. II. There seems to be tacitly assumed in this definition, that a 
straight line, when it meets a circle and does not touch it, must necessarily, 
when produced, cut the circle. 

A straight line which touches a circle, is called a tangent to the circle ; 
and a straight line which cuts a circle is called a secant, 

Def. IV. The distance of a straight line from the center of a circle 
is the distance of a point from a straight line, which has been already 
explained in note to Prop.xi. page 53. 

Def. Ti. X. An arc of a circle is any {portion of the circumference ; 
and a chord is the straight line joining the extremities of an arc. Every 
chord except a diameter divides a circle into two unequal segments, 
one greater than, and the other less than a semicircle. And in the same 
manner, two radii drawn from \\e center to the circ\miference, divide 
the circle into two unequal sectors which become equal when the two 
radii are in the same straight line. As Euclid, however, does not notice 
re-entering angles, a sector of the circle seems necessarily restricted 
to the figure which is less than a semicircle* A (quadrant is a sector 
whose radii are perpendicular to one another, and which contains a fourth 
part of the circle. 

Def. vn. No use is made of this definition in the Elements. 

Def. XI. The definition of similar segments of circles as employed in 
the Hiird Book is restricted to such segments as are also equal. Props. 
XXIII. and xxnr. are the only two instances, in which reference is made 
to similar segments of circles. 

Prop. I. ** Lines drawn in a circle," always mean in Euclid, such 
lines only as are terminated at their extremities by the circumference. 

If the point G be in the diameter CE, but not coinciding with the 
point Ft the demonstration given in the text does not hold good. At 
the same time, it is obvious that O cannot be the centre of Uie circle^ 
beoanso QC is not eqiuU to GB. 

h6 
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Indirect demoiutrations are more frequently employed in the Third 
Book than in the Pirst Book of the Elements. Of the demonstrations 
of the forty> eight propositions of the First Book, nine are indirect : but 
of the thirty-seven of the Third Book, no less than fifteen are indirect 
demonstrations. The indireet is, in general, less readily appreciated 
by the learner, than the direct form of demonstration. The indirect form, 
however, is equally satisfactory, as it excludes every assumed hypothesis 
as Mse, except that which is made in the enunciation of the proposition. 
It may be here remarked that Euclid employs three methods of de- 
monstrating converse propositions. First, by indirect demonstrations as 
in Euc. I. 6 : iii. 1, &c. Secondly, by shewing that neither side of a 
possible alternative can be true, and thence inferring the truth of the 
proposition, as in Euc. i. 19, 25. Thirdly, by means of a construction, 
thereby avoiding the indirect mode of demonstration, as in Euc. i. 47 . 
III. 37. 

Prop. n. In this proposition, the circumference of a circle is proved 
to be essentially different from a straight line, by shewing that every 
straight linejoining any two points in the arc falls entirely within the 
circle, and can neither coincide with any part of the circumference, nor 
meet it except in the two assumed points. It excludes the idea of the 
circumference of a circle being flexible, or capable under any circum- 
stances, of admitting the possibility of the line falling outside the circle. 
If the line could fall partly within and partly without the circle, the 
circumference of the circle would intersect the line at some point between 
its extremities, and any part toUhout the circle has been shewn to be 
impossible, and the part within the circle is in accordance with the 
enunciation of the Proposition. If the line could fall upon the cir- 
cumference and coincide with it, it would follow that a straight line 
coincides with a curved line. 

From this proposition follows the corollary, that <'a straight line 
cannot cut the circumference of a circle in more points than two. ' 

Commandine's direct demonstration of Prop. ii. depends on the fol- 
lowing axiom, *' If a point be taken nearer to the center of a circle than 
the circumference, that point falls within the circle." 

Take any point E in AB, and join D^, DE, DB, (fig. Euc. iii. 2.) 

Then because DA is equal to Dfi in the triangle DAB ; 

therefore the angle DAB is equal to the angle DBA ; (i. 5.) 

but since the side AE of the triangle DAE is produced to B^ 

therefore the exterior angle DEB is greater than the interior and opposite 

angle DAE\ (i. 16.) 

but l^e angle DAE is equal to the angle DBE^ 

therefore the angle DEB is greater than the angle DBE, 

And in every triangle, the greater side is subtended by the greater angle: 

therefore the side DB\s greater than the side DB\ 

but DB from the center meets the circumference of the circle, 

therefore DE does not meet it. 

Wherefore the point E falls within the circle : 

and E is any point in the straight line AB : 

therefore the straight line AB falls within the circle. 

Prop. vii. and Prop. viii. exhibit the same property ; in the former, 

the point is taken in the diameter, and in the latter^ in the diameter 

produced. 

Prop. viii. An arc of a circle is siud to be convex or concave yni!tL 
respect to a point, according as the straight Unes drawn from the point 



\ 
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JBMt Hm mdtttU OK insidB of the drcoUr arc ; and the two points found 
in the drcnmference of a circle by two straight lines drawn from a gi^en 
point to touch the circle, divide the circumference into two portions, one 
of which is convex and the other concave, with respect to the given point. 

Prop. IX. This appears to follow as a CoroUarv from Euc. iii, 7. 

Prop. XT. and Prop. xii. In the enunciation it is not asserted that 
the contact of two circles is confined to a single point. The meaning 
appears to be, that supposing two circles to touch each other in any 
point, the straight line which joins their centers being produced, shall 
pass through that point in which the circles touch each other. In 
Prop. xiii. it is proved that a circle cannot touch another in more points 
than one, by assuming two points of contact, and proving that this is- 
impossible. 

Prop. XIII, The following is Euclid's demonstration of the case, in 
which one circle touches another on the inside. 

If possible, let the circle EBF touch the circle ABC on the inside, 
in more points than in one point, namely in the points B, D, (fig. Euc. 
III. 13.) Let P be the center of the circle ABC^ and Q the center of BB F 
Join P, Q; then PQ produced shall pass through the points of contact 8, Z). 
Por since P is tbe center of the circle ABC, PB is equal to PD, but PB 
is greater than QD, much more then is QB greater than QD, Again, 
aince the point Q is the center of the circle EBF, QB is equal to QD ; but 
QB has been shewn to be greater than Q D, which is impossible. One ch'cle 
therefore cannot touch anotheron the inside in more points than in one point. 

Prop. XVI. may be demonstrated directly by assuming the following 
axiom ; <* If a point be taken further from the center of a circle than the 
circumference, that point falls without the circle." 

If one circle touch another, either internaily or extcmaUy, the two 
circles con have, at the point of contact, only one common tangent. 

Prop. XVII. THxen the given point is without the circumference of 
the given circle, it is obvious that two equal tangents may bo drawn 
from the given point to touch the oircle, as may be seen from the diagram 
to Prop. VIII, 

The best practical method of drawing a tangent to a circle from a given 
point without the circumference, is the following : join the given point 
and the c^ter of the circle, upon this line describe a semicircle cutting 
the given circle, then the line drawn from the given point to the inter- 
section will be the tangent required. 

Circles are called concentric eiroies when they have the same center. 

Prop, xviii. appears to be nothing more than the converse to Prop. 
XVI., because a tangent to any point of a circumference of a circle is a 
straight line at right angles at the extremity of the diameter which meets 
the curcumference in that point. 

Prop. XX. This proposition is proved by Euclid only in the case in 
M'hich the angle at the circumference is less than a right angle, and the 
demonstration is free from objection. If, however, the angle at the cir- 
cumference be a right angle, the angle at the center disappears, by the 
two straight lines from the center to the extremities of the arc becoming 
one straight line. And, if the angle at the circumference be an obtuse 
angle, the angle formed by the two lines from the center, does not stand 
on the same arc, but upon the arc which the assumed arc wants of the 
whole circumference. 

If Euclid's definition of an angle be strictly observed, Prop. xx. is 
^ometrically tme, only when the angle at the center is leas than two 
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right angles. If, however, the defect of an angle from four right anglet 
may be regarded as an angle, the proposition is nniyersally true, as mar 
be proved by drawing a line from the angle in the circumference throueh 
the center, and thus forming two angles at the center, in EucUd'i stnet 
sense of the term. 

In the first case, it is assumed that, if there be four magnitudes, such 
that the first is double of the second, and the third double of the fourth, 
then the first and third together shall be double of the second and fourth 
together : also in the second case, that if one magnitude be double of 
another, and a part taken from the first be double of a part taken from 
the second, the remainder of the first shall be double the remainder of 
the second, which is, in fact, a particular case of Prop. t. Book ▼. 

Prop. XXI. Hence, the locus of the vertices of all triangles upon the 
same base, and which have the same vertical angle, is a circular arc 

Prop. xxiT. The converse of this Proposition, namely : If the oppo- 
site angles of a quadrilateral figure be eoual to two right angles, a circle 
can be described about it, is not proved by Euclid. 

It is obvious from the demonstration of this proposition, that if any 
side of the inscribed figure be produced, the ekterior angle is equal 
to the opposite angle of the figure. 

Prop. XXIII. It is obvious from this proposition that of two circular 
segments upon the same base, the larger is that which contains the 
smaller angle. 

Prop. XXV. The three cases of this proposition may be reduced to one, 
by drawing any two contiguous chords to the given arc, bisecting them, 
and from the points of bisection drawing perpendiculars. The jpoint in 
which they meet will be the center of the circle. This problem is equi- 
valent to tnat of finding apoint equally distant from three given points. 

Props. XXVI— XXIX. The properties predicated in these four proposi- 
tions with respect to e^ttal circles, are also true when predicated of 
the same circle. 

Prop. XXXI. suggests a method of drawing a line at right angles to 
another when the given point is at the extremity of the given line. And 
that if the diameter of a circle be one of the equal sides of an iaoBcelea 
triangle, the base is bisected by the circumference. 

Prop. XXXV. The most general case of this Proposition might have 
been first demonstrated, and the other more simple cases deduced from it. 
But this is not Euclid's method. He always commences with the more 
simple case and proceeds to the more difficult afterwards* The following 
process is the reverse of Euclid's method. 

Assuming the construction in the last fig. to Euc. m. 35. Join FA, FD, 
Rnd draw FK perpendicular to ^C, and FL perpendici^lar to BD» 
Then (Euc. ii. 6.) the rectangle AE, EC with square on EK is equal to 
tho square oaAKi add to these equals the square on FKi therefore the 
ri-rtangle AE, EC, with the squares on EK, FK, is equal to the squares 
on AK, FK, But the squares on EK, F/T are equal to the square on EF, 
aiid the squares on A K, FK are equal to the square on AF, Hence the 
rectangle AE, EC, with the square on EF is eqaal to the square on AF. 

In a similar way may be shewn, that the rectangle BE, ED with the 
square on EF is equal to the square on FD, And the square on FD is 
equal to the square on AD, wherefore the rectangle AE, EC with the 
square on EF is equal to the rectangle BE, K/t with the square on EF, 
Take from these equals the square on EF^ and the leotaogle AB^'iiO 
is equal to the reetangle BEt ED% 
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Tlie other more eiinple eaiee may eaaU j be deduced from this general 
eaee. 

The coiiTerse is not proyed by Euclid ; namely*— If two straight lines 
Intersect one another, so that the rectangle contained by the parts of 
one is equal to the rectangle contained by the parts of the other ; then 
a drole may be described passing through the extremities of the two 
lines. Or, m other words :— If the diagonals of a quadrilateral figure 
intersect one another* so that the rectai^^le contained by the segments 
of one of them is equal to the rectangle contained by the segments of the 
other ; then a circle may be described about the quadrilatend. 

Prop, zxxyi. The oonyerse of the corollary to this proposition may 
be thus stated : — If there be two straight lines, such that, when pro- 
duced to meet, the rectangle contained by one of the lines produced, and 
the part produced, be equal to the rectangle contained by the other 
line produced and the part produced; then a circle can oe described 
passing through the extremiues of the two straight lines. Or, If two 
opposite sides of a quadrilateral Hfvae be produced to meet, and the 
rectangle contained by one of the sides produced and the part produced, 
be eqiutl to the rectangle contained by the other side produced and the 
part produced ; then a circle may be described about the quadrilateral 
figure. 

Prop, xxxyn. The demonstration of this theor^n may be made 
shorter by a reference to the note on Euclid in. Def. 2 : for if DB meet 
the circle in B and do not touch it at that point, the line must, when 
produced, cut the circle in two points. 

It is a circumstance worthy of notice, that in this proposition, as well 
as in Prop, xLyiii. Book i. Euclid departs from the ordinary ex absurdo 
mode of proof of conyerse propositions. 
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1. DvFTNB accurately the terms radiuSf are^ otreumferenee^ chord, tecani. 

2. How does a aector differ in form from a iCjfmitU of a circle } Are 
they in any case coincident ^ • • 

3. What is Euclid's criterion of the equality of two circles? What 
is meant by a giyen cirde? How many points are necessary to deter- 
mine the magnittide andpoiition of a circle r 

4. When are segments of cirdes said to be similar ? Enunciate the 
propositions of the Th^ ^ook of Euclid, in which this definition is em- 
ployed. Is it employed in a restricted or general form } 

6, In how many points can a circle be cut by a straight line and by 
another circle } 

6. When are straight lines equally distant from the center of a circle } 

7. Shew tixe necessity of an mdirect demonstration in £uc. in. I. 

8. Eind the centre of a giyen circle without bisecting any straight 
Bne. 

9. 8h«w.1hat if the circumference of one of two equal circles pass 
through the center of the other, the portions of the two circles, each of 
which lies widioat the eircumference of ihe other circle, are equal. 

10. If a straight line passing thrcmgh the center of a circle bisect a 
straight line in it» it shall cut it at right angles. Point out the excep- 
tion ; and shew that if a straight line bisect tiie arc and base oi a seg^oaent 
of ft eirde^ it inll» when produced, past through the center. 
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11. If any point be taken within a eircle, and a right line be drawn 
from it to the circumference, how many lines can generally be drawn 
equal to it ? Draw them. 

12. Find the shortest distance between a circle and a given straight 
line without it. 

13. Shew that a circle can only haye one center, stating the axioms 
upon which your proof depends. 

14. AVh}' would not the demonstration of Euo* m. 9, hold good, if 
there were only two such equal straight lines ^ 

1 5 . Two parallel chords in a circle are respectirely six and eipht inches 
ip length, and one inch apart ; how many inches is the diameter in length i 

16. Which is the greater chord in a circle whose diaxneter is 1 incnes ; 
that whose length is 6 inches, or that whose distance from the center is 
4 inches ? 

17. 'NVhat is the locus of the middle points of all equal straight lines 
in a circle } 

18. The radius of a circle BCDGF, (fig. Eue. m. 15.) whose center 
is £, is equal to five inches. The distance of the line FG from the center 
is four inches, and the distance of the line BC from the center is three 
inches, required the lengths of the lines FG, BC, 

19. If the chord of an arc be twelve inches long, and be divided into 
two segments of eight and four inches by another chord : what is the 
length of the latter chord, if one of its segments be two inches ? 

*20. What is the radius of that circle of which the chords of an arc 
and of double the arc are five and eight inches respectively } 

21. If the chord of an arc of a circle whose diameter is 8| inches, 
be five inches, what is the length of the chord of double the arc of the 
same circle } 

22. State when a straight line is said to touch a circle, and shew 
from your definition that a straight line cannot be drawn to touch a circle 
from a point within it. 

23. Can more circles than one touch a straigfht line in the same 
point ? 

24. Shew from the construction, Euc. in. 17, that two equal straight 
lines, and only two, can be drawn touching a given circle from a given 
point without it : and one, and only one, from a point in the cir- 
cumference. 

25. What is the locus of the centers of all the circles which touch 
a straight line in a given point } 

26. How may a tangent be drawn at a given point in the circum* 
ference of a circle, without knowing the center } 

27. In a circle place two choras of given length at right angles to 
each other. 

28. Prom Euc. ni. 19, shew how many circles equal to a given 
circle may be drawn to touch a straight line in the same point, 

29. Enunciate Euc. in. 20. Is this true, when the base is greater 
than a semicircle i If so, why has Euclid omitted this case i 

30. The angle at the center of a circle is double of that at the circum- 
ference. . How will it appear hence that the angle in a semidrole is a right 
angled 

31. What conditions are essential to the possibility of the inscription 
and circumscription of a circle in and about a quadrilateral figure ? 

32. What conditions are requisite in order that a parallek>gram may 
1)e inscribed in a circle i Are there any analogue conditions requisite 
that a parallelogram may be described about a circle ? 

33. Define the an|;i« in a segment of a circle, and the angle on a seg* 
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ment ; and shew that in the same circle, they are together equal to two 
right angles. 

34. State and prove the converse of Euc. nx. 22. 

35. All circles which pass through two given points hove thnr centers 
in a certain straight line. 

36. Describe the circle of which a siven segment is a part. Qive 
Euclid's more simple method of solving &e same problem independently 
of the magnitude of the given segment. 

37. In the same circle equiu straight lines cut o£f equal circumfer- 
ences. If these straight lines have any point common to one another, it 
must not be in the circumference. Is the enunciation given complete ? 

38. Enimciate Euc. in. 31, and deduce the proof of it from Euc. in. 20, 

39 . What is the locus of the vertices of all right-angled triangles which 
can be described upon the same hypotenuse ? 

40. How may a perpendicular be drawn to a given straight line from 
one of its extremities without producing the line t 

41. If the angle in a semicircle be a right angle; what is the angle 
in a quadrant ? 

42. The sum of the squares of any two lines drawn from any point 
in a semicircle to the extremity of the diameter is constant. Express 
tlfat constant in terms of the radius. 

43. In the demonstration of Euc. in. 80, it is stated that " equal 
straight lines cut off equal circumferences, the greater equal to the greater, 
and the less to the less :" explain by reference to the diagram the meaning 
of this statement. 

44. How many circles may be described so as to pass through one, 
two, and three given points ? In what case is it impossible for a circle 
to pass through three given points } 

46, Compare the circumference of the segment (Euc. m. 33.) with 
the whole circumference when the angle contained in it is a right angle 
and a half. 

46. Include the four cases of Euc. ni. 35, in one general proof. 

47. Enunciate the propositions which are converse to Props. 32, 85 
of Book III. 

48. If the position of the center of a circle be known with respect 
to a given point outside a circle, and the distance of the circumference to 
the point be ten inches : what is the len^h of the diameter of the cirdci 
if a tangent drawn from the given point oe fifteen inches ? 

49. If two straight lines be drawn from a point without a circle, and 
be both terminated by the concave part of the circumference, and if 
one of the lines pass through the center, and a portion of the othet 
line intercepted by the circle, be equal to the radius : find the diameter 
of the circle, if the two lines meet Uie eonvex part of the circumference^ 
a, b, units respectively from the given point. 

50. Upon what propositions depends the' demonstration of Euo. nt 
Z5} Is any extension made of this proposition in the Third Book ? 

51. What conditions must be ftUfilled that a circle may pass through 
iawt given points } 

52. Why is it considered necessary to demonstrate all the separate 
cases of Euc. in. 35, 36, geometrically, which are comprehended in one 
formula, when expressed by Algebraic sVmbols } 

53. Enunciate the converse propositions of the Third Bdok of Euclid 
which are not demonstrated ex absurdo: and state the three methoda 
which Euclid employs in the demonstration of oonverse propositionib ii^ 
the First and Third Booka of the Elements, 
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PROPOSITION I. THEOREM. 



liT AB, CD he chords of a eirele at right angles to each other, prove that the 
sum ef the ores AC9 BD is equal to the sum of the arcs A D, BC. 

Biaw the diameter J'Ci'ir parallel to AB, and cutting CD In H» 

a4 




Then the arcs FDG and FCG are each half the circumference. 

Also since Ci>is bisected in the point J^, 

the arc FD is equal to the arc FC, 

and the are FD is equal to the arcs FA^ AD, of which, AF u 

equal to ^G', 

therefore the arcs AD, BO are equal to the are FC; 

add to each CO, 
therefore the arcs AD, BC ace equal to the arcs FC, CO, which make 
up the half circuniference. 
Hence also the arcs A C, DB are equal to half the circumference. 
Wherefore the arcs AD, BCue equal to the arcs wiC, DB» 

PROPOSITION n. PROBLEM. 

The diameter of a drcU hawng been produced to a given point, it is required 
to find in the part produced a point, from which if a tangent be draum to the 
circle, it shall be equal to the segment of the part produced, that is, between the 
given point and the point found. 

Analysis. Let ABB be a circle whose center is C, and whose dia- 
meter AB is produced to the given point 2>. 

Suppose that G is the point required, such that the segment GD 
is equal to the tangent GjB drawn from G to touch the circle in E, 




Join DJE and produce it to meet the circumference again in Fi 

join also CJE and CF. 

Then in the triangle GDF, because GD is equal to G£, 

therefore the angle GSD is. equal to the angle GDEi 
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and because CE is equal to CF, 
the angle CJEFis equal to the angle CFB; 
therefore the angles CEF, GED are equal to the angles CFBt 
QDE: 

but since GE is a tanp;ent at E, 
therefore the angle CEO is a right angle, (iii. 18.) 
hence the angles CEF^ GEF&re equal to a right angle, 
and consequently, the angles CFE, EDO are also equal to a right 

an^le, 
wherefore the remaining angle FCD of the triangle CFD is a right 
angle, 

and therefore CFis perpendicular to ^2). 
Synthesis. From the center C, draw CF perpendicular to AD 
meeting the circumference of the circle in F\ 

join D J* cutting the circumference in jE> 
join also CE^ and at E draw EG perpendicular to CE and inter- 
secting BB in G* 

Then Q will be the point required. 
For in the triangle CFDy since FCB is a right angle, the angles 
CFD^ CDF are together equal to a right angle ; 

also since CEG is a right angle, 
therefore the angles CEF, GED are together equal to a right 

- angle; 
therefore the angles CEF, GED are equal to the angles CFD, 
CDFi 

but because CE is equal to CFt * 
the angle CEF is equal to the angle CFD, 
wherefore the remaining angle GED is equal to the remaining 

angle CDF, 
and the side GD is equal to the eade GE of the triangle EGD, 
therefore the point * G is determined according to the required 
conditions. 

PROPOSITION III. THEOKEM. 

1/ a chord rf a circle he produced till the part produced be equal to the 
radius f and if from its extremity a line be draum through the center and 
meeting the convex and concave circumferenceSf the convex it one-third qf the 
concave circumference. 

Let AS any chord be produced to C, so that ^C is equal to the 
radius of the circle : 



AZ 


/^ 


■^'' 


I 


^^ 




Er 




■^/a 



**^d let CE be drawn from C through the center D, and meeting 
the convex circumference in F, and the conca%'e in E. 
Then the arc BF is one-third of the arc AE. 
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' Draw EG parallel to AB, ai^d join DB, DO. 

Since the angle I) EG is equal to the angle DQE\(i, 6.) 

and the angle GDFis equal to the anjg^les £EG, DGE; (l. 32.) 

therefore the angle GDC is double of the angle DEu. 

But the angle BDCia equal to the angle BuD, (i. 6,) 

and the angle CEG is equal to the alternate angle A CE ; (I. 29.) 

therefore the angle GDC is double of the angle CDB, 

add to the^e eouals the angle CDB, 

therefore the whole angle ofDB is treble of the angle CDBf 

but the angles GDB, CDB at the center D, are subtended by the 

arcs BFf BGj of which BG is equal to .^^. 
Wherefore the circumference AE is treble of the circumference 
BF, and BF is one-third of AE. 

Hence niay be solved the following problem : 
AE, BF Sire two arcs of a circle intercepted oetween a chord and 
a given diameter. Determine the position of the chord, so that one 
arc shall be triple of the other. 

PROPOSITION IV. THEOREM. 

AB, AC and ED art tangentt to ika eirele CFB; ai whatever pohtt- 
betsveen^C, anfl B the tangent CFD u dravm, the three eidet of the triangle 
A ED are equal to twice AB or twice AC: alto the angle subtended by the 
tangent EFD at the center iff the circle^ is a constant quantity. 

Take G the center of the circle, and join GB, GE, GF, GD, QCL 
Then EB is equal to EF, and DC to DF^ (in. 37.) 




therefore ED is equal to EB and DOy 

to each of these add AEt AD^ 

wherefore AD^ AE. ED are equal to AB, A0\ 

and ABis equal to 4 C, 

therefore AD, AE, ED are equal to twice AS, or twice ACi 

or thi& pelvimeter of the triangle A ED is a constant quantity. 

Again, the angle EGFib half of the angle BOF, 

and the angle DGF'i^ half of the angle CGF, 

therefore the angle DOE is half of the angle COB, 

or the angle subtended by the tangent ^Z>at 0, is half of the angle 

contained between the two radii which meet the circle at the points 

where the two tangents AB, AC meet the circle. 

PROPOSITION V. PROBLEM. 

«#' 
Ohfen the bate, the vertical angk, ami the perpendicular <» a plane triangle^ 
ft construct U. 
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Upon the eiven base AB. describe a segment of a circle containing 
as angle equfU to the giyen angle, (ni. 33.) 




At the point S draw J? C perpendicular to ^J?, and equal to the 
altitude of the triangle. (L 11, 3.) 

Through C, draw CDE parallel to AJB, and meeting the eircom- 
ference in D and £. (i. 31.) 

Join DA, DB\ also EA, EB\ 
then EAB or DAB is the triangle required. 
It 18 also maniiest, that if CDE touch the circle, there will be only 
one triangle which can be constructed on the baae AB with the gite^' 
altitude. 



PROPOSITION VI. THEOREM. 

Iftwoeh^dtrfacitcleuUer$eei4achotherairight angles either witMn tr 
without the circle, the turn of the equaret described upon the four segmont$. If 
equni to the square described upon the diameter, » 

Let the chords AB^ CD intersect at right angles in B^ 

A 




k... 



B F 

Draw the diameter AF„ and join A C, AD, CF, DB, 
Then the angle A CF in a semicircle id a right- angle, (ill. 31.) 

and equal to the angle AED: 
also the angle ADC is equal to the angle AFC (in. 21.) 
Hence in the triangles ADE, y4/-C, there are two angled in tne one 
respectively "equal to two angles in the other, 

consequently, the third angle CAF is equal to the third angle 
DAB, 

therefore the arc DB is equal to the arc CF, {\n. 26.) 

a^d Aerefore also the^ chord i)Jy is equal to the chord CF, (iii, 29.) 

Because ^£C is a right-angled triangle, 

the squares on AE, EC Are equal to the square on AC; (I. iT.) 

similarly, the squares oaDE, aB, are equiilao the square on DB; 

therefore the squares on AE^ EC, DE, EBl axe equal to the squares 

(mACDBi 

but .DB wan proved equal to FC, 
and the squares on A C, FC are equal to the square on AP\ 
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wherefore the squares on A£, EC, DE, EB, are equal to the square 

on AFf the diameter of the circle. 
When the chords meet without the circle, the property is proved 

in a similar manner. 



I I. 

7. Through a ffiven point within a circle, to draw a chord which 
sdall be bisected in that point, and prove it to be the least 

8. To draw that diameter of a given circle which shall pass at a 
g^ven distance from a given point. 

9. Find the locus of th^ middle points of any system of parallel 
' chords in a circle. 

10. The two^traight lines which join the opposite extremities of 
two parallel chords, intersect in a point in that diameter which is 
perpendicular to the chords. 

11. The straight lines joining towards the same parts, the extre- 
mities of any two lines in a circle equally distant from the center, are 
parallel to each other. 

12. Af By C, A'i B*f C are points on the circumference of a circle ; 
if the lines AB, A Che respectively parallel to A'B', A'C, shew that 

• -BC is parallel to -B'C. 

13. Two chords of a circle being given in poi^ition and magnitude, 
describel the circle. 

14. Two circles are drawn, one lying within the other ; prove that 
' ~no chord to the outer circle can be bisected in the point in which it 

touches the inner, unless the circles are concentric, or the chord be 
perpendicular to the common diameter. If the circles have the same 

' center, shew that every chord which touches the inner circle is bisected 

' in the point of contact. 

15. Draw a chord in a circle, so that it may be double of its per- 
\ pendicular dist^ance from the center. 

16. The arcs mtercepted between kny two parallel chords in a cii'cle 
are equal. 

17. If any point P be taken in the plane of a circle, and PA^ 
'PB, PC,.. he drawn to any number of points A^ B^ C,.. situated 

sjTnmetrically in the circumference, the sum of PA, PB,.,iB least 
' when P i3 at the center of the circle. 

11. 

18. The sum of the arcs subtending the vertical angles made by 
any two chords that intersect, is the same, as long as the angle of inter- 
section is the same. 

19. From a point without a circle two straight lines are drawn 
cutting the convex and concave circumJerenees, and also respectively 
parallel to two radii of the circle. Prove that the difference of the 
conca^ye and convex arcs intercepted by the cutting lines, is equal to 
twice the arc intercepted by the radii. 

20. In a circle with center 0, any two chords, AB, CD are drawn 
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cutting In U, end OA, OB, OCy OB are joined ; prove that the angles 
AOC+BOD^2.AEC,SindAOD^^JDOC=2,A£:D. , . 

21. If from any point without" a circle, lines be drawn cutting the 
circle and making equal angles with the longest line, they will cut oS 
squal segments. 

22. If the corresponding extremities of two intersecting chorda of 
a circle be joined, the triangles thus formed will be equiangular. 

23. Through a ^iven point within or without a circle, it is require^ 
to draw a straight line cutting off a segment containing a given angle. 

24. If on two lines containing an angle, segments of circles be 
described containing angles equal to it, the lines produced will touch 
the segments. 

25. Any segment of a circle being described on the base of a tri- 
angle ; to describe on the other sides segments similar to that on the 
base. 

26. If an arc of a circle be divided into three equal parts by three 
straight lines drawn from one extremity of the arc, the angle cozi- 
tained by two of the straight lines is bisected by the third. 

27. If the chord of a given circular segment be produced to k 
fixed point, describe upon it when so produced a segment of a.^cirqle 
which shall be similar to the given segment, and aheY that the tifo 
segments have a common tangent. 

28. HAD, CE be drawn perpendicular to the sides BCiA'B ctf 
the triangle ABC, and I)E be jomed, prove that the angles AB% 
and A CE are equal to each other. 

29. If from any point in a circular arc, perpendiculars be let fall 
on its bounding raaii, the distance of their feet is invariable* 

IIL 

80. If both tangents be drawn (fig. Euc. iii. 17.) and the points 
of contact joined by a straight line which cuts EA in H, and on HA 
as diameter a circle be described, the lines drawn through E to touch 
this circle will meet it on the circumference of the given circle. 

31. Draw, (1) perpendicular, (2) parallel to a given line, a line 
touching a given circle. 

32. If two straight Knes intersect, the centers of all circles that 
can be uiscribed between them, he in two lines at right angles to each 
other. 

33. Draw two tangents to a given curcle, which shall contain an 
angle equal to a given rectilineal angle. 

34. Describe a circle with a ^iven radius touchmg a given line, and 
80 that the tangents drawn to it from two given points in this line 
may be parallel, and shew that if the radius vary, the locus of tbe 
centers of the circles so described is a circle. 

35. Determine the distance of a point from the center of a given 
circle, so that if tangents be drawn from it to the circle, the concave 
part of the circumference may be double of the convex. 

36. In a chord of a circle produced, it is required to find a point, 
from which if a straight hue be drawn touching the chcle, the hoe so 
drawn shall be equal to a given straight line. 
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87. Find a point irithout a giren circle, euch that the mm of tbe 
fWD. lines drawn iropi it touching the circle, aball be equal to the line 
drawn horn it through the center tii meet the circle. 

38. If from a point without a circle two tansents be drawn i the 
itraight line which joins the points of conl&ct will he bisected at right 
ftngles by a line drawn from the center to the point without the circle. 

39. If tangents he drawn at the extremities of any two diameten 
of a circle, and produced to intersect one another; the straight lines 
JQining the opposite points of intersection will both pass through 
the center. 

40. If frotii any point without a circle two lineg be drawn touching 
.th^ ,circle, and from the extremities of any diameter, lines be drawn to 
'aip point pf contact cutting each other wiihin the circle, the line -drawn 
iWiitt the points without the circle to the point of intersection, shall be 

diameter. 

of a circle be produced equally both wajB, and 
be drawn on opposite sides of it from its extre- 
g the points of contact bisects (be given ^ord. 
d, and ^D is a tangent to s circle at J. i>PQ 
AS meeting the circle in P and Q. ShSw that 
equiangular with the triangle QAB, 
lOint in the circumference of a pircle a chord end 
le peq)endiculara dropped upon theni frpln the 
tnid^e point of the subtended arc, ate equal to one another. 

iV, 

44. In a given straight Viae to find a point at which two other 
Btrtught lines being drawn to two given points, shall contain a right 

Jingle. Shew that if the distance between tbs tw9 given points be 
greater than the Bum of their distances from the given line, there will 
%e two such points; if equal, there may be oaLj one; if b4(, the 
problem may be impossible. 

45. Find the point in a given straight line at which the tangents 
to a given circle will contain the greatest angle. 

46. Of all straight tines which can be drawn from two ^ven points 
to meet in the convex circumference of a given circle, the sum of those 
two will be the least, which maiie e<jual angles with the tangent at the 
point of concourse. 

47. BF is a straight line touching a circle, and terminated by 
AD, BF, the tangents at the eitrnmities of the diameter AB, shew 
that the angle which JJ''Bubtends at tiie center is a right angle. 

48. If tangents Am, Bh be drawn at the extremities of the dia- 
meter of a semicircle, and any line in mPn crossing them and touching 
the circle in P, andif^iV,B3f be joined intersecting in Oand cutting 
the semicircle in E and F; shew that 0, P, and the point of intersec- 
tion of the tangents at £ and F, are in the same straight line. 

49. If irom a point P without a circle, any straight line be drawn 
cutting the circumference in A and B, shew that the slfaight lines 
Joining the points A and B with the bisection of the chord of contact 
of the tangents from P, make equal angles with that chord. 
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V. 

50. Deflcribe a ciitle Irhich shall phaa throligh a girm point and 
which shall touch a g[iVen straight line in a given point 

61. Draw a straight line which ^hall touch a given oiifclei and 
make a given angle with a given straight line. 

52. Describe a circle the eircttmference of whEieh shall pass through 
a given point ^nd touch a given circle in a giv^ "povaU 

53. i)escribe a circle with a given center* such that iMe circle so 
described and a given circle may touiih one an<»th^r intemally. 

54. Describe the circles Whi^ thall pals thttmgh a given point 
tnd touch two given straight lines. 

55. Describe a circle with a given oenteri cutting a given circle in 
the extremities of a diameter. 

56. Describe a cix^le whicll shall have its center in a ffiven straight 
line, touch anotlier given line, and pass thirough it fUta point m the 
first given line. 

57. The center of a given dtch is equidistant from two given 
atraiigbt lines ; to describe another circle which shall touch Une two 
straight lines and shall cut off from the given cifele a segmetit con- 
taining an angle equal to a given rectilineal angle. 

VI. 

58. If any two circles the centen of which are given, intersect 
eitch other, the greatest line which can be drawn through either point 
of intersection and terminated by the circles, is independent of the 
diameters of the circles. 

59. Two equal circles intersect, the lines joininff the points in 
which any straight line through one of the pomts of section, which 
nieets the circles with the other point of section, are equaL 

60. Draw through one of the points in which any two circles cut 
one another, a straight line which shall be terminated oy their circum- 
ferences and bisected in their point of section. 

61. Describe two circles with given radii which shall cut each 
other, and have the line between the points of section equal to a given 
line. 

62. Two circles cut each other, and from the points of intersection 
straight lines are drawn parallel to one another, the portions inter- 
cepted by the circumferences are equal. 

63. ACB, ADB are two segments of circles on the same base 
ABj take any point Cin the segment ACB) join AC, BC^ and pro- 
duce them to meet the segment ADB in D and E respectively : shew 
that the arc DE is constant. 

64. ADB, ACB, are the arcs of two equal circles cutting one 
another in the straight line AB, draw the chord ACD cutting the 
inner circumference in and the outer in D, such that AD and DB 
together may be double oi AC and CB together. 

65. If from two fixed points in the circumference of a circle, 
straight lines be drawn intercepting a given arc and meeting without 
the circle, the locus of their intersections is a circle. 
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66. If two circles intersect, the common chord produced bisects 
the common tangent. 

67. Shew that, if two circles cut each other, and from any point 
in the straight line produced, which joins their intersections, two tan- 
gents be drawn, one to each circle, they shall be equal to one another. 

68. Two circles intersect in the points A and B \ through A and 
B any two straight lines CAD^ EBF^ are drawn cutting the circles in 
the points C, 2), Ey JPj prove that CE is parallel to DF, 

69. "Two equal circles are drawn intersecting in the points A and 
B, a third circle is drawn with center ^ and any radius not greater 
than AB intersecting the former circles in D and C, Shew that the 
three points, B, C, D lie in one and the same straight line. 

70. If two circles cut each other, the straight line joining their 
centers will bisect their common chord at right angles. 

71. Two circles cut one another ; if through a point of intersection 
a straight line is drawn bisecting the angle between the diameters at 
that point, this line cuts off 'similar segments in the two circles. 

72. ACBf APB are two equal circles, the center of ABB being 
on the circumference of ACB, AB being the common chord, if any 
-chord ^C of ^Ci? be^produced to cut APB in P, the triangle PBC 
is equilateral. 

VII. 

73. If two circles touch each other externally, and two parallel 
lines be drawn, so touching the circles in points A and B respectively 
that neither circle is cut, then a straight line AB will pass through 
the point of contact of the circles. 

74. A common tangent is drawn to two circles which touch each 
other externally ; if a circle be described on that part of it which lies 
between the points of contact, as diameter, this circle will pass through 
the point of contact of the two circles, and will touch the line which 
joins their centers. 

75. If two circles touch each other externally or internally, and 
parallel diameters be drawn, the straight line joining the extremities 
of these diameters will pass through the point of contact. 

76. If two circles touch each other internally, and any circle be 
described touching both, prove that the sum of the distances of its 
center from the centers of the two given circles will be invariable. 

77. If two circles touch each other, any straight line passing 
through the point of contact, cuts off similar parts of their circumfe- 
rences. 

78. Two circles touch each other externally, the diameter of one 
being double of the diameter of the other ; through the point of con- 
tact any line is drawn to meet the circumferences of botn ; shew that 
the part of the line which lies in the larger circle is double of that in 
the smaller. 

79. If a circle roll within another of twice its size, any point in 
its circumference will trace out a diameter of the first. 

80. With a given radius, to describe a circle touching two given 
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81. Two equal circles touch one another externally, and through 
the point of contact chords are drawn, one to each circle, at right 
angles to each ; prove that the straight line joining the other extre- 
mities of these cnords is equal and parallel to the straight line joining 
the centres of the circles. 

82. Two circles can he described, each of which shall touch a 
given circle, and pass through two given points outside the circle ; 
shew that the angles which the two given points subtend at the two 
points of contact, are one greater and the other less than that which 
they subtend at any other point in the given circle. 



vm. 

83. Draw a straight liriC which shall touch two given circles; 
(1) on the same side ; (2) on the alternate sides. 

84. If two circles do not touch each other, and a segment of the 
line joining their centers be intercepted between the convex circum- 
ferences, any circle whose diameter is not less than that segment may 
be so placed as to touch both the circles. 

85. Given two circles : it is required to find a point from which 
tangents may be di*awn to each, equal to two given straight lines. 

86. Two circles |ire traced on a plane; draw a straight line 
cutting them in such a manner that the chords intercepted within the 
circles shall have given lengths. 

87. Draw a straight line which shall touch one of two given circles 
and cut off a given segment from the other. Of how many solutions 
does this problem admit ? 

88. If from the point where a common tangent to two circles 
meets the line joining their centers, any line be drawn cutting the 
circles, it will cut off similar sec^ments. 

89. Xo fii^d a point P, so mat tangents drawn from it to the out- 
sides of two equal circles which touch each other, may contain an angle 
equal to a given angle. 

90. Describe a circle which shall touch a given straight line at a 
given point, and bisect the circumference of a given circle. 

91. A circle is described to pass through a given point and cut a 
given circle orthogonally, shew tnat the locus of the center is a certain 
straight line. 

92. Through two giveif points to describe a circle bisectii^ the 
circumference of a given circle. 

93. Describe a circle through a given point, and touching a ^ven 
straight line, so that the chord joining the given point and point of 
contact, may cut off a segment containing a g^ven angle. 

94. To describe a circle through two given points to cut a straight 
line given in position, so that a diameter of the circle drawn through 
tiie point of intersection, shall make a given angle with the line. 

95. Describe a circle which should pass through two given points 
and cut a given circle, so that the chord of intersection may be of a 
given length. 
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IX. 

96. The circuiAference of one circle is wholly within that of an- 
other. Find the greatest and the least straight lines that can be drawn 
touching the former and terminated by the latter. 

97. Draw a straight line through two concentric circles, so that the 
chord terminated by the exterior circumference may be doulsle that 
terminated by the interior. What is the least value of the radius 01 
the interior circle for which the problem is possible ? 

98. If a straight line be drawn cutting any number of concentric 
circles, shew that the segments so cut off are not similar. 

99. If from any point in the circumference of the exterior of two 
concentric circles, two straight lines be drawn touching the interior 
«nd meeting the exterior ; the distance between the points of contact 
If iU be half that bc;tween the points of intersection. 

160. She% t^iat all equal straight lines in a circle will be touched 
by another circlp. 

101. Throu£;h a given point draw a atiraight line so that the part 
Intercepted by me circumference of a circle, shall be equal to a given 
straight line not greater than the diameter. 

102. Two circles are described about the same center, draw a chord 
to the out^ circle, which shall be divided into threie e^ual partd by the 
inner one. How is the possibility of the problem limited r 

103. Find a point without a given circle from whibh If two i^- 
gents be drawn to it, they shall contain an angle equal to a g;iven 
angle, and shew that the locus of this point is a circle concentric with 
the given circle. 

104. Draw two concentric circles such that those chords of the 
outer circle which touch the inner, may be equal to its diameter. 

105. Find a point in a given straight line &om which the tangent 
drawn to a given circle, is of given length. 

106. If any number of chords be drawn in the inner of two con- 
centric circles, from the same point A in its circumference, and each 
of the chords be then produced beyond A to the circumference of the 
outer circle, the rectangle contained by the whole line so produced 
and the part of it produced, shall be constant for all the cases. 

X. 

107. The circles described on the sides of any triangle as diameters 
will intersect in the sides, or sides produced, of the triangle. 

108. The circles which are described upon the sides of a right- 
angled triangle as diameters, meet the hypotenuse in the sameEpoint; 
ana the line drawn from the point of intersection to the center of either 
of the. circles will be a tangent to the other circle. 

, 109. If on the sides of a triangle circular arcs be described contain- 
ing angles whose sum is equal to two right angles, the triangle formed 
by the lines joining their centers, has its angles equal to those in the 
segments. 

110. The perpendiculars let fall from the three angles of any tri- 
angle upon the opposite sides, intersect each other in the same point. 

111. li AD, CJE be drawn perpendicular to the sides BC,AB of 
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^he triai^le ^SC, prove tliat the rectangle contained by BC and BD, 
IS equal to liie rectangle contained by BA and B£. 

112. The lines which bisect the vertical angles of all triangles on the 
same base and with the same vertical angle, dl intersect in one point, 

113. Of all triangles on the same base and between the same 
parallels, the isosceles nas the greatest vertical angle. 

114. It is required within an isosceles triangle to find a point such, 
that its distanee 4!roni one of the equal angles may be double itis dis- 
tance from the vertical angle. 

115. To find within an acute-angled triangle, a point from which, 
jf straight lines be drawn to the three angles of the triangle, they shafi 
make equal angles with each other. 

116. A flag-staff of a given height is erected on a to we? whos^ 
^,^gbt is also given : at what point on the horizon ij^ll the fl^g-itaff 
appear under the greatest possible angle ? 

117. A k|ider is ^^adually raised against a wclU j 'find the Ipt^A df 
its middle point. 

118. The triangle formed by the chord of a circle (produced 
px not) f the tangent at its extremity, and any line pe^e^cular 
to the diameter through its other extremity will.pe iso$celes. 

119. AI), BE are perpendiculars * from the angles -4 and Jf 
on the opposite sides of a triangle, BF perpendicular to £I> or JS'I} 
producea ; shew that the angle JUBJIt - £BA. 

XI. 

120. Tf three equal ci roles have a common point of interseottbn, 
pt^ve ihAttk «ta«ight line joining any two of the points cf intersection, 
will be perpendicular to the straight line joining the other two points 
of intersection. 

121. Two equal circles cut one another, and a third circle teaches 
each of these two equal circles externally: the straight line which joins 
the points of section will, if produced, pass through the center of the 
third circle. 

122. A number of circles touch each other at the same point, and a 
sisuight line is drawn -firom it cutting them : the straight Imes joining 
each point of intersection with the center of the citcle will be all parallel. 

123. If three circles intersect one another, two and two, the three 
chords joining the points of intersection shall all pass through one 
point. 

124. If three circles touch each other externally, and the three 
common tangents be drawn, these tangents shall intersect in a point 
equidistant from the points of contact of the circles. 

125. If two equal circles intersect one another in A and B, and 
from one of the points of intersection as a center, a circle be described 
which shall cut both ^f the equal circles, then will the other point of 
intersection, and the two points in which the third circle cuts th^ 
other two on the same side of AB, be in the same straight line. 

XIL 

126. Given the base, the vertical angle, and the difference of the 
sides, to construct the triangle. 

12 
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127. Describe a triangle, having given the vertical angle, and 
the segments of the base made by a line bisecting the vertical angle. 

128. Given the perpendicular height, the vertical angle and the 
sum of the sides, to construct the triangle. 

129. Construct a triangle in which the vertical angle and the 
difference of the two angles at the base shall be respectively equal to 
two given angles, and vmose base shall be equal to a given straight 
line. 

130. Given the vertical angle, the difference of the two sides con- 
taining it, and the difference of the segments of the base made by a 
perpendicular from the vertex ; construct the triangle. 

131. Given the vertical angle, and the lengths of two lines drawn 
from the extremities of the base to the points of bisection of the sided, 
to construct the triangle. 

• 132. Giverthe base, and vertical angle, to find the triangle whose 
.area is a maximum. 

133. Given the base, the altitude, and the sum of the two re? 
jnaining sides ; construct the triangle. 

134. Describe a triangle of given base, area, and vertical angle. 

135. Given tiie base and vertical angle of a triangle, find the 
locus of the intersection of perpendiculars to the sides from the ex- 
tremities of the base. 

XIIL 

136. Shew that the perpendiculars to the sides of a quadrilateral 
inscribed in a circle from their middle points intersect in a fixed point. 

137. ^ The lines bisecting any angle of a quadrilateral figure in- 
scribed in a circle, and the opposite exterior angle> meet in the ciz- 
cumference of the circle. 

138. If two opposite sides of a quadrilateral figure inscribed in a 
circle be equal, prove that the other two are parallel. 

139. Tne angles subtended at the center of a circle by any, two 
opposite sides of a quadrilateral figure circumscribed about it, are 
together equal to two right angles. 

140. Four circles are described so that each may touch internally 
three of the sides of a quadrilateral figure, t)r one side and the ad- 
jacent sides produced ; shew that the centers of these four circles will 
all lie in the circumference of a circle. 

141. One side of a trapezium capable of being inscribed in a sivea 
circle is given, the sum of the remaining three sides is given ; and also 
one of the angles opposite to the given side : construct it 

142. If the sides of a quadrilateral figure inscribed in a circle be 
produced to meet, and from each of the points of intersection a 
straight line be drawn, touching the circle, the squares of these tan- 
gents are together equal to the square of the straight line joining the 
points of intersection. 

143. If a quadrilateral figure be described about a circle, the 
sums of the opposite sides are equal ; and each sum equal to half the 
perimeter of tne figure. 

144. A quadrflateral ABCD is inscribed in a circle, BC and DO 
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are produced to meet AD and AB produced in E and J^. The angles 
ABCKndi ADC are together equal to AFC, AJSB, and twice the 
angle BAC. 

145. If the hypotenuse AB of a ri^ht-angled triangle ABC be 
bisected in />, and EDF drawn perpendicular to AB^ and DE, DF 
cut off each equal to DA, and CJE, C^ joined, prove that the last two 
lines will bisect the angle at C and its supplement respectively. 

146. A BCD is a quadrilateral figure 'inscribed in a circle. 
Throuffh its angular points tangents are drawn so as to form another 
quadrilateral figure FBLCuDEA circumscribed about the circle. 
Find the relation which exists between the angles of the exterior and 
the angles of the interior figure. 

147. The angle contained by the tangents drawn at the extremi- 
ties of any chord in a circle is equal to me difference of the angles in 
segments made by the chord : and also equal to twice the angle con- 
tained by the same chord and a diameter drawn frbm either of its 
extremities. 

148. IfABCD be a quadrilateral figure, and the lines AB, AC, 
AD be equal, shew that the angle BAD is double of CBD and CDB 
together. 

149. Shew that the four lines which bisect the interior angles of 
a quadrilateral figure, form by their intersections, a quadrilateral figure 
wmch can be inscribed in a circle. 

150. In a quadrilateral ii^ure ABCD is inscribed a second 
quadrilateral by joining the middle points of its adjacent sides ; a 
tiiird is similarly inscribed in the second, and so on. Shew that each 
of the series of quadrilaterals will be capable of being inscribed in a 
circle if the first three are so. Shew also that two at least of the 
opposite sides of ABCD must be equal, and that the two squares upon 
these sides are together equal to the sum of the squares upon the 
other two. 

XIV. 

151. If from any point in the diameter of a semicircle, there be 
drawn two straight lines to the circumference, one to the bisection of 
the circumference, the other at right angles to the diameter, the 
squares upon these two lines are together £)uble of the square upon 
the semi-diameter. 

152. If from any point in the diameter of a circle, straight lines 
be drawn to the extremities Of a parallel chord, the squares on these 
lines are together equal to the squares on the segments into which tlie 
diameter is divided. 

153. From a given point without a circle, at a distance from the 
circumference of the circle not greater than its diameter, draw a 
straight line to the concave circumference which shall be bisected by 
the convex circumference. 

154. If any two chords be drawn in a circle perpendicular to 
each other, the sum of their squares is equal to twice the square of 
the diameter diminished by four times the square of the line joining 
the center with their point of intersection. 
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155. Tvo poQBts are tak«B in tibe dimmeter of a drde aft any 

equal dhrtaneM from tKe eenter ; tlirongh one of theM draw any thora^ 
and join its extremitiee and the dt2i?r point. The triangle so linmed 
has the ram of the squares of its sides invariable. 

Id5. If chords drawn from any fixed point in the cirei aafer eBiee 
of a circle, be cut by another chord which is paralkl to t^ tangent 
at that point, the rectang-le contaiDed by each chord, and tlie part of 
it intercepted between the given pwnt and the given chord, is constant. 

157. If AB be a chord of a circle IncSined by half a right angle t9 
the tangent at A, and AC, AD be any two chozds equally incline ts 
AB,AC4AIJ^=2.AB'. 

lt>8. A chord POQ cuts the diameter of 3, circle in Q, in an angW 
equal to half a rijrht angle ; P(y^ 0<2"= 2 (rad.^. 

159. Let ACDB be a semicircle wbose diameter ia AB", and 
AD, BCziij two chords intersecting in P; prove that 

AB'^DA.AP^ CB.BP. 

160. If .<I91)C be any paialklogran, and if a drde be described 
passing through the point A^ and cutting the sidea AB^ AC^ and the 
diagonal AD, in the points F, G, H respectively, shew that 

AB.AF+AC.A€^^AD.AH. 

161. Produce a given stndgiit line, eo that die rectangle mdertlie 
given line, and the whole line produced, may eqoal tiie square of the 
part produced. 

162. If .^ be a point within a circle, ^Cthe diameter, and through 
A, AD be drawn perpendicular to the diameter, and BAB meeting 
the circumference m E, then BA.BE^BCBD, 

163. The diameter A CD of a circle, whose center ia C^ is pro- 
duced to P, determine a point F in the line A P such that the reetang^ 
PF. PC may be equal to the rectangle PD. PA. 

164. To produce a given straight line, so that the rectangle con« 
Cained by the whole line thus produced, and the part of it produced, 
shall be ^ual to a given square. 

165. Two straight lines stand at right angles to each other, one of 
which peases through the center of a given cucle, and from any point 
in the other, tangents are drawn to the carde. Prove that the diori 
joining the points of contact cuts the first line in the same pmnt, what* 
ever he the point in the second from which the tangents are drawn, 

16(i. A, B, C, D, are four points in order in a straight line, find 
a point ^ between B and C, such that AE.EB^ED.BC^ by tf 
geometrical construction. 

167. If any two circles touch each other in the point O, and lines 
be dr' wn tlirou^h O at right angles to each other, the one line catting 
the circles in P, f^, the other in Q, Q'; and if the line joiBing thn 
eenten of the circles cut them in A, A'', then 

FP'^Qi^^A'A\ 
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A SECnuKEAL Qgure is aaid to. be inscribed in another rectilineaT 
figtirc, when all the angular points of the inscribed figure are upon 
the sides of die figure in whicn it is inscribed, each upon each 




II. 

In like manner, a figure is said to be described about another figure, 
when all the sides of the circumscribed figure pass through the annilar 
points of the figure about which it is described, each through eacn. 

III. 

A rectilineal figure is said to be inscribed in a circle, when all the 
angular points of the inaoribed figure are upon the circumference of 
the circle. 




A reetffineal fLfpxre is said to be described about a circle, when each 
side of tilie circumscribed figure touches the circumfer^ce of the circle. 




In like .manner, a circle is said to be inscribed in a rectilineal figure^ 
when the circumference of the circle touches each side of the figure. 

VI. 

• A circle is said to be described about a rectilineal figure, when the 
circumference of the circle passes through all the angular points of 
the figure about which it is described. 
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vn. 

A straight line is said to be placed in a cirdei when the extremities 
of it are in the circumference of the circle. 



PROPOSITION I. PROBLEM. 

In a given circle to place a ttraight line, equal to a given etraight line 
wMch is not greater than the diameter of the circle. 

Let ABC he the given circle, and D the given straight line, not 
greater than the diameter of the circle. 

It is required to place in the circle ABC a straight line equal to 2)« 




Draw J^Cthe diameter of the circle ABC. 

Then, if ^Cis equal to D, the thing required is done; 

for in the circle ABu a straight line ^C is placed equal to D. 

But, if it is not, BCis greater than D ; (hyp.) 

make CB equal to D, (i. 3.) 

and from the center C, at the distance CJ3, describe the circle ABF, 

and join CA, 

Then CA shall be equal to 2). 

Because C is the center of the circle ABF, 

therefore CA is equal to CB: (l. def. 16.) 

but CB is equal to D ; (constr.) 

therefore 2> is equal to CA, (ax. 1.) 

Wherefore in the circle ABC, a straight line CA is placed equal to 

the given straight line 2>, which is not greater than the oiameter of the 

circle. q.£.f. 

PROPOSITION n. PROBLEM. 
In a given circle to Inscribe a triangle equiangular to a given triangle. 

Let ABCh^ the given circle, and D^j'the given triangle. 
It is required to inscribe in the circle ABC a triangle equiangular 
to the triangle DBF. 




£ F 

Draw the straight line (^^JET touching the circle in the point Aj (in. It*) 
and at the point A, in the straight line AH, 
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make the angle HACequhX to the angle DJBF; (I. 23.) 

and at the point A, in the straignt line A O, 

meke the angle GAB equal to the angle DFE\ 

and join BCi then ^^C shall be the triangle required. 

Because HAO touches the circle ABC^ 

and ^ C is drawn from the point of contact, 

therefore the angle HACia equal to the angle ABC in the alternate 

segment of the circle : (ill. 32.) 

but HAC'iA equal to the angle DEF\ ^constr.) 

therefore also the angle ABC is equal to JDjEF: (ax. 1.) 

for the same reason, the angle ACB is equal to the angle DFFi 

therefore the remaining angle BAC is equal to the remaining angle 

EDF: (I. 32. and ax. 3.) 

wherefore the triangle ABCSa equiangular to the triangle DFF, 

and it is inscribed in the circle ABC, Q. e.f. 

PROPOSITION III. PROBLEM. 
About a given eireie to describe a triangle enUangtUar to a given triangle. 

Let ABC he the given circle, and DBF the ^ven triangle. 
It is required to describe a triangle about the circle ABC equian- 
gular to the triangle D^F. 




Produce ^JPboth ways to the points G, Hi 

find the center JT of the circle ABCt (iii. 1.) 

and from it draw any straight line ICB ; 

at the point JT in the straight line KB, 

make the angle BKA equal to the angle DJ3G, (l. 23.) 

and the angle ^£'C7 equal to the angle I)FM\ 

and through the points A, B, C, amw the straight lines LAM, MEN, 

NCL, touchmg the circle ABC. (ill. 17.) 

Then LMN shall be the triangle required. 
Because LM, MN, NL touch the circle ABC in the points AyB, 
C, to which from the center are drawn KA, KB, KC, 
therefore the ancles at the points^, B, C are right angles : (in. 18.) 
and because the four angles of the quadrilateral figure AMBK are 
equal to four right angles, 

for it can be divided into two triangles ; 

and that two of them KAM, KBMtae right angles, 

therefore the other two AKB, AMB are equal to two right angles : 

(ax. 3.) 
but the angles DEG, DEF are likewise equal to t^o right angles t 
(I.13.J ,5 
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therefore the angles AKB, AMB are equal to the a&gles DEOt DEfi 
(ax. 1.) 

of which AKB is equal to DEO*, (constr.) 
wherefore the remaining angle AMB is equal to the remaining angle 
DBF. (ax. 3.) 
In like manner, uie angle LNM may he demonstrated to he equal 
toZ)-FJ&; 
and therefore the remaining angle MLN is equal to the remaining 

angle EDFi (l 32 and ax. 3.) 
tlierefore the triangle LMN is equiangular to the triangle DEFi 
and it is descrihed ahout the circle ABC, Q.B.F. 

PROPOSITION rV. PROBLEM. 

To inscribe a circle in a given triangle. 

Let the given triangle he ^^^C 
It is required to Inscribe a circle in ABC* 




Bisect the angles ABC, BCA by the straight lines BD, CD meeting 
one another ii the point D, (i. 9.) 

from which draw DE, DF, DO peroendiculars to AB^ BC, CA. (l 12.) 
And because the angle EBD is equal to the angle FBD, 
for the angle ABC is bisected by BD, 
and that the right angle BED is equal to the right angle BFD\ (ax. 11 .) 
therefore the two triangles EBD, FBD have two angles of the one 
equal to two ans^les of the other, each to each ; 
and the side BD, which is opposite to one of the equal angles in each^ 
is common to both ; 

f therefore their other sides are equal ; (I. 26.) 
wherefore DE is equal to DFi 
for the same reason, DCf is equal to DFi 
therefore DE is equal Xjo t>Oi (ax. 1.) 
therefore the three straight lines D^, DF, DO wre equal to one 
another ; 
and the circle described from the center 2), at the distance of any 
of them, will pass through the extremities of the other two, and 
touch the straient lines AB, BCf CA, 

because uie angles at the points E, F, O are right angles, 
and the straight line which is drawn from the extremity of a diameter* 

at right angles to it, touches the circle : (m. 16.) 
therefore the straight lines AB, BC, CA do each of them touch the 

circle, 
and therefore the circle EFO is inscribed in the triangle ABC, ^ Q.B.P 
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PEOPOSmON V. PROBLEM. 
To deteribe a circle aboui a givm iriangU, 

Let the given triangle be ABC* 
It is required to describe a circle about ABC. 
A * . A 






Bisect AB, ^ C in the poiste A B* (K. IQ.) 
and £rom these points draw DF, j^i^-at sight angles to AB^ A C\ (l. 11.) 

J)Ft BF produced meet one :anoither : 
for, if they do not meet, tb^y 9S» paralle^l, 
wherefore AB, AC, which are at right angles to them,:aKe|)#rallel; 
which is absurd : 

let idiam meet m F, rnikd join FA % 
also, if the point F be poit in BC, join BF, CF. 
Then, Jbeoanse AJD as «qttal to MB,% and .i^FfiQvmonf and at right 
angles to ^^, 

therefore the base AFm equal to the base FB. (l. 4.) ^ 
La like manner, it-,may be 4hewn,t))at ,CF4s.^ual to FA} 
and therefore ^i^is equal to ^C; ,(ax. 1.) 
and FA, FB, 5^ are equal to one another: 
wherefore the circle described from the center F, at the distance Of 
one of them, will pass through the extremities of the other two, and 
be described about the triaqgle ABC. Q.E.F. 

Cob. — ^And i\ is manifest, that when the center of the circle falls 
within the triangle, each of its angles is less than a ri^ht angle, (ill. 31.) 
each of them bemg in a segment, greater than a semicircle; but, when 
the center is in one of the sides of the triangle, the angle opposite to 
ri)is^ide,ibeipyin « aemicircle,' (m.>dl.} «is a right AAgle $ and, if the 
center falls without die triangle, the angle opposite to the, s^e beyond 
whichvitiisy-betng in, arsegment less than a semicircle, (iii^ 31.) is greater 
than a right angle : therefore, conversely, if the given triangle be 
acute-an^ted,: the. center, of the eireler falls witl^in it;, if it be a' right- 
angled triaAgle, the center(is in the sidci opposite to the right ajngle; 
and if it be an obtuse-angled triangle, tha center fajla withoiit the tri- 
angle, b^3fiOQdtthe..sidft opposite to the, obtuse angle. 

PROyOSITIQN VI. PJIOBLEM. 
To ififcrihe, a square in a-gipen circle 

JaX^ABCD be the given oirde. 
It.i»9e(|9irQd^to inscribe a yqiiaf^ in ABC^ 
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Draw the diameteni AC, BD, at right angles to one another, (m. I. 
and 1. 11.) 

and join AB, BC, CD, DA. 
The figure a!B€D shall be the square required. 
Because BE is equal to ED, for J? is the center, and that EA is 
common, and at right angles to BD ; 

the base BA is equal to the base AD : (l. 4.) 
and, for the same reason, BC, CD are each of them equal to BA^ 
or AD} 
therefore the quadrilateral figure ABCD is equilateral. 

It is also rectangular ; 
for the straight line BD being the diameter of the circle ABCD, 

BAD is a semicircle ; 

wherefore the angle BAD is a right angle : (m. 31.) 

lor the same reason^ each of the angles ABC, BCD, CD A is a right 

angle : 

therefore the quadrilateral figure ABCD is rectangular: 

and it has been shewn to be equilateral^ 

therefore it is a square : (l. def. 30.) 

Old it is inscribed in the eircto ABCD. Q. £.?• 

' PROPOSITION VIL PBOBLEM. 

To describe a square oAout a given circle. 

Let ABCD be the given circle* 
S. is required to describe a square about it 

G A F 



B 



H C K 

. Draw two diameters AC, BD of the circle ABCD, at right angles 

to one another, 
and through the points A, B, C, D, draw FG, OH, EK, KF touch- 
ing the circle, (iii. 17.) 

The figure G'jBTJSrJ?* shall be the square required. 
Because FO touches the circle ABCD, and EA is drawn from the 
center E to the point of contact A, 
therefore the angles at A are right angles: (m. 18.) 
for the same reason, the angles at the points B, C, D are right angles ; 
and because the angle AEB is a right angle, as likewise is EBG, 
therefore GJSTis parallel to ACx (I. 28.) 
for the same reason ^ C is parallel to FKi 
and in like manner OF, HK may each of them be demonstrated to 
be parallel to JB^D: 
therefore the figures GK, GC, AK, FB, BKBie parallelograms; 
and ther^pre G'J^'is equal to HK, and G'^to FK: (I. 34.) 
' and because ^ C is equal to BD, and that ^ C is equal to each of the 
two OH, FK; 





J 
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and BID to each of the two OF, HKx 

OH, FK are each of them equal to 6r j; or JIK\ 

therefore the quadrilateral figure FOHK is equilateral 

It is also rectangular ; 
for OBEA being a parallelop^m, and AEB a right angle, 
therefore A GB is likewise a right angle : (i. 34.) 
«nd in the same manner it may be shewn that the angles at JST, JT, F, 
are right angles : 

therefore the quadrilateral figure FOHK is rectangular : 

and it was demonstrated to be equilateral ; 

therefbre it is a square ; ^l. def. 30.) 

4uid it is described about the circle ABCD. Q.B.V. 



PROPOSITION \in. PROBLEM. 
To interibe a eirele in a given tqwur; 

Let ABCD be the given tsquare. 
It unrequired to inscribe a eircle in ABCIK 




Bisect each of the sides AB, AD in die pomts F, E, (1. 10.) 
and through E draw ^JTparaliel to AB or DC, (l. 31.) 
and through F draw FK parallel to AD or BC: 
therefore each of the figures AK, KB, AH, HD, A 0, GC, BO, OD 
is a right-angled parallelogram ; 

and their opposite sides are e<»ial : (l. 34.) 

and because ^D is equal to AB, (l. def. 30.) 

and that AE is the half of AD, and ^ J^ the half of AB, . 

therefore AE ib equal to AF; (ax. 7.) 

wherefore the sides opposite to these are eoual, viz. FO to OE: 

in the same manner it may be demonstrated that OH, OK are each 

of them equal to FO or OE: 
therefore the four straight lines OE, OF, OH, OK are equal to one 

another ; , 

and the circle described from the center O at the distance of one of 
them, will pass through the extremities of the other three, and touch 
the straight lines AB, BC, CD, DA ; 

because the angles at the points E, F, H, K, are right angles, (l. 29.) 

and that the straight line which is ditiwn from the extremity of a 

diameter, at right angles to it, touches the circle : ^111. 16. Cor.) 

therefore each of the straight lines AB,BC, CD, DA toucnes thecircle« 

which therefore is inscribed in the square ABCD» Q.&P* 



ISit eucud's elements. 

PaOPOSlTION IX, PROBLEM. 
To difcrihs ft circh $hout a yiven sgwir$. 

Let A BCD be the given square. 
It is required to describe a circle aoout A BCD, 




Join ACi BDf cutting one another ia J?: 

and because DA U equal to ABt and ^C common to the triangles 

DA C, BA C, (I. def. 30.) 

the two sides DA, ACsLre equal to the two BA,AC, each to each ; 

and the base DC is equal to the base BC; 

wherefore the angle DAC is e^ual to the angle BAC; (L 8.) 

and the angle DAB is bisected by the straight line A C: 
in the same manner it may be demonstrated that the angles ABCx 
BCD, CD A are sei'-eraUy bisected hy the straight lines BD, AC\ 
therefore, b«xJ8use the ^Bgle DAB is eqiial to the angle ABC, 
(I. def. 30.) 
«nd that the angle J^^ J? is the hhlf oTD^J^^and J?J9^ the half of ^^C; 
therefore the angle BAB\% equal to the angle EBA ; (ax. 7.) 

wherefore the side EA is equal to the side EB : (I. 6.) 
in the same manner it may be demonstrated, that the straight lines 

EC, ED are each of them equal to EA or EB : 
therefore the four straight Unes EA, £B, EC, ED are equal to one 

another ; 
and the eirde described from the center J?, at the distance <^ one 
of them, will pass through the extremities of the other threei and be 
described about the square ABCD. Q«£.F* 

PROPOSITION X. PROBLEM. 

To describe an isosceles triangle, having each of the angles at the base 
double of the third angle. 

Take any straight line AB, and divide it in the point C, (n. IL) 

so that the rectangle AB, J^C may be equal to the square on CA ; 

and from the center A, at the distance AB, describe the circle BDE, 

in which place the straight line BD equal to A C, which is not greater 

than the diameter of the' circle BDE; (iv. 1.) 

and join DA, 

Then the triangle ABD shall be such a^ is reouired, 

that is, each of the angles ABD, ADB shall be double of the angle 

BAD. 

Join BC, and about the triangle ^DCdescribe the circle A CD. (iv. 5.) 

And because the rectangle AB, BCis equal to the square on AC, 

and that AC is equal to BD, (constr.) 

the rectangle AB, BCis equal to the square on jBD: (ax. 1.) 

^ and because from the point B, without the circle A CD, two straight 

lines BCA, BD are drawn to the circumference, one of which cats, and 
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eke other meets the circle, and thftt the rectangle AB, BC^ eontabed 
by the whole of the cutting linp, and the part of it without the circlOi 
is equal to the square on BD which meets it ; 
therefore the straight line BD touches the circle ^C!D: (m. 87.) 
and because BD touches the circle, and DC is drawn from the 

point of contact D, 
the angle BDCia equal to the angle DA C in the alternate segment 
of tne circle : (ni. 32.) 

to each of these add the angle CDA ; 
therefore the whole angle BDA is equu to the two angles CDAt 
Uiie: (ax. 2.) 
buttbe exterior ang^ BCD is ef^tl to the angles CD At DA C\ (L 32.) 
therefore also^D^ is equal to BCD: (az. 1.) 
but^D^ is equal to the angle CBDt (i. 5.) 
because the side ^D is equal to the side AB ; 
therefore CBDt or DBA, is equal to BCD ; (ax. 1.) 
and consequently the three angles BDA, DBA, BCD are equal t^ 
one another : 

aad because the angle D^Cis equal to the angle BCD, 
the side BD is equal to the side DCt (I. 6.) 
but BD was made eaual to CA $ 
therefore also CA is equal to CD, (ax. 1.) 
and the angle CDA equal to the angle DAC; (t. 5.) 
therefore the an^es CDA, DAC together, are double of the angle 
DAC: 
but BCD is equal to the angles CDA, DAC; (l. 32.) 
therefore also BCD is double of DA C: 
and BCD was proved to be eoual to each of the angles BDA, DBA ; 
therefore each of the angles BDA, DBA is double of the angle DAB, 
Wherefore an isosceles triangle ABD has been described, having 
each of the angles at the base double of the third angle. Q.E.F. 

PROPOSITION XI. PROBLEM.' 
To inaeribe an equilateral and equiangular pentagon in 4 ^iven circle. 

Let ABCDE be the given circle. 
It is required to inscribe an equilateral and equiangular pentagon 
in the circle ABCDE. 

Describe an isosceles triangle FGH, having each of the angles at 
Q, ^double of the angle at F\ (it. 10.) 

and in the circle ABCDE inscribe the triangle ACD equiangular 
to the triangle FOff, (iv. 2.) 

so that the angle CAD may be equal to the angle at F, 
and each of the angles ACD, CDA equal to the angle at G' or JTi 
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wherefore each of the angles A CD, CD A is double of the angle CAD. 
Biaect the angles -4 C2), CD A by the straight lines CS, DBi (i. 9.) 

and join AB, BC, DE, EA. 

A 

P 

A 

O H 

Then ABCDE shall be the pentagon required* 
Because each of the angles A CD, CD A is douole of CAD^ 
and that they are bisected by the straight lines CE, DB ; 
therefore the five angles DA C, A CE, ECD, CDB, BDA are 

equal to one another : 
but equal angles stand upon equal circumferences; (ni. 26.) 
therefore the five circumferences AB,BC, CD, DE, EA are equal 
to one another : 
and equal circumferences are subtended by equal straight lines ; (HL 29.| 
therefore the five straight lines AB, BC, CD, DE, EA are equal 
to one another. 
Wherefore the pentagon ABCDE is equilateral* 
It is also equiangular : 
for, because the circumference ^^ is equal to the circumference DE, 

if to each be added B CD, 

the whole ABCD is equal to the whole EDCBi (ax. 2.) 

but the angle AED stands on the circumference ABCD ; 

and tile anele BAE on the circumference EDCB. ; 

therefore the angle BAE is eoual to the angle AED : (ill. 27.) 

for the same reason, each of tne angles ABC, BCD, CDE ia equal 

to the aujp^le BAE, or AED : 

therefore the pentagon ABCDE is equiangular ; 
and it has been shewn that it is eouilatend : 
wherefore, in the given circle, an equilateral ana equiangular pentagon 
has been described. Q.E.F. 

PROPOSITION XII. PROBLEM. 
To deteribe an equilaterctl and equiangviar pentagon about a given circle. 

Let ABCDE be the given circle. 
It is required t(^ describe an equilateral and equiangiilar pentagon 
about the circle uit^ CD J?. 

Let the angular points of a pentagon, inscribed in the circle, by the 
last proposition, be m the points A, B, C, D, E, 
•0 that the circumferences AB, BC, CD, DE, EA are equal ; (iv. 11.) 
and through the points A, ^, C, D, E draw QH, UK, KL, LM, 
MO touching the circle; (ill. 17.) 
the figure (7JErjrXJIf shall be the pentagon required. 
Take the center F, and join FB, FK, FC, FL, FD. 
And because the straight line KL touches the circle ABCDE in 
tbe point C^ to which PC is drawn from the center F^ 

J'Cis perpendic\ilar to KL, fill. 18.) 
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therefore each of the angles at C is a ri^t angle : 
for the same reason, the angles at the points B, 2) aie right angles : 

o 




and because FCK is a right angle, 
the square on FK is equal to the squares on fC, CK: (I. 47.) 
for the same reason, the square on FK is equal to the squares oo 

FBy BKi 
therefore the squares on J*C, CK are equal to the squares on FB^ 
BK; (ax. 1.) 

of which the square on FC is equal to the square on FB ; 
therefore the remainmg square on CK is equal to the remaining square 
on BK, (ax. 3.) and the straight line CK equal to BK: 
and because FB is equal to FC, and FK common to the triangles 

BFK, CFK, 

the two BF, FK are equal to the two CF, FK, each to each : 

and the base BK was proved equal to the base KC: 

therefore the angle BFK is equal to the angle KFC, (l 8.) 

and the angle ^-£F to JFX'C: (l. 4.) 

wherefore the angle BFC is double of the angle KFC, 

and BKC double of FKCi 

for the same reason, the angle CFD is double of the angle CFX, 

and CLD double of CLF: 

and beeause the circumference BC 19 equal to the circumference CD, 

the angle BFC is equal to the angle CFD ; (iii. 27.) 

• and BFC is double of the angle KFC, 

and CFD double of CFL ; 

therefore the angle KFC is equal to the anf;Ie CFL: (ax. 7.) 

and the right angle FCK is equal to the right angle FCL ; 

therefore, in the two triangles FKC, FLC, there are two angles of the 

one equal to two angles of the other, each to each ; 
and the side FC which is adjacent to the equal angles in each, is com- 
mon to both ; 
therefore the other sides are equal to the other sides, and the third 

angle to the third angle : (I. 26.) 
therefore the straight line KC is equal to CL, and the angle FKC 
to the angle FLCi 

and because KC is equal to CL, 

KL is double of KC. 

In the same manner it may be shewn that UK is double of BKi 

and because BK is equal to KC, as was demonstrated, 

and that KL is double of KC, and HK double of BK^ 

therefore HK is equal to KL : (ax. 6.) 

in like manner it may be shewn that QH, OJH, ML are each of taem 

equal to SK, or KL: 



o equiangular 

for, nince Ihe Btiple fVC is etjual to the angle FLC, 

knd that the angle JiKL U double uf the angle F£C, 

and A'^J/ double o( FLC, as wa* before demotistfated) 

therefore the anple i/A'Z is equal to SLM: (ai. 8.) 

and in like niRtiner it may he theirii, 

^t each of the an};lea KJIU, IIGM, OML b equal to tiie ugle 

HKL or KLM: 
therefore the five angles GUK, IIKU KLM, LlIO, MOShmng 
equal to one another, 

• tbe penla);on (r//£'£ J/ b equiangular ; 

and it is equilateral, a» vrte demoD«tiated; 
«nd it ia described about the circle ABODE. 0,%,!, 

PROPOSITIOX XIII. PEODLEM. 
Ta iiuaribg a circle in a givm tquilaltral and ejuianffular pmloffim. 

Let ABCBE be the giTei) equilateral and equiangular penteMn. 
It u required to inscribe a circle ia tlie puUagon ABCHEi 



Bisect the angles BCD, QBE by the straight lines CF, DF, [L »0 
and from the point F, in which they meet, uaw the Btmght linsa J^lBi 
FA, Ft: 



therefore aince SCia equal to CD, ( 
and CFcp •- "■" -J-"'-i-- ^r-n 



thetwosidei BC, CF are equal to the two i^C, CF, each to each t 

and the angle BCF'a equal to the angle DCF; (constiO 

therefore the base BF is equal to the base FD, [l. 4.) 

•nd the other angles to tbe other angles, to which tJie equal sidM are 

opposite : 

therefore the anple CSFii equal to the angle CDFi 

and because the angle CDE is double of CDF, 
and that CZ)i: is equal to CBA, and CDF to CBF\ 

CBA is also double of the angle CBF; 

therefore the angle ABF is equal to the angle CBF; 

wherefore the angle ABC is bisected by the straight line SF: 

in the same manner it may be demonstrated, 

that the angles BAE.AED, are bisected by the straight lines AF, FE^ 

From the point ^, draw FO, FH,FK, FL, FJf perpendicidais to 

ih« straight lines AB, BC, CD, BE, EA : (i. 12.) 

and because tlie angle HCF'm equal to XCF, and the right angle 
JFifC equal to the right angle JXCi 
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therefore in the trianeles JF'jETC, J^fiTC, thooe «mr two angles of the one 

eaual to two angles of the other,, each to each ; 
and the side FC, which is opposite to one of the equal angles in eachf 
is common to both^ 

thereids^th^ -other sidds^^reeqiiidi eaeh to eaeki • (l.'2dr) 
wherefore the perpendicular FH is equal to the perpendicular FK: 
in the same manner it may be 'demonstrated, that JrX, FM, FO are 
each of them equal to FH, pr FKi 

therefore the five straight lines FO, FS^ FK, FL, FMvre equal 
to one another : 
wherefore the circle described from the center F, at the distance of 
one of these five, will pass through the extremities of the other four, 
and touch the straight lines AB, BC, CD, DE, FA, 

because the angles at the points G^ H, K, L, M are right angles, 
and that a straig^ht lint dcawsi from ^the lextreHUty of the diameter of 
a circle at right angles- to it»' touches the oirQle) , (lU. 16.) 
therefbire eaieh ofthe straightlines ABi^BC^ CJP^J>Mt EA to^es 
the circle : 
• wherefore it is\insQribed in \the.pe9t4go.^^Zf(XZ>J&. Q*b.f. 

PHOPCSniON CSXYj probie^m. 

To describe jt ekclA. abwt. a gipen eqaiUOetai, and i^iangvlaf pentcigcn^ 

Let ABCl>Fhe the given equilateral .and .equiangular pentagon. 
It is required-to describe a circle about AB^CUOK 




Bisect the angles BCD, CDEhy the straight lines CF, FD, (r. 9.) 
and from the point F, in which they meet, draw the straight lines FB, 
FA, FE, to the points B, A, E. 
It may be demonstrated, in the same manner as the preceding pro- 
position, 
that the angles CBA, BAE, AED are bisected by the straight lines 
FB, FA, FE, 

And because the angle BCD is equal to the angle CDE» 

and that FCD is the half of the angle i? CD, 

and CDF the half of CDE; 

therefore the angle FCD is equal to FDC; (ax. 7.) 

wherefore the side CF is equal to the side FD : (I. 6.) 

in like manner it may be demonstrated, 

that FB, FA, FE, are each of them equal to FC or FD : 

therefore the five straight lines FA, FB, PC, FD, FE, are equal to 

one another ; 
and the circle described from the center J'', at the distance of one of 
them, will pass through the extremities of the other four, and be de- 
scribed about the equilateral and eouiangular pentagon ABCDM> 
Q.E.F. 
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PROPOSITION XV. PROBLEM. 

Jb inscribe an equilateral and eguianffttlar hexagon in a piven ovreU^ 

Let ABCDJSFhe the giyen circle. 
It is required to inscribe ao equilateral and equiangular besagon in it. 

A 




Find the center G of the circle ABCBEF, 

and draw the diameter AOD\ (in. 1.) 

and fimm D, as a center, at the distance 2>(7, describe the circle EOCSf 

join £Oi CO, and produce them to the points B, F\ 

and join AB, BC, CD, BE, EF, FA : 

the hexagon ^^ CD J?^ shall be equilateral and equiangular. 

Because 6^ is the center of ^e circle ABCDEF, 

G^^ is equal to GDi 

aad because 2) is the center of the circle EQCSt 

DE is equal to DO : 

wherefore OE is equal to ED, (ax. 1.) 

and the triangle EOD is equilateral ; 

and therefore its three an^es EOD, ODE, DEO, are equal to one- 

another: (l. 5. Cor.) 

but the three angles of a triangle are equal to two right angles ; (L 32.) 

therefore the angle EOD is the third part of two right angles : 

in the same manner it majr be demonstrated, 
that the angle DOC is also the third part of two right angles : 
and because the straight line 6rC makes with EB the adjacent angles 
EOC, COB equal to two right angles; (l. 13.) 
the remaining angle COB is uie third part of two right angles: 
therefore the angles EOD, DOC, COB are equal to one another: 
and to these are equal the vertical opposite angles BOA, A OF, FOE : 
(I. 15.) 
therefore the six angles EOD, DOC, COB, BOA, AGF, FOE, 
are equal to one another : 
but eaual angles stand upon equal circumferences ; (iii. 26.) 
therefore tne six circumferences AJB, BC, CD, DE, EF, FA are equal 
to one another : 
and equal circumferences are subtended by equal straight lines t 
(III. 29.) 

therefore the six straight lines are equal to one another, 
and the hexagon ABCDEF is equilateral. 
It IS also equiangular : 
for, since the circumference AF is equal to ED, 
to each of these equals add the circumference ABCD ; 
therefore the whole circumference FAB CD is equal to the whole 
EDCBA : 
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and the angle FED stands upon the circumferenee FAB CD, 
and the angle AF£ upon EDCBA ; 
therefore the angle AFE\& equal to FED : (m. 27.) 
in the same manner it may be demonstrated, 
that the other angles of the hexagon ABCDEF are each of them 
equal to the angle AFE or FED : therefore the hexagon is equi- 
angular ; and it is equilateral, as was shewn ; 
and it is inscribed in the^ ^iven circle AB CDEF. Q. E. f. 
Cor. — ^From this it is mamfest, that the side of the hexagon is 
-«aual to the straight line from the center, that is, to the semi-diameter 
of the circle. 

And if through the points A^ B, C, D, E^ F there be drawn straight 
Jines touching the circle, an equilateral and equiangular hexagon will 
be described about it, which may be demonstrated from what has been 
fiaid of the pentagon: and likewise a circle may be inscribed in a given 
equilateral and equiangular hexagon, and circumscribed about it, by a 
■xnethod like to that used for the pentagon. 

PROPOSITION XVI. PROBLEM. 
To itueriho en eqmlateral and equiangular quindeeagon in a given eirde. 

Let ABCD be the given circle. 
It is required to inscribe an equilateral and equiangular quindeea- 
gon in the circle ABCD. 

A 




Let^ Cbe the side of an equilateral triangle inscribed in the circle, (iv.2.| 
and AB the side of an equilateral and equiangular pentagon inscribea 
in the same ; (lY. 11.) 
therefore, of such equal parts as the whole circumference ABCDF 
contains fifteen, 
the circumference ABC^ being the third part of the whole, contains five ; 
and the circumference AB^ which is the fifth part of the whole, con- 
tains three ; 

therefore BC, their difierence, contains two of the same parts : 

bisect ^ C in ^; (ill. 30.) 
therefore BE, EC are, each of them, the fii'teenth part of the whole 

circumference ABCD : 
therefore if the straight lines BE, EC be drawn, and straight lines 
«qual to thepti be placed round in the whole circle, (iv. 1.) an equi- 
lateral and equiangular quindeeagon will be inscribed in it. Q. K. F. 

And in the same manner as was done in the pentagon, if through 
the points of division made by inscribing the quindeeagon, straignt 
lines be drawn touching the circle, an equilateral and equiangular 
quindeeagon will be described about it : and likewise, as in the pen- 
tagon, a circle may be inscribed in a given equilateral and equiangtdar 
qumdecagon, and circwascribed about it. 



NOTES TO BOOK IV. 



^Tub Fourth Book of the. Elements contains some partictilar cafet of 
four general problems on the inscription and the circumscription of tri-^ 
angles and regular figures in and about circles. Euclid has not giyen 
any instance of the inscription or circumscription of rectilineal* figures 
in and about other rectilineal figures. 

Any rectilineal figure, of fire sides and angles, is called a- pentagon ; 
of seven sides and angles, a heptagon ;^ of eight sides and angles* an octa^ 
son ; of nine sides and angles, a nonagon ; of ten sides and angles, a 
decagon ; of eleven sides and angles, an undecagon ; of twelve sides and 
angles, a duodecagon ; of fifteen sides and angles, a qulndecagon, &c. 

These figures are included under the general name oi palygonB; and 
are called egtUlateralt when their sides are equal ; and equiangular^ when 
their angles are equal ; also when both their sides and angles are equal* 
thev are called regular pohjgous, 

JProp.'iii. An objection has been raised to the construction of 'this 
problem. It is said that in this and other instances of a similaK kind, 
the lines which touch the -circle at J, B, and C, should be proved to meet 
one another. This may be done by joining ^^, and then since the angles 
K^Mt KBM are equal to two right angles (iii. 18.), therefore the angles 
BAM, ABMRTe less than two right angles, and eonaequsnUy:(ax. 12.), 
^ A/ and BM must meet one another, when produced far enough. Similarly, 
. it may be shewn that AL and CL, as also CN and BN meet jonc another.. 

Prop. V. is the same as " To describe a circle passing "through three 
given points, provided that they are not in the same straight linet" 

The corollary to this proposition appears to have been already de- 
monstrated in Prop. 31. Book iii. 

It is obvious that the square described about a circle is equal to 
double the square inscribibd in the same- circle. Also that the circum- 
scribed square is equal to the square on the diameter, or four times the 
square on the radius of the circle. 

Prop. VII. It is manifest that a sqinire is the only right-angled paral- 
lelogram which can be circumseribed about a circle, but that both a 
rectangle and a square may be inscribed in acirele. 

' PrAp; X, By means of this, psopositaon, a rtf^tangU BMty be. divided 
Into five equal parts. 

1 fiefevence has alreadjr h&tsxt made to tho distinction between. atiaZynf 
and synthesis, and that all Euclid's direct demonstrations, are synthetic^ 

Sroperly so caUecl There is however a single exception in 'Prop.. 16. 
ook IV, where Uie analysis only is given of the Problem, llhe two 
methods are so connected in all processes of reasoning, that it is very 
difficult to separate one from the other, and to assert that this process is 
really synthetic, and that is really analytic. In every operation performed 
in the construction of a problem, there must be in the mind a knowledge 
of some properties of the figure which suggest the steps to be taken in 
the construction of it. Let any Problem be selected from Euclid, and at 
each step of the operation, let the question be asked, *' Why that step 
is taken ?" It will be found that it is because of some known property 
of the required figure. As an example will make the subject more clear 
to the learner, the Analysis of Euc. iv. 10, is taken from the ''Analysisof 
Problems ' in the larger edition of the Euclid, and to which the learner 
is referred for more complete information. 

In Euc. nr. HO, there are five operations specified In tiie constrac- 
tion:— 

(1) Take any straight line AB* 
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X2) Dhride the line AB in C, so that the rectangle AB^ BC^ may be 
equal to the 8<|uare on ^C. 

f3) Descnbe the circle BDE irith center A and radiuB AB, 

h) Place the line Bt> in that circle, equal to the line AC. 

[5) Join the points A, D. 

Why flhonld either of these opeiatioas be performed rather than any 
others ? And what will enable us to foresee that the result oi them will 
be such a triangle as was required? The demonstration affixed to it by 
£uclid, does imdoubtedly proTe that these operations must, in conjunction, 
produce snch a triangle : but we are furnished in the Elements with no 
obyious reason for the adoption of these steps, unless we suppose them 
accidental. To suppose that all the constructions, even the simpler ones, 
are the result of accident only, would be supposing more than could be 
shewn to be admissible, ifo construction of the problem could have 
been deyised without a preyious knowledge of some of the properties of 
the figure. In fact, in directing the figure to be constructed, we assume 
the possibility of its existence ; and we study the properties of such a 
figure on the hypothesis of its actual existence. It is this study of the 
properties of the figure that conttitutes the Analysis of the problem. 

Let then the existence of a triangle BAD be admitted, which has each 
of the angles ABD, ADB double of the angle BAD, in order to ascertain 
any properties it may possess which woiild asufit in the construction of 
tttch a triangle. 

Then, since the angle ADB is double of BAD, if we draw a line DC 
to bisect ADB and meet ^JB in C, the angle ADC will be equal to CJD ; 
and hence (£uc. i. 6.) the sides AC, CD are equal to one another. 

Again, since we have three points A, C, D, not in the same straight 
line, let us examine the effect of describing a circle through them t that 
is describe the circle A CD about the triangle A CD, (Euc. nr. 6.) 

Then, since the angle ADB has been bisected by DC, and since ADB 
is double of DAB, the angle CDS is equal to the angle DAC in the alter- 
nate segment of the circle ; the Jiine BD therefore coincides with a tangent 
to the circle at />. (Converse of Euc. ni. 32.) 

Whence it follows, that the rectangle contained by AB, BC, ia equal 
to the square on* BD, (Euc. in. 86.) 

But the angle BCD is equal to the two interior opposite angles CAD, 
CD A ; or since these are equal* to each- another,'!^ CD is the double of 
CAD, that is, of BAD. And since ABD is also double of' BAD, by the 
conditions of the triangle, the angles BCD, €BD are equal, and i^i> is 
equal to DC, that is, to JC. 

It has been proved that the rectangle AB, BC, is equal to the square 
€111 BD ; and hence the point C in AB, found by the intersection of the 
bisecting line DC, 48 such, that the rectangle AB, BC is equal to the 
square on AC. (Euc. ii. 11.) 

Pinally, since ^e triangle ABD is isosceles, having each of the angles 
ABpf ADB double of the^ame angle, the sides AB, AD are equal, and 
hence the. points B, D, are in the circumference of the circle described 
about u4 With the radius AB. And since the magnitude of the triangle 
IB not specified, the line AB may be of any length whatever. 

From this '* Analysis of the problem," which obviously is nothing 
joaore than an examination of the properties of such a figure supposed to 
exist already, it will be at once apparent, vAy those steps which are 
prescribed by Euclid for its construction, were adopted. 

The' line AB is taken of any length, because tne problem does not 
prescribe any specific magnitude to any of the sides of the triangle. 
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The circle BDE is described about A with the distance AB, hseanue 
the triangle is to be isosceles, haying AB for one side, and therefor? the 
other extremity of the base is in the circumference of that circle. 

The line AB is divided in C, so that the rectangle AB, BC shall be 
equal to the square on AC, because the base of the tiiangle must be equal 
to the segment AC. 

And the line AD is drliwn, because it completes the triangle, t*v(ro oi 
whose si ( -s, AB, BD are already drawn. 

Whenever we have reduced the construction to depend upon problem* 
which have been already constructed, our analysis may be terminated • 
as was the case where, in the preceding example, we arrived at the 
division of the line AB in C ; this problem having been already con- 
structed as the eleventh of the second book. 

Prop. XVI. I'he arc subtending a side of the quindecagon, may be 
found by placing in the circle from the same point, two lines respectively 
equal to the sides of the regular hexagon and pentagon. 

The centers of the inscribed and cii'cumscribed circles of any regular 
polygon are coincident. 

Besides the circumscription and inscription of triaj\gles and regular 
polygons about and in circles, some very important problems are solved 
in the constructions respecting the division of the circimiferences of 
eifcles into equal parts. 

By inscribinp an equilateral triangle, a square, a pentago i, a hex- 
agon, &c. in a circle, the circumference is divided into three, four, five, 
six, &c. equal parts. In Prop. 26, Book iii, it has been shewn that equal 
angles at the centers of equal circles, and therefore at the center of the 
same circle, subtend equal arcs ; by bisecting the angles at the center, 
the arcs which are subtended by them are also bisected, and hence, a 
sixth, eighth, tenth, twelfth, &c. part of the circumference of a circle 
may be found. 

If the right angle be considered as divided into 90 degrees, each degree 
mto 60 minutes, and each minute into 60 seconds, and so on, according 
to the sexagesimal division of a degree ; by the aid of the first c ^roUary 
to Prop. 32, Book i, may be found tiie numerical magnitude of an interior 
angle of any regular polygon whatever. 

Let denote the magnitude of one of the interior angles of a regular 
polygon of n sides, 

then n6 is the sum of all the interior angles. 

But all the interior angles of any rectilineal figure together with four 
right angles, are equal to twice as many right angles as the figure has sides, 
that is, if IT be assumed to designate two right angles, 

'. n6 + 2T = nir, 
and nO s= nir — 2ir as (n — 2) . ir^ 

the magnitude of an hiterior angle of a regular polygon of n sides. 

By taking n = 3, 4, 5, 6, &c. may be found the magnitude in terms of 
two right angles, of an interior angle of any regular polygon whatjever. 

Pythagoras was the first, as Proclus informs us in his commentary, 
who discovered that a multiple of the angles of three regular figures only, 
namely, the trigon, the square, and the hexagon, can ml up spaco round 
• point in a plane. 

It has been shewn that the interior angle of any regular polygon of ti 
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lides in terms of two right angles, is expressed by the equation 




Iiet B$ denote the magnitude of the interior angle of a regular figure 
of three sides, in which case, n ss 3. 

3^2 IT 

Then 6s » —7— •«' ■» 7 « one third of two right anglei^ 

/. 86s « X, 

and 66s " St, 
that is, six angles, each equal to the interior angle of an equilateral tri- 
angle, are equal to four right angles, and therefore six equilateral triangles 
ma^ be placed so as completely to fill up the i^aoe round the point at 
which they meet in a plane. 

In a sixnilar way, it may be shewn that four squares and three hexagons 
may be placed 89 as completely to fill up the space round a point. 

Also it will ^mear firom the resulte deduced, that no other regular 
figures besides JRse three, can be made to fill up the space«ound apoint; 
for any multiple of the interior angles of any other regular j)olygon, will 
be found to be in excess aboye, or in defect from four righjb angles. 

The equilateral triangle or trigon, the square pr tetragon, the penta- 
gon, and the hexagon, were the only regular polygons. kuown to the 
Greeks, capable of being inscribed in circles, besides those which may 
be derived firom them. 

M. Gauss in his Disquisitiones Arithmetics, has extended the nimiber 
by shewing that in general, a regular polygon of 2** -^f 1 sides is capable 
of being inscribed in a circle by means oi straight lines and circles, in 
those cases in which 2** + 1 is a prime number. 

The case in which n v 4, in 2** + 1, was proposed by MnLqwry of the 
Royal Military College, to be answered in the 8eyenteeni|i number of 
Leyboum's Mathematical Repository, in the following form :— 

Required a geometrical demonstration of the following method of 
constructing a regular polygon of seventeen sides in a circle. 

Draw the radius CO at nght angles to the diameter AB ^ on OC and 
OBj take OQ equal to the h^, and OD equal to the eighth part of the 
radius ; make DE and DF each equal to DO, and EG and f*Hre8pectiyely 
equal to EQ and FQ; take OK a mean proportional between OH and 
OQt and through K, draw KM parallel to AB^ meeting the semicircle 
described on OG in If, draw MN parallel to OC cutting the given circle 
in N, the arc AN is the seventeentn part of the whole circumference. 

A demonstration of the truth of this construction ha^ been given by 
Mr. Lowry himself, and will be foimd in the fourth volume of Leyboum's 
Repository. The demonstration including the two lemmas occupies 
more than eight pages, and is by no means of an elementary character. 



QUESTIONS ON BOOK IV. 

1. What is the general object of the Fourth Book of Kuclid } 

t. What consideration renders necessary the first propositioii of the 

Fourth Book of Euclid ? 
3. When is a circle said to be inscribed within, and circusifloribed 

about a rectilineal figure } 
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4. When is one rectilineal figure said to be inscribed in, and c J^tLxH 
Scribed about another rectilineal figure } 

6, Modify the construction of Euc. rv. 4, so that the circle may 
touch one side of the triangle and the other two sides produced. 

6. The sides of a triangle are 5, 6, 7 units respectivelyi find the radii 
of the inscribed and circumscribed circle. 

7. Give tf^e constntctiotu by which the centers, of circles described 
about, and inscribed in triangles are found. In what triangles will they 
coincide ? 

8. How is it shewn that the radius of the circle inscribed in an 
equilateral triangle is half the radius described about the same triangle ? 

9. The equilateral triangle inscribed in a circle is one-fourth of the 
equilateral triangle circumscribed about the same circle. 

10. What relation subsists between the square inscribed in, and the 
square circumscribed about the same circle i 

1 1 . Enunciate Euc. fti. 22 : and extend this property to any inscribed 
polygon haying an even number of sides. 

12. Trisect i^ quadrantal aifc of a circle, and sl^v that every arc 

which is an -- th part of a quadrantal arc may be trisected geometrically t 

m and n being whole numbers: 

13. If o&e side of a quadrilateral figure inscribed in a circle be pro- 
duced, the exterior angle is equal to the interior and opposite angle of the 
figure. Is this property true of any inscribed polygon having an eyen 
number of sides } . 

14. In what parallelograms can circles be inscribed ? 

15. Giye the analysis and synthesis of the problem: to describe 
an isosceles triangle, haying eacn of the angles at the base double of 
the third angle ? 

16. Shew that in the figure Euc. iv. 10, there are two triangles pos- 
sessing the required property. 

17. How is it made to appear that the line BD is the side of a regular 
decagon inscribed in the larger circle, and the side of a regular j^en^o^on 
inscribed in the sm^er circle } fig. Euc. iv. 10. 

18. In the construction of Euc. iv. 3, Euclid has omitted to shew 
that the tangents drawn through the points A and B will meet in some 
point M, How may this be shewn } 

19. Shew that if the points of intersection of the circles in Euclid's 
figure, Book ry. Prop. 10, be joined witii the vertex of the triangle and 
with each other, another triangle will be formed equiangular and equal 
to the former. 

^ 20. Diyide a right angle into five equal parts. How may an isosceles 
triangle be described upon a given base, having each angle at the base 
one-third of the angle at the vertex ? 

21. What regular figures may be inscribed in a circle by the help of 
Euc. IV. 10 } 

22. What is Euclid's definition of a regular pentagon? Would the 
stellated figure, which is formed by joining the alternate angles of a 
regular pentagon, as described in the rourth Book, satisfy this definition ? 

23. Shew that each of the interior angles of a regular pentagon in- 
icribed in a circle, is equal to three-fif^ of two right acngles. 

24. If two sides not adjacent, of a regular pentagon, be produced to 
meet : what is the magnitude of the angle contained at the point where 
they meet? 

25. Is there any method more direct than Euclid's for inscribing 
a regular pentagon in a circle ? 
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26. In what tense is a regular hexagon also a parallelogram } Would 
the aame observation apply to all regular figures with an even number of 
sides } 

27. Why has Euclid not shewn how to inscribe an equilateral trianglt 
in a circle* before he requires the use of it in Prop. 16, Book it. ? 

28. An equilateral triangle is inscribed in a ^rde by joining the first, 
third, and fifth angles of the inscribed hexagon. 

29. If the sides of a hexagon be produced to meet) the angles formed 
by these lines will be equal to four ri^ht angles. 

30. -Shew that the area of an equilateral triangle inscribed in a circle 
is one-half of a regular hexagon inscribed in the same circle. 

31. If a side of an equuateral triangle be six inches : what is the 
radius of the inscribed circle i 

32. Find the area of a regular hexagon inscribed in a circle whose 
diameter is twelye inches. What is the difference between the inscribed^ 
and the circumscribed hexagon } 

33. Which is the greater, the difference between the side of the square 
and the side of the regular h^cagon inscribed in a circle whose radius is 
unity ; or the difference between the side of the equilateral triangle and 
the side of the regular pentagon inscribed in the same circle ? 

34. The regular hexagon inscribed in a circle, is three-fourths of the 
regular circumscribed hexagon. 

35. Are the interior angles of an octagon equal to twelve right anglesP 

36. What figure is formed by the production of the alternate sides of 
a regular octagon ? 

37. How many square inches are m the area of a regular octagon 
whose side is eight inches ? 

38. If an irregular octagon be capable of having a circle described 
about it, shew that the sums of the angles taken alternately are equal. 

39. Pind an algebraical formida for the number of degrees contained 
by an interior angle of a regular polygon of n sides. 

40. What are the three regular figures whicH can be used in paving 
a plane area } Shew that no other regular figures but these will fill up 
the space round a point in a plane. 

41. Into what number of equal parts may a right angle be divided 
geometrically i What connection has the solution of this problem with 
the possibility of inscribing regular figures in circles ? 

42. Assuming the demonstrations in Euc. iv, shew that any equila- 
teral figure of 3.2**, 4.2**, 5.2**, or 15.2** sides may be inscribed in a 
circle, when n is any of the niunbers, 0, 1,2, 3, &c. 

43. With a pair of compasses only, shew how to divide the ctroum- 
ference of a given circle into twenty-four equal parts. 

44. Shew that if any polygon inscribed in a circle be equilateral, it 
must aliso be equiangular. Is the converse true ? 

45. Shew that if the circumference of a circle pass through three 
angular points of a regular polygon, it will pass through all of them. 

46. similar polygons are always equiangular : is uie converse of this 
proposition true } 

47. What are the limits to the Geometrical inscription of regular 
figures in circles } What does Geome^n'^a/ mean when used in this way? 

48. What is the difficulty of inscribing geometrically an equilateral 
and equiangular undecagon in a circle ? Why is the solution of this pro- 
blem said to be beyond the limits of plane geometry ? Why is it so difficult 
to prove that the geometrical solution of such problems as impossible? 
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PROPOSITION I. THEOREM. 

Jf an eqmkUeral triangle be hueribed in a circle, the equare on the 9id§ 
rf the triangle ie triple . rf the square on the raditu, or on the tide of the 
regular hexagon inscribed in the saaie circle. 

Let ABD be an equilateral triangle inscribed in the circle ABD, 
of which the center is C 

A 




Join BCt and produce BC to meet the circumference in JB, also 
join AE. 
And because ABD is an equilateral triangle inscribed in the circle ; 
therefore AED is one-third of the whole circumference, 
and therefore AE is one-sixth of the circumference, 
and consequently, the straight line AE is the side of a regular hexagon 
(IV. 16.), and is equal to EC. 

And because BE is double of EC or AE, 

therefore the square on BE is quadruple of the square on AE, 

but the square on BE is equal to the squares on AB, AE ; 

therefore the squares on AB, AE are quadruple of the square on AEy 

and taking from these equals the sauare on AE, 

therefore the square on AB is triple of tne square on AE. 

PROPOSITION n. PROBLESI. 

To describe a circle which shM touch a straight line given in position, and 
pass through two given points. 

Anal)rsi8. Let AB be the given straight line, and C, D the two 
given points. 

Suppose the circle required which passes through the points C, D 
to toucn the line AB in the point E. 

A E F B 




Join C, D, and produce BCto meet AB in F, 

and let the circle be described having the center L, 

join also ZE, and draw i-H" perpendicular to CD. 

Then CD is bisected in JET, and LE is perpendicular to A£^ 
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Also, since from the point F without the circle, are drawn two 
straight lines, one of whicn FE touches the circle, and the other FDC 
!:!its it ; the rectangle contained by FC, FD, is equal to the square on 
FK (111.36.) 

S}Tithesis. Join C. D, and prodiJbe CD to meet A B in F, 
take the point F in FB^ such tiiat the square on F£, shall be equal 
to the rectangle JP-D, FC. 

' Bisect CD in JET, and draw SK perpendicular to CD; 
then JOf passes through the center. (III. 1, Cor, 1.) 
At F draw FG perpendicular to FB, 
then FG passes through the center, fill. 19.) 
consequently X, the point of intersection or these two lines, is 
the center of the circle. 
It is also manifest, that another circle may be described passing 
through (7, D, and touching the line AB on the other side of the 
point F; and this circle will be equal to, greater than, or less than the 
other circle, according as the angle CFB is equal to, greater than, or 
less than the angle CFA. 

/ PROPOSITION ni. PROBLEM. 

Inscribe a circle in a giten sector of a circle 

Analysis. Let CAB be the giyen sector, and let the required circle 
whose center is O, touch the radii in F, Q, and the arc of the Bector 
inJD. 




ED F 

Join OP, OQ, these lines are equal to one another* 

Join also CO. 
Then in the triangles CPO, CQO, the two sides PC, CO, are equal 
to QC, COy and the base OP is e^ual to the base OQ j 

therefore the angle PCO is eaual to the angle QCO; 
and the angle A CB is oisected b^ CO : 
also CO produced will bisect the arc AB m D, (in. 26.) 
If a tangent FDFhe drawn to touch the arc AJB in D ; 
and CL4, CB be produced to meet it in F, F: 
the inscription of the circle in the sector is reduced to the inscrip- 
tion of a circle in a triangle, (iv. 4.) 

PROPOSITION IV. PROBLEM. 

ABCD is a rectangular parallelogram. Required to draw EG, PG 
parallel to AD, DC, so that the reeUmgle EF may be equal to the Jtgure 
£MD, an<f ^B equal to FD. 

Analysis. L'fet FG,' FG be drawn, as required, bisecting thA rect- 
angle .^IJ? CD. 
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Draw the diaeoDal BB cutting EQ in J7and FO in K. 
Then BD also bisects the rectangle ABCD ; 
and therefore the area of the triangle KOH\a equal to that of the 
two triangles EHB, FKD. 



E B 




Draw OL perpendicular to BD, and join GB, 
also produce FQ to M, and EO to iV. 
If the triangle X(7J7be supposed to be equal to the triangle EHB^ 
by adding HOB to each. 

the triangles LOB, OEB are equal, and they are upon the same 
base OB, and on the same side of it ; 

therefore they are between the same parallels, 
that is, if Z, ^ were joined, LE would be parallel to OB ; 
and if a semicircle were described on QB as a diameter, it would 
pass through the points E^ L\ for the angles at E^ L are right 
angles : 

also LE would be a chord parallel to the diameter 0B\ 
therefore the arcs intercepted between the parallels LE, OB are 
equal, 
and consequently the chords EB, Z(? are also equal ; 

but EB is equal to OM, and OM to ON; 

wherefore LO, OM, ON, are equal to one another ; 

hence O is the center of the circle inscribed in the triangle BDCL 

Synthesis. Draw the diagond BD. 

Find the center of the circle inscribed in the triangle BDC; 

through G draw J^G^JV parallel to BC, and JP'JOf parallel to AB. 

Then EO and FO bisect the rectangle ABQD. 

Draw (?Z perpendicular to the diagonal BD. 

In the triangles 6^Zir, EHB, the angles QLH, HEB are equal, 

each beinp; a right ande, and the vertical angles LHO, EHB, also the 

side Z(? IS equal to ^e side EB ; 

therefore the triangle LHO is equal to the triangle EHB. 
Similarly, it may be proved, that the triangle OLK\& equal to the 

triangle JTiO), 
therefore the whole triangle JTG'J? is equal to the two triangles 
EHB,EFDi 
and consequently EO, FO bisect the rectangle ABCD. 
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I. 
1* In a given oirole, place a straight line equal and parallel to a 
given straight line not greater than the diameter of the circle. 

2. Trisect a given circle by dividing it into three equal sectors. 

3. The centers of the circle inscribed in, and circumscribed about 
an equilateral triangle coincide $ and the diameter of one is twice the 
diameter of the other. 

4. If a line be drawn from the vertex of an equilateral triangle, 
perpendicular to the base, and intersecting a line drawn from either of 
the angles at the base perpendicular to the opposite side ; the distance 
from the vertex to the point of intersection, shall be equal to the radius 
of the circiunscribing circle. 

5. If an equilateral triangle be inscribed in a circle, and a straight 
line be drawn from the vertical angle to meet. the circumference, it 
will be equal to the sum or difference of the straight lines drawn from 
the extremities of the base to the point where the line meets the cir-^ 
cumference, according as the line does or does not cut the base. 

6. The perpendicular from the vertex on the base of an equi-r 
lateral triangle, is equal to the side of an equilateral triangle inscribed 
in a circle wnose diameter is the base. Bequired proof. 

7. If an equilateral triangle be inscribed in a circle, and the 
adjacent arcs cut off by two of its sides be bisected, the line joining 
the points of bisection shall be trisected by the sides. 

8. If an equilateral triangle be inscribed in a circle, any of its 
sides will cut on one-fourth part of the diameter drawn through the 
opposite angle. 

9. The perimeter of an equilateral triangle inscribed in a circle is 
greater than the perimeter of any other isosceles triangle inscribed in 
the same circle. 

10. If anv two consecutive sides of a ^xa'gon inscribed in a circle 
be respectively parallel to their opposite sides, the remaining sides are 
parallel to each other. 

11. Prove that the area of a regular hexagon is greater than that 
of an equilateral triangle of the same perimeter. 

12. If two eouilateral triangles be inscribed in a circle so as to 
have the sides or one parallel to the sides of the other, the figure 
common to both will be a regular hexagon, whose area and perimeter 
will be equal to the remainder of the area and perimeter of the two 
triangles. 

13. Determine the distance between the opposite sides of an equi- 
lateral and equiangular hexagon inscribed in a circle. 

14. Inscribe a regular hexagon in a given ec[uilateral triangle. 

15. To inscribe a regular duodecagon in a given circle, and shew 
that its area is equal to the square on the side of an equilateral triangle 
inscribed in the circle. 

II. 

16. Describe a circle touching three straight lines. 

17. Any number of triangles naving the same base and the same 
vertical angle, will be circumscribed by one circle. ^ 

18# Find a point in a triangle from which two straight lines 
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drawn to the extremities of the base shall contain an angle e^ual to 
twice the Tertical angle of the triangle. Within what limitations is 
tlus possible ? 

19. Given the base of a triangle, and the point from which the 
perpendiculars on its. three sides are eyialj construct the triangle. 
To what limitation is the position of this point subject in order uat 
the triangle may lie on the same side of the base ? 

20. From any point ^ in the radius CA of a given circle whose 
center is C, a straight line is drawn at right angles to CA meeting the 
circumference in 2>; the circle described round the triangle VBD 
touches the given circle in D. 

21. If a circle be described about a triangle ABC, and perpen- 
diculars be let fall from the angular points A, B, C, on the opposite 
sides, and produced to meet the circle in D, JB, F, respectively, the 
circumferences BF, FD, DB, are bisected in the points A, B, U. 

22. If from the angles of a triangle, lines be drawn to the points 
where the inscribed circle touches the sides j these lines shall intersect 
in the same point. 

23. The straight line which bisects any angle of a triangle in- 
scribed in a circle, cuts the circumference in a point which is equi- 
distant from the extremities of the side opposite to the bisected angle, 
and from the center of a circle inscribed in the triangle. 

24. Let three perpendiculars from the angles of a triangle ABC 
on the opposite sides meet in P, a circle described so as to pass through 
P and any two of the points A, By C, is equal to the circumscribing 
circle of the triangle. 

25. K perpendiculars Aa, Bh, Cc be drawn from the angular 
points of a triangle ABC Mpon the opposite sides, shew that they will 
f)isect the angles of the triangle a be, and thence prove that the peri- 
meter of abe will be less than that of any other triangle which can 
be inscribed in ABC 

26. Find the least triangle which can be circumscribed about a 
given circle. 

27. If ^5 C be a plane triangle, GCF its circumscribing circle, 
and OEF a diameter perpendicular to the base AB, tlien if CF be 
joined, the angle GFC is equal to half the difference of the angles at 
the oase of the triangle. 

28. The line joining the centers of the inscribed and circumscribed 
circles of a triangle, subtends at any one of the angular points an angle 
equal to the semi-difference of the other two angles. 

in. 

29. The locus of the centers of the circles, which are inscribed 
in all right-angled triangles on the same hypotenuse, is the quadrant 
desciibed on the hypotenuse. 

30. The center of the circle which touches the two semicircles 
described on the sides of a right-angled triangle is the middle point of 
the hypotenuse. 

31. If a circle be inscribed in a right-angled triangle, the excess 
of the si^s containing the right angle above the hypotenuse is equal 
to the diameter of the inscribed circle. 
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32. Having given the hypotenuse of a right-angled triangle, and 
the radius of the inscribed circle, to construct the triangle. 

33. ABC is & triangle inscribed in a cbrcle, the line joining the 
middle points of the arcs AB, A (7, will cut off equal portions of the 
two contiguous sides measured from the angle A. 

IV. 

34. Having given the vertical angle of a triangle, and the radii of 
the inscribed and circumscribed circles, to construct the trianele. 

35. Given the base and vertical angle of a triangle, aid also the 
radius of the inscribed circle, required to construct it. 

36. Given the three angles of a triangle, and the radius of the 
inscribed circle, to construct the triangle. 

37. If the base and vertical angle of a phme triangle be c^ven, 
prove that the locus of the centers of the inscribed cixole is a circle, 
and find its position and magnitude. 

V. 

38. In a given triangle inscribe a parallelogram which shall be 
equal to one-half the triangle. Is there any limit to the number of such 
parallelograms P 

39. In a given triangle to inscribe a triangle, the sides of which shall 
be parallel to the sides of a given triangle. 

40. If any number of parallelograms be inscribed in a given 
parallelogram, the diameters of all the figuiea shall out one another 
in the same point. 

41. A square is inscribed in another, the difference of the areas ia 
twice the rectande contained by the si^^enta of the side which aro 
made at the angmar point of the inscribeasquare. 

42. Inscribe an equilateral triangle in a square, (I) When the 
vertex of the triangle is in an angle of the square. (2) When the ver- 
tex of the triangle is in the point of bisection of a side of the square. 

43. On a given straight line describe an equilateral and equi- 
•"^ -tago. ^ 

44. Inscribe a circle in a rhombus. 

45. Having given the distances of the oentera of two equal circles 
which cut one another, inscribe a square in the space included between 
the two circumferences. 

46. The square inscribed in a circle is equal to half the square 
described about the same circle. 

47. The square b greater than any oblong inscribed in the same 
cude. 

48. A circle having a square inscribed in it being given, to find a 
circle in which a regular octagon of a perimeter equu to that of the 
square, may be inscribed. 

49. Describe a circle about a figure formed bj eonstructiog an 
equilateral triangle upon the base of an bosceles triangle, the vertical 
angle of which is four times the angle at the base. 

50. A regular octagon inscribed in a circle is equal to the rectangle 

K 5 
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contained b^ the sides of the squares inscribed in, and circumscribed 
about the circle. 

51. If in any circle the side of an inscribed hexagon be produced 
till it becomes equal to the side of an inscribed square, a tangent 
drawn from the extremity, without the oirclai shall be equal to the 
side of an inscribed octagon. 

VII. 

62* To describe a circle which shall touch a given circle in a given 
point, and mlso a given straight line. 

53. Describe a circle touching a given straight line, and also two 
given oirclei. 

54. Describe a circle which shall touch a given circle, and each of 
two given straight lines. 

. 55. Two points are given, one in each of two given circles ; describe 
a circle passing through both points and touching one of the circles. 

56. Describe a circle touching a straight line in a given point, and 
also touching a given circle. Wnen the line cuts the given circle, 
shew that your construction will enable you' to obtain si^ circles 
touching tlie given circle and the given line, but not necessarily in the 
given point. 

57. Describe a circle which shall touch two sides and pass through 
one angle of a given square. 

58. If two circles touch each other externally, describe a circle 
which shall touch one of them in a given point, and also touch the 
other. In what case does this become impossible ? 

59. Describe three circles touching each other and having their 
centers at thiree given points. In how many different ways may this 
be done P 

vm. 

60. Let two straight lines be drawn from any point within a circle 
to the circumference : describe a circle, which shall touch them both, 
and the arc between them. 

61. In a gives triangle having inscribed a circle, inscribe another 
circle in the space tnus intercepted at one of the angles. 

62. Let AB, A C, be the bounding radii of a quadrant ; complete 
the square ABJDCBSid draw the diagonal AD; then the part or the 
diagonal without the quadrant will be equal to the radius of a circle 
inscribed in the quadrant. 

63. If on one of the bounding radii of a quadrant, a semicircle be 
described, and on the other, anomer semicircle be described, so as to 
touch the former and the quadrantal arc ; find the center of the circle 
inscribed in the figure bounded by the three curves. 

64. In a given segment of a circle inscribe an isosceles triangle, 
each that its yertez may be in the middle of the chord, and the base 
and perpendicular together equal to a given Hue. 

65* Insoribe three circles in an isosceles triangle touching each 
other, and each of them touching two of the three sides of the triangle. 

IX. 

66. In the fig. Firop. 10, Book iv, shew that the base SJ) is the 
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side of a regular deeagon inscribed in the larger circle, and the side of 
a regular pentagon inscribed in the smaller circle. 

67. In the ng. Prop. 10» Book iv, produce DC to meet the circle 
in F, and draw BFj then the angle A^F shall be equal to three times 
the angle ^1^2). ' 

68. If the alternate angles of a regular pentagon be joined, the 
figure formed by the intersection of the joining lines will itself be a 
regular pentagon. 

69. XiAJBCBE be any pentagon inscribed in a circle, and ^C, 
BD, CE, DA, EB be joined, then are the angles ABE, BCA, CDB, 
DEC, EAD, together e^ual to two right angles. 

70. A watch-ribbon is folded up into a flat knot of five edges, shew 
that the sides of the knot form an equilateral pentagon. 

71. If from the extremities of the side of a re^lar pentagon 
inscribed in a circle, straight lines be drawn to the middle of the arc 
subtended by the adjacent side, their difference is equal to the radius ; 
the sum of their squares to three times the square of the radius ; and 
the rectangle contamed by them is equal to the square of the radius. 

72. Inscribe a regular pentagon in a ^iven square so that four 
angles of the pentagon may touch respectively the four sides of the 
square. 

73. Inscribe a regular decagon in a ^iven circle. 

74. The square described upon the side of a regular pentagon in 
a circle, is equal to the square on the side of a regular hexagon, together 
with the square upon the side of a regular decagon in the same circle. 

X. 

70. In a given circle inscribe three equal circles touching each 
other and the given circle. 

76. Shew Qiat if two circles be inscribed in a third to^ touch one 
another, the tangents of the points of contact will aU meet in the same 
point. 

77. If there be three concentric circles, whose radii are 1, 2, 3 ; 
determine how many circles may be described round the interior one, 
havinff their centers in the circumference of the circle, whose radius is 
2, and touching the interior and exterior circles, and each other. 

78. Shew Siat nine equal circles may be placed in contact, so that 
a square whose side is three times the diameter of one of them will 
circumscribe them* 

XL 

79. Produce the sides of a given heptaeon both ways, tiU they 
meet, forming seven triangles; required the sum of their vertical 
angles. 

80. To convert a given regular polygon into another which shall 
have the same perimeter, but double the number of sides. 

81. In any polygon of an even number of sides, inscribed in a 
circle, the sum of the Isty Srd, 5th, &c. angles is equal to the sum of 
the 2nd, 4th,- 6th, &c. . 

82. Of all polygons having equal perimeters, and the same number 
of sides, the equilateral polygon has the gieatest area^ 
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L 

A LESS xnftgnitude is said to be apart of a grealer maguiinde, when 
the less measures the greater; that is, * when the less is contained a 
certain number of times exactly in the greater.' 

n. 

A greater magnitude is said to be a multiple of a less, when the 
greater is measured by the less, that is, ' when the greater contains the 
less a certain number of times exactly/ 

m. 

" Ratio is a mutual relation of two magnitudes of the same kind to 
one another, in respect of quantity." 

IV. 

Magnitudes are said to have a ratio to one another, when the less 
can be multiplied so as to exceed the other. ^ 

V. 

The first of four magiutudes is said to have the same ratio to the 
second, which the third has to the fourth, when any equimultiples 
whatsoever of the first and third being taken, and any equimultiples 
whatsoever of the second and fourth ; if the multiple of the first be less 
than that of the second, the multiple of the third is also less than that 
of the fourth : or, if the multiple of the first be equal to that of the 
second, the multiple of the third is also equal to that of the fourth : or, 
if the multiple of the first be greater than that of the second, the mul- 
tiple of the third is also greater than that of the fourth. 

VI. 

Magnitudes which have the same ratio are called proportionals. 

K.B. 'When four magnitudes are proportionals, it is usually ex* 
pressed by saying, the first is to the second, as the third to the fourth.' 

m 

When of the equimultiples of four magnitudes (taken as in the 
fifth definition), the multiple of the first is greater than that of the 
second, but the multiple of the third is not greater than the multiple 
of the fourth ; then the first is said to have to the second a greater 
ratio than the third magnitude has to the fourth : and, on the contrary, 
the third is said to have to the fourth a less ratio than the first has to 
the second. ^ 

vm. 

"Analogy, or proportion, is the similitude of ratios.**" 



^ 
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IX. 

Prop<»rtion conaists in ihiee terms at least. 

^' 

When three magnitudes are proportionals, the first is said to have 
to the third, the dnplicate ratio of that which it has to the second. 

XL 

When four magnitudes are continual proportionals, the first is said 
to have to the fourth, the triplicate ratio of that which it has to the 
second, and so on, quadruphcate, &c., increasing the denominati0il 
still by unitj, in any number of proportionals. 

Definition A, to wit, of compound ratio. 

When there are any number of magnitudes of the same kind, the 
first is said to have to the last of theip the ratio compounded of the 
ratio which the first has to the second, and of the ratio which the 
second has to the third, and of the ratio which the third has to the 
fourth, and so on unto the last magnitude. 

For example, i£ A, B, 0,2) he four magnitudes of the same kind* the first 
A is said to have to the last 2>, the ratio compounded of the ratio of ^i to JB, 
and of the ratio of ^ to C, and of the ratio of C to 2> ; or, the ratio of ui to 
J) a said to be compounded of the ratios of ^ to B,B to C, and C to Z>. 

And if A has to 3 the same ratio which 2iJ has to J*; and ^ to C the 
same ratio that G has to ff; and C to 2> the same that JET has to X ; then, 
hy this definition, A is said to have to 2) the ratio compounded of ratios 
which are the same with the ratios of JB to JF, G to S, and KtoL* And the 
same thing is to be understood when it is more, briefly expressed by saying, 
A has to 3 the ratio compounded of the ratios of S to F, G to ff, and KtoL, 

In like manner, the same things being supposed, if If has to ^ the same 
ratio which A has to 2> ; then, for shortness' sake, 3f is said to have to y 
the ratio compounded of the ratios of UtoF, G to S, and JT to X* 



In proportionals, the antecedent terms are called homologous to 
one another, as also the consequents to one another. 

'Geometers make use of the following technical words^ to signify certain 
ways of changing either the order or magnitude of proportionals, so that 
they continue still to be proportionals.' 

XHL 

Fermutando or altemando,by permutation> or alternately* This 
word is used when there are four proportionals, and it is inferred that 
the first has the same ratio to the third which the second has to the 
fourth ; or that the first is to the third as the second to the fourth x 
as is shewn in Prop. xti. of this Fiflh Book, 

XIV. 

Invertendo, by inversion ; when there are four proportionals, and 
it is inferred, that the second is to the first, as the foiArUt to th^ third* 
Prop. B. Book t. 
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XV. 

ComponendOy by composition ; when there are four proportionals, 
and it u inferred that the first together with the second, is to the 
second, as the third together with the fourth, is to the fourth. Prop. 
18, Book y. 

XVL 

Dividendo, by division ; when there are four proportionals, and it is 
inferred, that the excess of the first above the second, is to the second, 
as the exeess- of the third above the fourth, is to the fourth. Prop. 17, 
Book y. » 

xvn. 

^ Convertendo, by conversion ; when there are four proportionals, and 
it is inferred, that the first is to its excess above the second, as the 
third to its excess above the fourth. Prop. £• Book y. 

xvra. 

Ex asquali (sc. distantift), or ex seouo, from equality of distance : 
when there is any nimiber of magnituaes more than two, and as many 
others such that they are proportionals when taken two and two of 
each rank, and it is mferred, that the first is to the last of the first rank 
of magnitudes, as the fint is to the last of the others : * Of this there 
are the two following kinds, which arise from the different order in 
which the magnitudes are taken, two and two.* 

XIX. 

Ex aequali, from equality. This term is used simply by itself, when 
the first magnitude is to the second of the first rank, as the first to the 
second of the other rank ; and as the second is to the third of the first 
rank, so is the second to tiie third of the other ; and so on in order : and 
the inference is as mentioned in the preceding definition ; whence this 
is called ordinate proportion. It is demonstrated in Prop. 22, Book y. 

XX. 

£x squali in proportione perturbatA seu inordinatft, from equality 
in perturbate or disorderly proportion*. This term is used when the 
first magnitude is to the secona of the first rank, as the last but one is 
to the last of the second rank ; and as the second is to the third of the 
first rank, so is the last but two to the last but one of the second rank: 
and as the third is to the fourth of the first rank, so is the third from 
the last to the last but two of the second rai^ ; and so on in a cross 
order: and the inference is aa in the 18th definition. It is demon- 
strated in Prop. 23, Book y« 

AXIOMS^ 
I. 

Equimultiples of the same, or of equal magnitudes, are equal to 
t>ne another. 

n. 

Those magnitudes, of which the same or equal magnitudes are 
equimultiples, are equal to one another. 

* Prop. 4. lib* u. Archimedis do sphsera et cyliadro. 
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m 

A multiple of a greater magnitude is greater thar the same mul* 
tiple of a less. 

IV. 

That magnitude, of which a multiple is greater than the same 
multiple of another, is greater than that other magnitude. 



PROPOSITION I. theorem;. 



If any number of magnitudes be equimultiples qfas manyt each qfeach : what 
multiple soever any me of them is of its part, the same multiple shall all the 
first magnitudes be of all the other. 

Let any number of magnitudes AB^ CD be equimidtiples of at 
many others JE, F, each of each. 

Then whatsoever multiple AB is of E, 
the same multiple shall AB and CD together be of ^ and F together. 

A Q B C II D 

« i . 



p. 



Because AB\& the same multiple of E that CD is of J*, 
1^ many magnitudes as there are in AB equal to E^ so many are 
there in CD equal to F, 
Divide AB into magnitudes equal to E, viz. AQ^ OB^ ^• 

and CD intd CH^ I£D, equal leach of them tp J^; 
therefore the number of the magnitudes CH, HD shall he equal to 
• the number of the others A G, GB ; 

and because AGi% equal to E^ and CIT to F, 

therefore A G and CH together are equal to E and ^together : (l. ax. 2.) 

for the same reason, because GB is equal to E, and HD to F\ 

GB and HD together are equal to E and F together : 

wherefore as many magnitudes as there are in AB equal to E, 

so many are there in AB, CD together, equal to J? and jP together: 

therefore, whatsoever multiple AB is of E, 

the same multiple is AB and CD together, of E and F together. 

Therefore, if any magnitudes, how many soever, be equimultiples 

of as many, each of each ; whatsoever mmtiple any one of them is 

of its part, the same midtiple shall ail the ^st ma^itudes be of all 

the others: *¥ot the same demonstration holds m any number of 

magnitudes, which was here applied to two.' Q.'E.'d. 

proposition n. theorem. 

# 

If the first magnitude be the same muiltiple of the second that the third is of 
the fourth^ and the fifth the same multiple of the second that the sixth is of the 
fourth i then shall tjie first together with the fifth be the same multiple </ the 
second, that the third together with the ssxth is qf the fourth. 

Let AB the first be the same multiple of C the second, that DE 
the thkd is of F the fourth : 
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and BG the fifth the same mnltple of O the second, that EH the 
sixth is of ^ the fourth. 

Then shall AG^ the first together with the fifth, be the same mul- 
tiple of the second, that Da, the third together with the sixth, is 
of F the fourth. 

A B G D B H 

1 ; 



F 

Because AB is the same multiple of C that BE is of F*y 
there are as many magnitudes in AB equal to (7, as there are in BE 

equal to Jr. 
in like manner, as many as there are in BG equal to (7, so many are 
there m EH equal ioFi 
therefore as many as there are in the whole AG equal to (7, 
so many are there in the whole BH equal to Fi 
therefore AG b the same multiple of C that BH is of F\ 
that is, AG, the first and fifth together, is the same multiple of the 
second C, 

that VH, the third and sixth together, is of the fourth F. 
If therefore, the first be the same multiple, &c. q.b.d. 
Cos. From this it is plain, that if any number of magnitudes AB, 
BG, GH be multiples of another (7; 

and as many BE,EK, KL be the same multiples of F, each of each : 

then the whole of the first, viz. AH, is the same multiple of C, 

that the whole of the last, yiz. BL, is of ^. 

ABOHDB K L 



P 

IPROPOSITION IIL THEOREM. 

JJ ike first he the same multiple of the eecond^ which the third is of the 
fourth ; and if of the first and third there be taken equimultiples ; these 
ehaU he equimultiples, the one of the second, and the other of the fourth. 

Let A the first be the same multiple of B the second, that C the 
third is of D the fourth : 

and of A, C let equimultij)les EF, GH be taken. 
Then EF shall be the same multiple of B, that GH is of 2>. 

B K 7 G L H 



A 

B D 

Because EFh the same multiple of A, that GH is of. C, 
there are as many magnitudes in EF equal to A, as there are in GH 

equal to C: 
Jet EF be divided into the magnitudes EK, KF, es^ch equal to A ; 
and GH into GL, LH, each equal to C : 
therefore the number of the magnitudes EK^ KF sliall be equal ta 
the number of the others GL^ LH; 
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and because A is the same multiple of J9, that C is of 2), 

and that EK is equal to A^ and OL equal to C: 

therefore EK is the same multiple of J?, that OL is of D : 

for the same reason, JT^is the same multiple of J?, that Z^is of 2>: 

and so, if there be more parts in EF, OH, eoual to ^, C7: 
therefore, because the first J^A is the same multiple of the second B^ 

which the third OL is of the fourth 2), 
and that the fifth KF is the same multiple of the second B^ which the 

sixth LH \& of the fourth D ; 
EF the first, together with the fifth, is the same multiple of the second 
Br (V. 2.) 
which QHihe third, together with the sixth, is of the fourth 2>, 
If, therefore, the first, &c. Q.E.D* 

PBOPOsrnoN iv. theorem. 

ff th0 first of four magnitudet hat the tam$ ratio to the tecond which the 
third ha$ to the fourth ; <A«n any equimultiples whatever of the first and third 
shall have the same ratio to any equimultiples of the second and fourth, viz, ' the 
equimultiple of the first shail have the same ratio to th<U </ the second, which the 
equimultiple of the third has to that rf the fourth,' 

Let A the first have to ^ the second, the same ratio which the third 
C has to the fourth D ; 
and of A and Clet there be taken any eouimultiples whateyer E, Fi 
and of B and D any equimultiples whatever (?, JST. 
Then E shall have the same ratio to (7, which F has to H* 



K M- 

s o- 

A..-^ B- 



H- 
N- 



Take of E and F any equimultiples whatever JT, i, 

and of O, Haay equimultiples whatever M, iV: 

then because E is the same multiple of ^, that jP is of C; 

and of E and i^have been taken equimultiples JT, L ; 

therefore JT is the same multiple of A, that X is of C: (v. 3.) 

for the same reason, M is the same multiple of B, that iV is of 2>« 

And because, as ^ is to ^, so is C to JD, (hyp.) 

and of A and C have been taken certain equimultiples K, X, 

and of B and D have been taken cartain equimultiples M, N; 

therefore if iT be greater than Jf, X is spreater tnan JV; 

and if equal, equal ; if less, less : (y. def. 5.) 

but JT, X are any equimultiples whatever of E, F, (constr.) 

and 3f, JV any whatever of O, XT; 

therefore as J? Ls to 6^, so is J^ to XT. (y. def. ff .) 

Therefore, if the first, &c. Q. E. D. 

Gob. Likewise, if ike first has the same ratio to the second, which 

the third has to tiie fourth, then also any equimultiples whatever of 
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the first and third shall have the same ratio to the second and fourth ; 
and in like manner, the first and the third shall have the same ratio to 
any equimultiples whatever of the second and fourth. 

Let A the first have to B the second the same ratio which the 
third Chas to the fourth 2). 

and of A and C let B and JPbe any equimultiples whateyer. 

Then E shall be to J& as i^ to 2>. 

Take of J&, F any equimultiples whatever, JT, i, 

and of B, D any equimultiples whatever <?, Hi 

t'.en it may be demonstrated, as before, that K is the same multiple 

of Ai that L is of C: 

and because ^ is to J&, as (7 is to D, (hyp.) 

and of -4 and C certain equimultiples have been taken viz., JTand L\ 

and of B and D certain equimultiples (?, H; 

therefore, if K be greater than (r, X is greater than Hi 

and if equal, equal ; if less, less : (v. def. 5.) 

but Ki L are any equimultiples whateyer of J&, Ft (constr.) 

and G, H any whatever of B,D; 

therefore as F is to B, so is F to JD. (v. def. 6.) 

And in the same way the other case is demonstrated. 

m 

PBOPOSITION V. THEOREM, 

If one magnitude be the same multiple of another, which a magnitude taken 
from the first is of a magnitude taken from the other; the remainder thall be the 
same multiple of the remainder, that the whole is of the whole. 

Let the magnitude AB be the same multiple of CD, that ^J^ taken 
from the first, is of CF taken from the other. 

The remainder FB shall be the same multiple of the remainder 
FI), that the whole AB is of the whole CD. 

O A E B 



■ 

C F D 



Take A G the same multiple of FD, that ^^ is of CF: 
therefore AE is the same multiple of CF, that EG is of CD; (v. 1.) 
but AE, by the h}^othesis, is the same multiple of CF, that AB is 
of CD; 

therefore EG is the same multiple of CD that AB is of CD ; 

wherefore EG is equal to AB : (v. ax. 1.) 

take from each of them the common magnitude AE; 

and the remainder AGib equal to the remainder EB. 

^lierefore, since AE is the same multiple of CF, that ^G' is of jPD, 

(constr.) 

and that AG has been proved equal to EB; 

therefore AE is the same multiple of CF, that EB is of JPDi 

but AE is the same multiple of CF that AB is of CD : (hyp-) 

therefore EB is the same multiple of FD, that AB is oi CD* 

Therefore, if one magnitude, &c« Q.E.D. 
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PROPOSITION VI. THEOREM. 

If two magniiudea be equimullipiet qf two others, and if equimultiples oj 
these be taken from thejirst two; the remainders are either equal to these others, 
or equimultiples of them. 

Let the two mflgnitudes AB, CD be equimultiples of the two E, F, 
and let A O, CH taken from the first two be equimultiples of tht 

same £!, F. 
Then the remainders- (?5, HD shall be either equal to £, F, or 
equimultiples of them. 

A O B B— 

K c n D p— 

First, let OB be equal to ^j 

I£D shall be equal to F. 

Make CK equal to F: 

ftnd because AG is the same multiple of j&, that C/fis of!'*: (hyp.) 

and that GB is equal to F, and CX to F; 

therefore AB is the same multiple of F, tiiat JT^is of Fi 

but AB, by the hypothesis, is the same multiple ofF, that CDis ofF, 

therefore KIT is the same multiple of F, that CD is of F: 

wherefore KIT is equal to CD : (v. ax. I.) 

take away the common mttgnitude CH", 

then the remainder KC is equal to the remainder HD : 

but KC is equal to JF*: (constr.) 

therefore HD is equal to F. 

Next let QB be a multiple of F. 

Then HD shall be the same multiple of F. 

A G B E 



H 



Make CK the same multiple of F, that GB is of Fi 

and because A G is the same multiple of E, that CH is of F\ (hyp.) 

and GB the same multiple of E, that CK is of F\ 

therefore AB is the same multiple of E, that KH\% of F: (v. 2.) 

but AB is the same multiple of E, that CD is of F; (hm) 

therefore KH is the same multiple of F, that CD is of F; 

wherefore KH is equal to CD : (y. ax. 1.) 

take aw^ feETfrom both; 

therefore the remainder .aCis equal to the remainder HDi 

and because GB is the same multiple of E, that KC is of Ff (constr.) 

and that KC is equal to HD ; 

therefore HD is the same multiple of F, that GB is of i7« 

Ifi therefore, two magnitudes, &c. Q.E.D. 
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PROPOSITION A, THEOREM. 

If the first (/four magnitudet has the same ratio to the second, lohieh the 
third has to the fourth ; then, if the first be greater than the secowL the third 
ie also greater than the fourth i and if equal, equal t if less, less. 

Take any equimultiples of each of them, as the doubles of each : 
then, by def. dth of tnis book, if the double of the first be greater 
than the double of the second, the double of the third is greater than 
the double of the fourth : 

but if the first be greater than the second, 
the double of the first is greater than the double of the second ; 
wherefore also the double of the third is greater than the double of 
the fourth ; 

therefore the third is greater than the fourth : 

in like manner if the first be equal to the second, or less than it, 

the third can be proved to be equal to the fourth, or less than it. 

Therefore, if the first, &c. Q.E.D. 

PROPOSITION B. THEOREM, 

If four magnitudea are proportionaU, they are proportionate alea when 
taken invers^. 

Let ui be to ^, as Cis to D. 
Then also inversely, £ shall be to ^, as D to C 

A B D 

G E H F 

Take of JB and D any equimultiples whatever JB and J^; 

and of A and C any equimultiples whatever G and JET, 

First, let JE be greater than O, then G is less than £: 

and because ^ is to ^, as C is to 2), (hyp.) 

and of A and C, the first and third, G and JET are equimultiples ; 

and of JB and D, the sebond and fourth, £ and F are equimultiples ; 

and that G is loss than JE, therefore H is less than F; (Y. def, 5.) 

that is, Fis greater than H; 
if, therefore, F be greater than G, 

F is greater than S; 

in like manner, if j& be equal to G, 

jPmay be shewn to be equal to H; 

and if less, less ; 

but F, Ff are any equimultiples whatever of B and D, (constr.) 

and G, H any whatever of A and C; 

therefore, as i? is to ^, so is 2) to C (y. def. 5.) 

Therefofe, if four magnitudes, &c, Q. E. D. 

PROPOSITION C. THEOREM. 

If the first he the same multiple of the second, or the same part if U% thai 
the third is of the fotsrth; the first ie to the second, as the third is to tha 
fourth. 

Let the first A be the same multiple of the secoBd B^ 
that the third Cis of the fourth D. 
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Then A shall be to j9 as Cis to D. 

A B Cf D— 

E Q i — F H- 



Take of ^ and Cany equimultiples whateyer j^and ¥\ 
and of B and D any equimultiples whatever Q and H, 
Then, because A is the same multiple of 3 that C is of 2); (hyp.) 
and that B is the same multiple of A^ that F is of C\ (constr.) 
therefore B is the same multiple of J9, that jP b of 2> ; (Y. 3.) 
that is, E and B are equimultiples of B and D; 
but 6r and H are equimultiples of B and D ; (constr.) 
therefore, if J7 be.a greater multiple of B than G is of J7, 
JF" is a greater multiple of x) than J7 is of 2) ; . 
that is) if ^ be greater than (7| 
F is greater than JET: 
in like manner, if F be equal to 6r, or less than it, 
F may be shewn to be equal to JST, or less than it, 
but Ff F are equimultiples, any whatever, of A^ C\ (constr.) 
and Q, II any equimultiples whatever of B, D; 
therefore A is to B, as C is to D, (v. def. 6.) 
Next, let the first A be the same part of the second ^, that the 
third C is of the fourth 2), 

Then A shall be to P, as Cis to i>. 

A B C D 

For since A is the same part of B that C is of D, 

therefore B is the same multiple of A, that 2) is of C: 

wherefore, by the preceding case, ^ is to .^1, as 2) is to C; 

and therefore inversely, ^ is to J9, as C is to 2>. (Y. B.) 

Therefore, if the first oe the same multiple, &c. Q.B.]>* 

PROPOSITION D. THEOREM. 

ff the first he to the second as the third to the fourth, and \f th$ first h€ « 
multiple^ or apart of the second: the third is the same muUiplet or th» 
part of the fourth. 

Let ^betoJ9a8Cisto2): 

and first, let ^ be a multiple of B. 

Then C shall be the same multiple of D. 

A : B C 

E ^ P 



Take F e^ual to A, 
and whatever multiple ^ or ^ is of B, make F the same multiple 
of2>: 

then, because ^ is to 5, as C is to 2) ; fhyp.) 
and of B the second, and D the fourth, equimultiples hays been 
taken, F and F; 

therefore ^ is to ^, as C to ^: (Y. 4. Cor.) 

but A is e^ual to F, (constr.) 

therefore C is equal to Fi (Y. A.) 
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W3d 1^ is the same multip^ of D, that ^ is of ^; (constr.) 

therefore C is the same multiple of 2>, that A is of B, 

Next^ let ^ the first be a'))art of B the second. 

Then C the third shall be the same part of D the fourtk* 

Because ui is to ^, as C is to 2); (hyp.) 

then, inTersely, ^ is to ^^ as JD to C: (v. B.} 
A B- C D . 

but ^ is a part of j9, therefore ^ is a multiple of .^ : (hyp.) 

therefore, by the preceding case, D is the same multiple of C\ 

that is, C IS the same part of D, that A is of ^. 

Therefore, if the first, &c. Q.E.D. 

PROPOSITION VII. THEOREM. 

Equal magnitudes have the tame ratio to the same magnitude : and the MMe 
ha^ the same ratio to equai magnitudes* 

Let A and B be equal magnitudes, and C any other. 

Then A and B shall each of them have the same ratio to C: 

%B^ € shall have the same ratio to each of the magnitudes A and B. 

A B C 



Take of ^ and B any equimultiples whatever D and E^ 
and of C any multiple whatever F. 
1 ''i.^, because 2) is the same multiple of A, that B is of B, (constr.) 

and that A is equal to B : (hyp.) ' 

therefore 2) is equal to JS; {y, ax. 1.) 

therefore, if 2) be greater than F^ E is greater than F\ 

and if equal, equal ; if less, less : 

but 2), E are any equimultiples ofA^Bf (constr.) 

and JPis any multiple of C\ 

therefore, as A is to C, so is ^ to C (v. def. 5.) 

Likewise C shall have the same ratio to A^ that it has to B» 

For having made the same construction, 

2) may in like manner be shewn to be equal to E\ 

therefore, if F be greater than 2), 

it is likewise greater than E\ 

fV^d if equal, equal; if less, less ; 

but ^is any multiple whatever of C, 

and 2), E are any equimultiples whatever of ^, I?| 

therefore, C is to ^ as Cis to ^. (v. def. 5.) 

Therefore, equal magnitudes, &c. Q.E.D. 

PROPOSITION Vm. THEOREM. 

Of two unequal magnitudes, the greater has a greater ratio to any other 
magnitude than the less has : 'and the same magnitude has a greater ratio to the 
kko tf two other magnitudes, than it has to the greater. 

Let ABf BChe two unequal magnitudes, of which ^ J? is the greata^ 

and let JD b^ any other magnitude. 
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Then AB shall have a greater ratio to D than ^Chas to D: 
and 2) shall have a greater ratio to ^Cthan it has to AB* 



Fig.L 



Fig. 2. 
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If the magnitude which is not the greater of the two AC, CB^ be 
not less than D, 

take EFy FG, the doubles of ^C, CB, (as in fig. 1.) 

but if that which is not the greater of the two A C, CB, be less than 2>. 

(as in fig. 2 and 3.) this magnitude can be multiplied, so as to 

become greater than D, whether it be A C, or CB. 

Let it l^ multiplied until it become greater than D, 

and let the other be multiplied as often ; 

and let J^JPbe the multiple tnus taken oiACf 

and FO the same multiple of CB : 

therefore EF and FQ are each of them greater than D: 

and in every one of the cases, 

take H the double or 2), K its triple, and so on, 

till the multiple of D be that which first becomes greater than FQi 

let L be that multiple of D which is first greater than FQ^ 

and K the multiple of D which is next less than L, 

Then because L is the multiple of D, which is the first that becomes 

greater than FG, 

the next preceding multiple K is not greater thfin FGi 

that is, FG is not less than Ki 

and since EF is the same multiple of A C, that FG is of CB ; (constr.) 

therefore FG is the same multiple of CB, that EG is oi AB\ (v. 1.) 

that is, EG and FG are equimultiples oi AB and CB ; 

and since it was shewn, that FG is not less than JT, 

and, by the construction, EF is greater than 2> ; 

therefore the whole EG is greater than K and D together j 

but K together with JD is equal to L j (constr.) 

therefore EG is greater than L ; 

but FG is not greater than L : (constr.) 

and EQy FG were jJroved to be equimultiples of AB, BC\ 

and X is a multiple of D ; (constr.) 

therefore AB has to D a greater ratio than ^Chas to jD« (v. defl 7«) 

Also D shall have to J? (7 a greater ratio than it has to AB. • 
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For having made the same construction, 

it may be shewn in Iulc manner, that L is greater than FG^ 

but that it is not greater than EO : 

and X is a multiple of D ; (constr.) 

and FOf EO were proTed to be equimultiples of CB, ABi 

therefore D has to CB a greater ratio tnan it has to AB. (v. deH 7.) 

Wherefore, of two unequal magnitudes, &c. Q.S.l>. 



PROPOSITION IX. THEOREM. 

MagnitudeB which have the tame ratio to the tame magnitude are egfial to 
one another : and thote to which the tame magnitude hat the tame ratio art 
e^val to one another. 

Let, A, B haTe each of them the same ratio to C 
Then A shall be equal to B. 



A- 



B B- 



For, if they are not equal, one of them must be greater than the other i 

let A be the greater : 

then, by what was shewn in the preceding proposition, 

there are some equimultiples of A and B, and some multiple of C, such, 

that the multiple of ^ is greater than the multiple of C, 

but the multiple of ^ is not greater than that of Q 

let these multiples be taken ; 

and let JD, E be the equimultiples of ^, J?, 

and J* the mult^le of C, 

such that D may be greater than J% but E not greater than F. 

Then, because ^isto Cas^isto C, (hyp.) 

and of A, B, are taken equimultiples, Z>, E, 

and of O is taken a multiple F; 

and that D is greater than Fi 

therefore E is also greater than F: (v. def. 5.) 

but E is not greater than F; (constr.) which is impossible : 

therefore A and B are not unequal ; that is, they are equal. 

Next, let C have the same ratio to each of the magnitudes A and B. 

Then A shall be equal to B. 
For, if they are not equal, one of them must be greater than the other 

let ^ be the greater : 

therefore, as was shewn in Prop. ym. 

there is some multiple F of C, 

and some equimultiples E ana 2),of B and A such, 

that F is greater than E, but not greater than D : 

and because C is to ^, as C is to .^, (hyp.) 

and that J* the multiple of the first, is greater than jE the multiple of 

the second ; 
therefore F the multiple of the third, is greater than D the multiple 
of the fourth : (y. def. 6.) 
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iTit JPiB not greater than JD (hyp.) f which is imposBlble : 

therefore A is equal to B* 
Wherefore, magnitufles whichi &c. Q.E,D. 

PROPOSITION X. THEOREM, 

Thai inagnitude which has a greater ratio than another hoi tmto th€ 
same magnitude, is the greater of the tvoo ; and that magnitude to which the 
same has a greater ratio than it has unto another magnitude, is the Uss 
of the two. 

Let A haTe to C a ereater ratio than B has to C| 
then A shall be greater than B. 



A __ D- 



F . ■ 

E 

For, because ^ has a greater ratio to C, than B has to C» 

there are some equimultiples of A and B, 

«nd some multij)ie of Csuch, fv. def. 7.) 

that the multiple of A is greater than toe multiple of C, 

but the multiple of ^ is not greater than it : 

let them be taken ; 

and let D, J? be the equimultiples of ^, B, and J* the multiple of C| 

such, that JD is si^ater than JP, but B is not greater than Ft 

tnerefore D is greater than E: 

and, because D and B are equimultiples of A and 3, 

and that JD is greater than B; 

therefore A is greater than B. (y. ax. 4.) 

Next, let C have a greater ratio to JB than it has to A» 

Then S shall be less than A, 

For there is some multiple F of C, (v. def. 7.) 

and some equimultiples E and JD of B and A^ such 

that JPis greater than Bf but not greater than 2>: 

therefore B is less than D : 

and because B and JD are equimultiples of B and Ap 

and that B is less than Z), 

therefore B is less than A, (y. ax. 4.) 

Therefore, that magnitude, &c. Q. B. D. 

PROPOSITION XI. THEOREM. 

Satlos that are the stuns to the same ratio, are the same to one anothstm 

Let ^ be to ^ as C is to 2> ; 
and as C to D, so let B be to F, 
Then A shall be to ^, as J? to F. 



Q H K- 
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Tako of Af C, B, any equimultiples whatever O, Sf K^ 

L 
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and of J9, D, J" any equimultiples whatever X, JU) K 

Therefore, since A i%to J9 as C to D, 

and 6r, J7 are taken equimultiples of A, C, 

andZ, 3f, of^, D; 

if G' be greater than L, Hw greater than M; 

and if equal, equal ; and if less, less. (y. def. 6.) 

Again, because CistoD, as^istoJP*, 

and Mf K are taken equimul^les of C, ^; 

and M, JV, of 2>, F\ 

If J7be greater than M^ K is ^eater than Hi 

and if equal, equal ; and if less, less : 

but if (? be greater than Z, 

it has been shewn that H is ^eater than M\ 

and if equal, equal ; and if less, less : 

therefore, if (? be greater than X, 

K is greater than N\ and if equal, equal ; and if less, lecft : 

and Gi K are any equimultiples whatever o{A,£i 

and i, JV any whatever of jB, JF*; 

therefore, as ^ is to Jff, so is ^ to JP. (v. def. ff.) 

Wherefore, ratios that, &c. Q.E.D. 

PROPOSITION XIL THEOREM. 

If any number of magnitudes be proportionals, as one of the anteeedentt 
It to Us consequent^ so shall all the antecedents taken together be to aU the 
consequents* 

Let any number of magnitudes Af B, C, D, B, F, be proportionalB : 

that is, as ^ is to £, so Cto D, and JE to P. 
Then BBAhtoB,BO shall A, C, E together, be to Bf D, i^ together. 
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Take of A^ C, JE any equimultiples whatever G^S, K; 

and of J?, 2), J* any equimultiples whatever, X, ilf, JV. 

Then, because ^ is to ^, as C is to 2>, and as J? to JP; 

and that (7, IT, K are equimultiples of ^, C, E, 

and X, ilf, iT, equimultiples fif B, Z), ^; 

therefore, if 6r be greater than X, 

. M is greater than J/, and iT greater than N; 

and if equal, equal ; and if less, less : fy, def. 5.) 

wherefore if 6r be greater than X, 

then (?, J7, ^ together, are greater than X, Jlf, iV together ; 

and if equal, equal; and if less, less: 

but G, and G,H, JT together, are any equimultiples oi A, and A, C,' 

E together ; 
because if there be any number of magnitudes equimultiples of 
as many, each of each, whatever multiple one of them is of its part, 
the same multiple is the whole of tlie whole : (v. I.) 
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for the same reason £, and Z, M, N are any equimultiples of B, and 

therefore as A is to B, so are A^ C, JS together to B^ D, J* together* 
(V. def. 6.) 

Wherefore, if any number, &c. Q.E.D. 

PROPOSITION Xin. THEOREM. 

If the first has to the second the same ratio which the third hat to th0 
fout th, but the third to the fourth, a greater ratio than the fifth has to the 
sixth ; the first shall also have to the second a greater ratio than the fifth 
has to the sixth. 

Let A the first have the same ratio to B the second, which C the 
third has to 2> the fourth, but C the third a greater ratio to 2) the 
fourth, than £ the fifth has to jPthe sixth. 

Then also the first A shall have to the second B, a greater ratio 
than the fifth JE has to the sixth J^. 



B D F- 

N K L 



Because Chas a greater ratio to 2), than B to F, 
there are some eauimultipies of C and E, and some of D and F, such 
Chat the multiple of C is greater than the multiple of D, but the mul- 
tiple of JS is not greater Sian the multiple of F: (v. def. 7.) 

let these be taken, 

and let O, Hhe equimultiples of C, J?, 

and JT, Z equimultiples of D, F, such that O may be greater than Kf 

but S not greater than Z : 

and whatever multiple G is of C, take M the same multiple of A ; 

and whatever multiple K is of D, take N the same multiple of B : 

then, because A is to B, as Cto Z>, (hyp.) 

and of .^ and C, JIT and G are equimultiples; 

and of B and D, iV and JBT are equimultiples j 

therefore, if Jtf be greater than N, Gia greater than K% • 

and if equal, equal ; and if less, less : (Y. def. d.) 

but G is greater than K; (constr.) 

therefore M is greater than Ni 

but JET is not greater than Z i Tconstr.) 

and M, JET are equimultiples oi A, JEi 

and iV, Z equimultiples of B, F\ 

therefore A has a greater ratio to B, than E has to F. (V. deC 7.) 

Wherefore, if the first, &c. Q.E.D. 

^ Cob. And if the first have a greater ratio to the second, than tha 
third has to the fourth, but the third the same ratio to the fourth, 
which the fifth has to the sixth; it may bei demonstrated^ in like 
■lanner, that the first has a greater ratio to the second, than the fifth 
has to tbe sixth. 

La 
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PROPOSITION XIV. THEOREM; 

Jft1i€ first has the same ratio to the second tohieh the third has to ihefouriht 
then, if the first be greater than the third, the second shall be greater Uum th§ 
fourth; and ^ equal, equal; and if less, less. 

Let the first A have the same ratio to the second B yfidch the 
third C has to the fourth D. 

If ^ be greater than C, B shall be greater than D. (fig. 1.) 

1. 2. a. 

A A A 

B B B 
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fiecause A is greater than Q and B is any other magnitude^ 

A has to ^ a greater ratio than C has to ^: (y. 8.) 

but, as uk is to ji9, so is C to 2) ; (hyp.) 

therefore also C has to 2> a greater ratio than C has to Bi (v. 13.} 

but of two magnitudeSi that to which the same has the gi*eater ratiOf 

is the less t (V. 10.) 

therefore 2) is less than B\ 
that is, B is gi*eatcr than D. 
\ Secondly, if .<! be equal to C, ^g, 2.) 

^ then B shall be equal to 2). 

For -4 is to J5, as (7, that i&^AXjo Di 
therefore B is equal to D. . (v. 9.) 
Thirdly, if .4 be less than C, (fig. 3.) 

then B shall be less than 2). 

For C is greater than A ; 

and because Cis to 2), as ^ is to ^, 

therefore 2) is greater than B, by the first case; 

that is, B is less than D. 

Therefore, if the first, &c. Q. E. D. 

PROPOSITION XV. THEOREM. 

Magnitudes have the same ratio to one another which their eg^uxmuUipUi 

hstvOm 

Let AB be the same multiple of C, that DEhi of JR 
Then Cshall be to .F, as ^J9 is to DB. 

AOHB DELE 
1 i — i — ?— ; 

Because AB b the same multiple of C, that DB is of J^t^ 
there are as many magnitudes in AB equal to C, as there are in DJB 
equal to Fi 
let AB be divided into magnitudes, each equal'to C, Tiz« A O, OS, HBi 
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and DE into magnitudes, eack equal to F, viz. DK^ KL, LE: 
then the number of the first AO, OH, HB, is equal to the number 
of the last DA", KL, LEz 

and because AG, OH, HB are all equal, 

a\id that DK, KL, LE, are also equal to one another ; 

therefore -46? is to DK, as GH to KL, and as HB to LEi (v. 7.J 

but as one of the antecedents is to its consequent, so are all tne 

antecedents together to all the conse(]^uents together, (y. 12.) 

irherefore, as ^ (? is to DK, so is .4 B to DE : 

but AG is equal to Cand DK\x> F: 

therefore, as C is to F, so is AB to DE» 

Therefore, magnitudes, &c. Q.B.D. 

PROPOSITION XVI. THEOREM. 

J/fourma^itudesotiSiestaae'^badbeproporHonalSf they thaU aiso U 
pnportianals when taken aUemately. 

Let A, B, C, D be four magnitudes of the same kind, which are 
proportionals, viz. as ^ to J9, so Cxo D. 

They shall also be proportionals when taken alternately : 
^at is, A shall be to C, as B to D. 
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Take of A and B any eqnimultinles whatever E and Fi 
and of C and D take any equimultiples whatever G and H. 
And because E is the same multiple of A^ that J^is of J?, 
and that ma^itudes have the same ratio to one another which 
their equimultiples have; (v. 15.) 

therefore ^ is to J9, as J? Is to J*: 

but as ^ is to j9 so is Cto D\ (hyp.) 

wherefore as C is to 2>, so is J& to J^*: (v. 11.) 

again, because (?, ^are ec[uimultid|es of C, 2>, 

therefore as C is to D, so is O to xT: (y. 15.) 

but it was proved that as C is to D, so is J^ to F\ 

therefore, as ^ is to F, so is 6r to JJ. (y. 11.) 

But when four magnitudes are proportionals, if the first be greater 

than the third, the second is greater than the fourth : 

and if equal, eoual; if less, less ; (y. 14.) 

therefore^ if .£^ be Greater tnan G, J" likewise is greater than JET; 

and if e(][ual, equal; if less, less : 

and Ef JPare any equimultiples whatever of A,B ; (constr.) 

ana G, M any whatever of C, D : 

therefore .^ Is to (/, as J9 to 2>. (y. def. 5.) 

If then four magnitudes, &c. q.£.d. 
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PROPOSITION XVn. THEOKEM. 

If magnitudes, taken jointly, be proportionals, they shall also be pre- 
portionals when taken separately : that is, if two magnitudes together have 
to one of them, the same ratio which two others have to one of these, the 
remaining one of the first two shall have to the otJier the same ratio which 
the remaining one of the last two has to the other of these. 

Let AB, BE, CD, DF be the magnitudes, taken jointly which 
are proportionals ; 

that is, as AB to BE, so let CD be to DF. 

Then they shall also be proportionals taken separately, 

Tiz. as AE to EB, so shall CF be to FD. 

OHK X LMNP 



EB C FD 



Take oiAE, EB, CF, FD any equimultiples whatever GH, HK, 
LM, MNi 
and again, of EB, FD take any equimultiples whatever KX, NP, 
Then because QH is the same multiple of AE, that JETJTis of EB, 
therefore G'jH'is the same multiple of AE, that G^^is otAB ; (v. 1.) 
but OH is the same multiple of AE, that LM is of CF: 
therefore GKi% the same multiple of AB, that X3f is of CF. 
Again, because LMis the same multiple of CF, that MN is of FD\ 
therefore LM is the same multiple of CF, that iiVis of CDi fv. 1.) 
but Xitf was shewn to be the same multiple of CF, that QK is otAB 5 
therefore GKis the same multiple ofAB, that XiVis of CD; 
that is, OK, LN are equimultiples of AB, CD^ 
Next, because I(K is the same multiple of EB, that Mlf is of FD ; 
and that KX is also tiae same multiple of EB, that NP is of FD ; 
therefore JIX is the same multi]de of EB, that MP is of FD, (v. 2.) 
And because AB is t% BE, as CD is to DF, (hm) 
and that of AB and CD, OK and LN are equimultiples, 
and of EB and FD,HX and MP are equimultiples ; 
therefore if OK be greater than HX, then XJVis greater than J/Pj 
and if equal, equal ; and if less, less : (v. de£ 5.) 
but if OMhe greater (ban KX, 
then, by adding the commonjpart HK to bothy 
OK is greater than HX; (l. ax. 4.) 
wherefore also LNib greater than MP$ 
and by taking away MN from both, 
LMk greater than NP: (i. ax. d.S 
therefore, if GHhe greater than KX, 

LMis greater than NP. 
In like manner it may be demonstrated, 

that if GHhe equal to KX, 

LM is equal to NP ; and if less, less : 

but OH, LM are any equimultiples whatever of AE, CF, (constrt) 

and KX, NP are any whatever of EB, FD : 

therefore, as AE is to EB, so is CFto FD. (v. del 5.) 

If then magnitudes, &o. q. e, d. 
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PROPOSITION XVni. THEOREM. 

IJ magnitudes, taken teparately, he prcportionaU, ihey thaU eU^ be 
proportionals when taken jointly: thai is, if the first be to the seeend, ae 
the third to the fourth, the first and second together shall be to tie second, 
as the third and fourth together to the fourth. 

Let AEf EB, CF, FD be proportionals ; 

that is, as AF to FB, so let CjPbe to FD. 

Then they shall also be proportionals when taken jointly; 

that is, as AB to BF, so shall CD be to DF 

O KOH L NPH 
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Take o{AB, BE, CD, DF any equimultiples whatever GH, HK, 
LM, MJST; 
and again, of BE, JDJPtake any equimultiples whatever KO, NPi 
and because KO, NP are equimultiples of BE, DF; 
and that KH, NM are likewise equimultiples of BE, DF; 
therefore if KO, the multiple oY BE, be greater than KH, which 

is a multiple of the same BE, 
then NF, the multiple of DF, is also greater than NM, the mul- 
tiple of the same DF-, 

and if XO be equal to JTff; • 
NP is equal to NM-, and if less, less. 
First; let KO be not greater than KH-, 

therefore NP is not greater than NM: 

and because GH, UK, are equimultiples of AB, BE, 

and that AB is greater than BE, 

therefore GH is greater than HK; (v. ax. 8.) 

but KO is not greater than KH; 

^erefore GH is greater than KO, 

In like manner it may be shewn, that Xlf is greater than NP, 

Therefore, if KO be not greater than KH, 
then GH, the multiple of AB^ is always greater than KO, the 

multiple of J?^; 
and likewise LM, the multiple of CD, is greater than NP, the 
multiple of DF, 

Next, let KO be greater than KH; 
therefore, as has been shewn, NP is greater than NM, 

e K HO L K M P 
J, 
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And because the whole GH is the same multiple of the whole 
AB, that HK is of BE, 

therefore the remainder GK is the same multiple of the remainder 
AE ihoX GH h of AB, (v. 5.) 

>hich ia the same that JUfia of C2>. 
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In like manner> because LMia the same multiple of CD, that MH 
18 of D^, 

therefore the remainder LN is the same multiple of the remainder 

CF, that the whole ZM is of the whole CI) : (v. 6.) 
but it was shewn that LM is the same multiple of CD, that G^JT 

is of -4^; 
therefore GK is the same multiple of AE, that XiV is of CF; 
that is, GKf LN are equimultiples of AE^ CF. 
And because KO, NP are equimultiples of BE, DF, 
therefore if from JTO, NP there be taken Kff, NM, wh{ch are 

likewise equimultiples of BE, DF, T 

the remainders HO, MP are either equal to BE, DF, or equi- 
multiples of them. (v. 6.) 

First, let HO, MP be equal to BE, DFi 

then because AE is to EB,tLa CF to FD, (hyp.) 

and that GK, iJVare equimultiples oi AE, VF; 

therefore GK is to EB, as ZN to JJ'i) : (v. 4. Cor.) 

but HO is equal to EB, and MP to J7) j 

wherefore GK is to J/0, as ZN to MP; 

therefore if ^JSTbe greater than. .ETO, ZiVis greater than MP] (v. A.) ' 

and if equal, equal ; and if less, less. 

But let HO, MP be equimultiples of EB, FD. 

Then because AE is to EB, as UF to FD, (hyp.) 

OK HO LNUP 
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and that of AE, CFare taken equimultiples GK, ZN; 

and of EB, FD, the equimultiples HO, MP ; 

if GK be greater than HO, ZN is greater than MP; 

and if equal, equal ; and if less, less ; (Y. def. 5.) 

which was likewise shewn in the preceoing case. 

But if GHhe ^eater than KO, 

taking KH from bdth, GK is greater than HO ; (l. ax. 6.) 

wherefore also ZN is greater than MP 

and consequently adding NM to both, 

ZM is greater than iVP : (l. ax. 4.) 

therefore, if GH be greater than KO, 

ZM is greater than NP. 

In like manner it may be shewn, that if GHhe equal to KO, 

ZM is equal to NP ; and if less, less. 

And in the case in which KO is not greater than KH, 

it has been shewn that GHia always greater than KO, 

and likewise ZM greater tlum NP : 

bul OH, ZM are any equimultiples whatever of ^j9, CD, (constr.) 

and KO, NP are any whatever of BE, DF; 

therefore, as AB is to BE, so is CD to DF. (V. def. 5.) 

If then magnitudes, &c. Q. e. d. 
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PROPOSITION XIX. THEOKEM. 

y « ipAo^ magtuttuf§ bg to a wkolg, as a maguitiuie taken from ike JSttt 
it ta a wMgnitude taktn from the other g the remainder tbaU be to the 
remainder tu the, whole to the whole. 

Let the whole AB be to the whole CD, as AE a magnitude taken 
from AB is to CF a magnitude taken from CD. 
Then the remainder EB shall be to the remainder FD, at the whole 
AB to the whole CD. 

A £ B 

F D 



Because AB is to CD, as AB to CF: 

therefore alternately, BA is to AB, aa DC to CFi (v. 16.) 

and because if magnitudes taken jointly be proportionals, they are 

also proportionals, when taken separately ; (y. 17.) 

therefore, as BB is to BA, so is DJPto FC; 

and alternately, as BB is to DF, so is BA to FC: 

but, as AB to CF, so, by the hypoUiesis, is AB to CD; 

therefore also BB the remainder is to the remainder DF, as the whole 

AB to the whole CD. Cv. 11.) 

Wherefore, ir the whole, &c. Q.E.D. 
Cob. — ^If the whole be to the whole, as a magnitude taken from 
the first is to a magnitude taken from the other ; the remainder shaU 
likewise be to the remainder, as the magnitude taken from the fint 
to that taken from the other. The demonstration is contained in the 
preceding. 



FROPOSmON S, THEOREM. 

If four magnitudee he proportionalt, they are aUa proportumale by eon~ 
version ; that m, the first is to ite excess dbente tha^ second, as the third to ite 
eacess above the fourth. 

Let AB be to BB, as CD to DF. 
Then BA shall be to AB, as DCto CF. 

A SB 



P D 



Because AB is to BB, m CD to DF, 

thereforie by division, AB is to BB, as CF to FD; fv. 17.) 

and bv inversion, BB is to BA, as DFIb to CF; h. B.) 

wherefore, by composition, BA is to AB, as i)C is to CF. (v. 18.) 

If therefore four, &o. q.b.j>. 

l5 



£S6 StJCLlD'S ELEMBNT8. 

PROPOSITION XX. THEOREM. 

tfthefS he three magniiudet, and other three, which, takm two tmd ItM, hat9 
fht same ratios then ifthefiret be greater than the third, the fmrtk ehaH be 
greater than the sixth ; and tf equal, equal*, and i/lestf lets* 

Let A, B, C be three magnitudes, and D, E, JF* other three, which 
taken two and two have the same ratio, 

viz. as ^ is to j&, so \aJ) to E; 
and as ^ to (7, so is ^ to JF*. 
If ^ be greater than C, D shall be greater than F| \ 

and if equal, equal ; and if less, less. 



B 
E 



Because A is greater than C, and B is any other magnitude, 
and that the greater has to the same magnitude a greater ratio thaa 
the less has to it; (v. 8^ 

therefore A has to B a greater ratio than Chas to Bi 

but as D is to ^, so is ^ to B\ (byp*) 

therefore Z> has to i? a greater ratio than Cto i?: (y. 13.) 

and because ^ is to CfBsE to F, 

hy inversion, C is to P, as J? is to E: (V. B.) 

and 2) was shewn to have to j& a greater ratio than Cto J?: 

therefore D has to ^ a greater ratio than Fto E: (v. 13. Gcmt.) 

but the magnitude which has a greater ratio than another to the samtf 

magnitude, is the neater of the two ; (v. 10.) 

therefore 2) is greater than Em 
Secondly, let A be equal to C 

Then 2) shall be equal to F. 



B c- 

B F- 



Becanse A end Care equal to one anothefi 

^ is to ^, as CintoBt (v. 7.) 

l)ut AiBtxt B,mD to E't (hyp-) 

and Cis to ^, as JPto ^; (hyp.) 

wherefore D is to J?, as 1^ to ^; (v* H- &nd Y. B.) 

and therefore I) is equal to F, (v. 9.) 

Next, let A be less than CL 

Then D shall be less than F. 



A B : C- 

D B F- 



For C is greater than A ; 

and as was shewn in the first case, Cis to ^, as l^to E, 

and in like manner, ^isto^, asJ^toD; 

therefore i^is greater than D, by the first case; 

that is, D is less than F. 

Therefore, if there be three, &Ct Q. B. D. 
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PROPOSITION XXL THEOREM. 

Ifihire heVire$ magmhtdcttj, and other threif %phtch hate the fomtf raH0 
iaktn two and tteot but in a eros» order; thin if the fir$t magniimde he 
greater than the thirds the fourth ehall be greater than the sixth \ and \f 
tfualf egualf and if lest, ieie^ 

Let A9 S, Che three magnitfides, and D, JS, Foihet threei vfhkh 
faaTe the same ratio, taken two and two, but in a cross orderi 

viz. as ^ is to ^ so is J? to P^ 

and as J9 is to C, so is D to JB, 

l£Ahe greater than C, D shall be greater than JP| 

and if equal, equal ; and if less, less. 



B C- 

B F- 



Becanse A is greater than C, and B is any other magnitudef 

A has^ ^ a greater ratio than C has to ^ : (T. 8.) 

but as^toJF*, sois^to^; QtpO 

therefore E has to P a ^eater ratio than C to S ; (T. 13.) 

, and because JS is to Q as i> to J?; (hyp.) 

by inyersion, Cis to ^, as ^ to 2>: 

and E was shewn to have to JP a greater ratio than Chas to B \ 

therefore j^ has to JPa ^eater ratio than E has to D: (T. 13. Cor.) 

but the magnitude to wmch the same has a greater ratio than it has 

to another, is the less of the two : (y. 10.) 

therefore JPis less than D; 
that is, B is greater than JR 
Seccmdly, Let A be equal to C; 

D shall be equal to Jl. 



A B- 

D B- 



Because A and Care equal, 

A is to J9, as Cis to Bi (v. 7.) 

but .^ is to J?, as j& to 1^; (hyp.) 

and C is to J?, as J? to X^; 

wherefore JK is to JP, as j& to D j fv. 11.) 

and therefore D is eoual to F, (y. 9.) 

Next, let A be lesiS than C: 

D shall be less than F» 



A B C- 

D — E F- 

For C is greater than A ; 

and as was shewn, C is to ^, as J? to D, 

and in like manner ^ is to .^i, as JPto ^; 

therefore JP is greater than D, bv case firstf 

that is, D is less than J^ 

Therefore, if there be three, &c. o«B«D^ 
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PEOPOSITION XXII. THEOREM. 

If there he anymimher of magnitudety and as many others ^ which taken 
two and two in order ^ have the same ratio ; the first shall have to th€ last of 
tlie first magnitudes, tJie same ratio which the first has to the last of the 
others, N*B. This is DBUsIly cited by the words *' ex sequali," or '^ ex 
'aequo.*' 

rirst, let there be three magnitudes A, B, C, and as manj others 
P, E^ F^ which taken two and two in order, have the same ratio, 
. that is, such that ^ is to ^, as 2> to i?; 
and as 5 is to (7, so is ^ to F. 
Then A shall be to (7, as D to^. 



K — : M- 

B O- 

B p- 

L N- 



Take of A and D any equimultiples whatever G and 5"; 

and of B and E any equimultiples whatever K and L ; 

and of C and F any whatever M and Ni 

then because -4 is to ^, as 2> to J?, 

and that O, H are equimultiples of A, D, 

arid K, L equimultiples oiB, E; 

therefore as G is to £", so is JT to Z : (v. 4.) 

for the same reason, K is to Mas L to N: 

and because there are three magnitudes' G, K, M, and other three 

H, L, N, which two and two, have the same ratio; 

therefore if G be greater than M,H\b greater than Ni 

and if equal, eqiud; and if less, less ; (v. 20.) 

but Gy H are any equimultiples whatever of -4, D, 

and M, N are any equimultiples whatever of C,F; (constr.) 

therefore, as -4 is to C, so is i> to F, (v. def. 6.) 

Next, let there be four magnitudes. A, B, C, D, 

and other four E, F, G, H, which two and two have the same ratio, 

via as -4 is to J5, so is -^ to ^; 
and as J? to 0, so J^ to G'; 
and as C to i>, so G' to H, 
Then A shall be to D, as EtoE. 



A.B.O.D 
E.F.G.H 



Because -4, B, C are three magnitudes, and E, F, G other three, 
which taken two and two, have the same ratio ; 

therefore by the foregoing case, ^ is to (7, as ^ to G^ : 

but is to I), as G^ is to II; 

wherefore again, by the first case ,4 is to i?, as jE7 is to Hi 

and so on, whatever be the number of magnitudes. 

Therefore, if there be any number, &c. q,e.d. 
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PROPOSITION XXni, THEOREM. 

If there be any number of magnitttdes^ and a» many othertf wkiek 
cUcen two and two in a croae ordeTi have the same ratio ; the Jirat ekaU haea 
u> ^Atf Uut of the first magnittides the same ratio which the first has to tha 
(ast of the others, N,B. lids is usually cited by the words ** ex squall 
in proportione perturbat&i" oz '* ex sequo perturbato.'* 

First, let there be three magnitudes A, B, C, and other three D, 

E, Ff which taken two and two in a cross order have the same ratio^ 

that is, such that ^ is to ^, as ^ to ^; 

and as^istoQsoisDto^. 

Then A shall be to C, as 2> to J^. ^ 

Q — H L 

A B C 



E P- 

M— = M- 



Take of Ay B, D any equimultiples whatever O, IT, K; 
and of C JE, jPany equimultiples whatever L,MjNi 
and because OfHaie equimultiples of A, B, 
and that magnitudes have the same ratio which their equimultiples 
have; (v. 16.) 

therefore as^istoj?, fK>i8^toJBr; 
and for the same reason, as JE? is to jP, so is ilf to jlT: 
but as ^ is to P, so is ^ to ^; O^yp-) 
therefore as & is to fT, so is ilf to iv : (V. 11.) 
and because aa B is to C, so is D to B, (hvp.) 
and that H, K are equimultiples of j9, i), and L, Mof C, Ei 
therefore as IT is to Z, so is ^T to Mi (v. 4.) 
and it has been shewn that O is to JET, as JLTto iV: 
therefore, because there are three magnitudes O, H^ X, and other 
three JT, M^ N, which have the same ratio taken two and two in a 
cross order; 

if (7 be greater than Z, K is greater than iV: 
V and if equal, etjual ; and if less, 1^ : (v. 21.) 
but O, K are any equimultiples whatever ofA,D} (constr.) 
and Z, K any whatever of C, B; 
therefore as ^ is to C, so is 2> to Jl (v. def. 5.) 
Next, let there be four magnitudes A, B, CJ 2>, and omer four B, 
Ff O, H, which taken two and two in a cross order have the same 
ratio, 

viz. ^ to ^, as 69^ to ZT; 

-Bto Qas J?to G^; 

and Cto2>, as J^to JP. 

Then A shall be to D, as J^ to JET. 



A.B.C.D 
E.F.O.B 



• Because A, B, C are three magnitudes, and JP, O, S other threei 
which taken two and two in a cross order, have the same ratio ; 
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• 

by the first case, AiBto C,Ba JF*to H; . 

but C IB to I), as JE IB to F; 

wherefore again, by the first case, ^ is to D, as j^ to Hi 

and so on, whatever be the number of magnitudes. 

Thereforei if there be any number, &c. Q. £. D. 

PEOPOSmON XXIV. THEOREM. 

Ifthejirti hat to the teeond the tame ratio which the third hot to thefowth 9 
and the fifth to the teeond the tame ratio which the tixth hat to the /bnrth; the 
firtt and fifth together thaU ha»e to the teeond, the tame ratio which the third 
and tixth together Jtave to the fourth, 

, Let AB the first have to Cthe second the same ratio which DB 
the third has to F the fourth ; 

and let BO the fifth have to C the second the same ratio which 

£H the sixth has to F the fourth. 
Then AO, the first and fifth together, shall have to C the second, 
the same ratio which DH, the third and sixth together, has to F the 
fourth* 

A BO D E H 



I 



Because BO is to C, as Ellio F; 

by inversion, Cisto^G^, asJ^to EH: (v. B.) 

and because, as AB is to C, so is DJB to F; (hyp.) 

and as Cto BO, so is ^to FH; 

ex equali, ui^ is to BO, as DF to FH: (v. 22.) 

and because these magnitudes are proportionals when taken separately, 

they are likewise proportionals when takenjointly; (y. 18.) 

therefore as AO is to OB, so is DH to HEi 

bat as (?^ to C, so is HEtoFi (hyp.) 

therefore, ex lequali, as ^(? is to C, so is Dm to F. (v. 22.) 

AVnerefore, if the first, &c. q.£.d. 
Cob. 1.— If the same hypothesis be made as in the proposition, the 
excess of the first and fifth shall be to the second, as the excess of the 
third and sixth to the fourth. The demonstration of this is the same 
with that of the proposition, if division be used instead of composition. 
Gob. 2.— The proposition holds true of two ranks of magnitudes, 
whatever be their number, of which each of the first rank has to the 
second magnitude the same ratio that the corresponding one of the 
second raiUL has to a founn magnituae : as is manifest. 

PROPOSITION XXV. THEOREM. 

ff four magnitudet of the tame kind are proportionalt, the greatett and 
leatt Iff them together are greater than the other two together. 

Let the four magnitudes AB, CD, E, J* be proportionals, 
VIZ. AB to CD, asEtoF; 
and let AS be the greatest of them, and consequentily ^the le«$t« * 
(y. 14. and a.) 
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Then AB together with JP shall be greater than CD together with S^ 

A OB H D 



Take AQ equal to J?, and CJ7e^ual to F. 

Then because as A3 is to CD, bo is JB to F, 

and that ^G^ is equal to F, and CH equal to F, 

therefore AB is to CD, mAO to CH: (v. 11, and 7.) 

and because AB the whole, is to the whole CD, as Jl G' is to CH, 

likewise the renudnder OB is to the remainder HD, as the whole AB 

is to the whole CD : (v. 19.) 

but AB is f^eater than CD ; (hyp.) 

therefore OB is greater than HD ; (v. a.) 

and because ^6^ is equal to F, and CHto F; 

A O and i^ together are eoual to CH and F together : ^l. ax. 2.) 

therefore if to tho unequal magnitude^ OB, HD, of wnich OB is 

the greater, there be added equal magnitudes, viz. to OB the two AO 

and F, and CHsjadFto HV; 

AB and 1^ together are greater than CD and F. (1. ax. 4.) 
Therefore, if four magnitudes, &c. Q .£. D. 

PROPOSITION P. THEOREM. 

Ratht vfMdi are.eompounded rf th§ iam$ ratios, an ih$ tame to om anothtf^ 

Let^beto J?,a8Dto J?; and J?to C, asj^to P. 
Then the ratio which is compounded of the ratios of A to B, and B 

to C, 
which, by the definition of compound ratio, is the ratio of A to C, 
shall be the same with the ratio ot D to F, which, bv the same 
definition, is compounded of the ratios of J> to jS*, and Fto F. 



A.B.C 
D.E.7 



Because there are three maniitudes A, B, C, and three others D, F, F, 
which, taken two and two, in order, have the same ratio; 

ex fl^iuaH, ^ is to C, as D to JP. (v. 22.) 
Next, let .^ be to J?, as J& to .F, and .8 to C, as 2> to J?: 



A.B.C 
D.E.F 



therefore, ax aquali in proportione perturhata, (y. 23.) 

^ is to C, as D tx) F; 
tliat is, the ratio of ^ to C, which is compounded of the ratios of 
Ato B, and ^ to C, is the same with the ratio of Z> to J*, which Is 
compounded of the ratios of JD to ^, and ^ to J^. 

And in like manner the proposition may be 4e^lOQ8t1^ted, what* 
§fvet be the pumber pf ratios in eitl^er caser 
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PBOPOSITION G. THEOKEM. 

Ifieveral ratiot he the same to teverdl ratios, each to each; the ratio 
which i$ compounded of ratios which are the same to the first ratios, each 
to each, shaU be the same to the ratio compounded of ratios which ore the 
same to the other ratios, each to each, 

Let^beto^, as^to J^; and (7 to 2?, as GioHi 
and let A be to B, as ^to Z; and C7to i>, as Z to M. 
Then the ratio of K to M, 
by the definition of compound ratio, is compounded of the* ratios of 
K to Z, and L to M, whicn are the same with the ratios of ^ to ^ and 
ato2>. 

Again, as JF to 2^, so let Nht to 0; and as (7 to B, so let be to P. 
Then the ratio of ^ to P is compounded of the ratios of N to 0, and 
to P, which are the same with tne ratios of E to F, and Gio Hi 
and it b to be shewn thai the ratio of ^ to ilf, is the same with 
the ratio of ^ to P; 

or that jS* is. to If, as ^ to P. 



A.B.O.D. K.L.M 
B.P.G.H.N.O.P 



Because JT is to A as (^ to B, that is, as j^ to F, that is, as) Nio Oi 

and as Z to Jlf , .80 is (C to 2>, and so is G to H, and so is) to P; 

tx ffiquali, K is to ilf, as JV to P. (v. 22.) 

Therefore, if several ratios, &c. Q.B.D. 

PEOPOSITION H. THEOEElff. 

If a ratio which is compounded of several ratios be the same to a ratio 
which is compounded of several other ratioe ; and if one of the first ratios, 
or the ratio which is compounded of several of them, be the same to one of 
the last ratios, or to the ratio which is compounded of several of them ; 
then the remaining ratio of the first, or, if Uiere be more than one, the 
ratio compounded of the remaining ratios, shall be the same to the remain- 
ing ratio of the last, or, if there be more than one, to the ratio compounded 
of these remaining ratios. 

Let the first ratios be those of A to B, Bio 0, C to B, D to E, and 
EtoFi 

ana let the other ratios be those of G to H, Hto K, K to Z, and 
Ztoif: 

also, let the ratio of A to F, which is compounded of the first ratios, 
be the same with the ratio of G to M, which is compounded of the 
other ratios; 

and besides, let the ratio of A to D, which is compounded of the 
ratios of ^ to P, P to C, C to B, be the same with the ratio of (7 to 
K, which is compounded of the ratios of 6^ to N, and H to K, • 

Then the ratio compounded of the remaimng first ratios, to wit, of 
the ratios of B to E, and E to F, which compounded ratio is the ratio 
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o( Dto Ff shall be the same with the ratio of X to M, which is com- 
pounded of the remaimng ratios of £* to Z, and Z to Jf of tlie odxer 
ratios. 



I. 



A.B.C.D.E.F 
G.H.K.fi.AI 



Because, by the hy})0thesi8, ^ is to D, as 6r to Kf 

by inversion, -D is to -4, as JST to <? j (V. B.) 

^nd as ^ is to J*, so is 6)^ to Jkf ;* (nyp.) 

therefore, ex seqiiali, D is to Fy as JT to JIT. (v. 22.) 

If therefore, a ratio which is, &c. Q. E.D. 



PROPOSITION K. THEOREM. 

If there he any number of ratios, and any number of other ratioSf such, that 
the ratio which is compounded of ratios which are the same to the first ratios, 
each to each, is the same to the ratio which is compounded of ratios which 
are the same, each to each, to the last ratios; and if one of the first ratios, or the 
ratio which is compounded of ratios which are the same to several of the fir »t 
ratios* each to each, he the same to one of the last ratios, or to the ratio wlach 
is compounded of ratios which are the same, each to each, to several of the last 
ratios s then the remaining ratio of the first, or, if there be wore thtm one, 
the ratio which is compounded of ratios which are the same each to each to 
the remaining ratios of the first, shall be the same to the remaining ratio of the 
last, or, if there be more than one, to the ratio which is compounded t^ ratios 
which are the same each to each to these remaining ratios. 

Let the ratios of Ato B, Cto D, Eto F, be the first ratios : 
and the ratios oiGioIl, Kto Z, if to iV, to P, Q to i2, bejhe 

other ratios : 
and let ^ be to ^, as iS^ to T; and Cto 2>, as Tto F; and^to JP, 

asFtoX: 
therefore, by the definition of compound ratio, the ratio of S to XIb 
compounded of the ratios of S to T, Tto F, and Fto JT, which are 
the same to the ratios of ^ to i9, C to Z>, ^ to P: each to each. 
Also, as (? to J?*, so let J'be to Z; and X to Z, as Z to a ; 
Jtf to JV, as a to 6 ; O to P, as 6 to c ; and Q to 12, as e to i^: 
therefore, by the same definition, the ratio of Yto d is compounded 
of the ratios of Fto Z, Z to a, a to b,b to c, and e to d, which are the 
same, each to each« to the ratios of GtoJ£,KU>ZfMU)N, O to P> 
and Qto J2: 

therefore, by the hypothesis, <S^ is to X, as Fto d 
Also, let the ratio of A to JB, that is, the ratio of S to T, which is 
one of the first ratios, be the same to the ratio of 6 to ^, which is com- 
pounded of the ratios of « to /, and / to g, which, by the hypothesis, 
are the same to the ratios of OXjo H, and Kto L, two of the other 
ratios ; 

and let the ratio of A to J be that which is compounded of the ratios 
of h to k, and ^ to ^, which are the same to the remaining first ratios, 
viz. of C to 2>, and J^ to F, 
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also, let the latio of m to /), be tliat vhich is compounded of the 
ratios of m to n, ft to o, and o top, trhich are the samei each to each, 
to the Temainin^ other ratios, viz. of MXjq N, O to P, and QUt R^ 

Then the ratio of A to / shall be the same to the ratio of in to |i| or 

h shall be to ( as m to p. 







h. k.1. 
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Because e is to/, as ((? to IT, that is, as) Yio Z; 

and/ is to g, as (K to X, that is, as) Z to a ; 
therefore, ex squall, e is to ^, as y to a : (y. 22.) 
and by the hypothesis, ^ is to J?, that is, 8 to T, as e to ^i 
wherefore /Sis to T, as Yto a; (v. 11.) 
and by inversion, jTis to i9, as a to Y: (y. B.) 
but i9 is to JT, as F to i> ; (hyp.) 
therefore,, ex sequali, Tis to JT, as a to <^: 
alsoi because A is to A;, as 7 C to 2>, that is, as) T\jq V\ (hyp.) 
and A is to / as ( J^ to i^t that is, as) Fto X; 
therefore, ex asquali, A is to 2, as Tto Xi 
in like manner, it may be demonstrated, that m is top, as a to <f; 
and it has been shewn, that T is to X, as a to <i; 
therefore A is to ^, as m to p. (y. 1 1.) q. e. d« 
The propositions O and K are usually, for the sake of brevity, ex- 
pressed m the same terms with propositions JP'and Hi and therefore 
It was proper to shew the true meaning of them when they are so 
ezj^ressed j especially since they are very frequently made use of by 
s;eometenk 
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Iir the first four Books of the Elements are oonfiidered, only the 
abeolute equality and ine<|uality of Geometrical magnitudes. The Fifth 
Book contains an exposition of the principles whereby a more definite 
comparison may be instituted of the relation -of Inagnitudes, besides their 
simple equality or inequality. 
• The doctrine of Proportion is one of the most important in the whole 
course of mathematical truths, and it appears probable that if the subject 
were read simultaneously in ^e Algebraical and Geometrical form, the 
inyestigatiQns of the properties, under both aspects, would mutually 
assist each other, and both become equally comprehensible ; also their 
distinct characters would be more easUy perceived. 

Def. T, n. In the first Four Books the word part is used in the same 
sense as we find it in the ninth axiom, " The whole is greater than its 
part :" where the word part means any portion whatever of any whole 
magnitude : but in the Fifth Book, the word part is restricted to mean 
that portion of magnitude' which is contained an exact number of times 
in the whole. For instance, if any straight line be taken two, three, four, 
or any number of times another straight line, by Euc. i. 3 ; the less line 
is called a part, or rather a submultiple of the greater line ; and the greater, 
a multiple of Uie less line. The multiple is composed of a repetition of 
the same magnitude, and these definitions suppose that the multiple may 
be divided into its parts, any one of which is a measure of the multiple 
^ And it is also obvious that when there are two magnitudes, one of whicY 
* is a multiple of the other, the two magnitudes must be of the same kind, 
that is, they must be two lines, two angles, two surfaces, or two solids : 
thus, a triangle is doubled, trebled, &o., by doubling, trebling, ftc. the 
base, and completing the figure. The same may be said of a parallelo-t 
gram. Angles, arcs, and sectors of equal circles may be doubled, trebled, 
or any multiples found by Prop, zxvi— xxix. Book ni. 

Two magnitudes are said to be commen9uraif>U when a third magnitude 
of the same kind can be found which will measure both of them ; and 
this third magnitude is called their common measure : and when it is the 
greatest magnitude which will measure both of them, it is called the 
greatest common measure of the two magnitudes : also when two magni- 
tudes of the same kind have no common measure, they are said to be 
incommensurable* The same terms are also applied to numbers. 

Unity has no mi^piitude, properly so called, but may represent that 
portion of every kind of ma^tude which is assumed as the measure of 
aU magnitudes of the same kmd. The composition of unities cannot pro- 
duce Geometrical magnitude ; three units are more in number than one 
unit, but still as much different from magnitude as unity itself. Numbers 
may be considered as quantities^ iSor we consider every thing that can be 
exactly measured, as a quantity. 

Unity is a common measure of all rational numbers, and all numerical 
reasonings proceed upon the hypothesis that the unit is the same through- 
out the whole of any particular process. Euclid has not fixed the magni- 
tude of any unit of length, nor made reference to any unit of measure ol 
lines, surfaces, or volumes. Hence arises an essential difference between 
number and magnitude ; unity, being invariable, measures all rational 
numbers ; but though any quantity be assumed as the unit of magnitude, 
it is impossible to assert that thia cuisumed unit "will measure ul othei 
Qia^tudes of the same kind* 
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All whole numbers therefore are commensurable ; for unity is theik 
eommon measure : also all rational fractions proper or improper, are com- 
mensurable ; for any such fractions may be reduced to other equivalent 
fractions haying one common denominator, and that fraction whose de- 
nominator is the common denominator, and whose numerator is unity, 
will measure any one of th« fractions. Two magnitudes having a common 
measure can be represented by two numbers which express the number of 
times the common measure is contained in both the magnitudes. 

But two incommensurable magnitudes cannot be exactiy represented by 
any two whole numbers or fractions whatever ; as, for instance, the side 
of a square is incommensurable to the diagon al of the squiire. For, it may 
be shewn numerically, that if the side of the square contain ene unit of 
length, the diagonal contains more than ' one, but less than two units of - 
length. If the side be divided into 10 units, the diagonal contains more 
than 14, but less than 15 such units. Also if the side contain 100 units, 
the diagonal contains more than 141, but less than 142 such units. It is 
also obvious, that as the side is successively divided into a greater number 
of equal parts, the error in the magnitude of the diagonal will be diminished 
continusdly, but never can be entirely exhausted ; and therefore into what- 
ever number of equal parts the side of a square be divided, the diagonal 
will never contain an exact number of such parts. Thus the diagoniu and 
side of a square having no common measure, cannot be exactly irepre- 
sented by any two numbers. 

The term equimultiple in Geometry is to be understood of magnitudes 
of the same kind, Or of different kinds, taken an equal number of times, and 
implies only a division of the magnitudes into the same number of equal , 
parts. Thus, if two given lines are trebled, the trebles of the lines are 
equimultiples of the two lines : and if a given line and a given triangle be 
^ebled, the trebles of the line and triangle are equimultiples of the line 
and triangle : as (vi. 1. fig.) the straight line HC and the triangle JHC 
are equimultiples of the luie BC and the triangle ABC : and in the same 
manner, (vi. 33. fig.) the arc EN and the angle £IIN are equimultiples of 
the arc EF and the angle EIIF. 

Def. III. Ao'yos tcTi ivo fxtytQvov ofioytvuiv tj KaTo. nrr\KiKoTr^a trpoi 
aWtiXa troid ffxto"t«. By this definition of ratio is to be understood the con- 
ception of the mutual relation of two magnitudes of the same kind, as two 
straight lines, two angles, two surfaces, or two solids. To prevent any 
misconception, Def. iv. lays down the criterion, whereby it may be known 
what kinds of magnitudes can have a ratio to one another ; namely, 
Aoyoif txj^iv irpo'i aKKviKa fityiOi] Xeytrat, a dvvaTai nroWairXaaid^ofieva 
dX\ii\wv vTrtpixtiv. " Magnitudes are said to have a ratio to one another, 
which, when they are multiplied, can exceed one another ;" in other words, 
the magnitudes which are capable of mutual comparison must be of the 
same kind. The former of the two terms is called the antecedefit ; and the 
latter, the consequent of the ratio. If the antecedent and consequent ard 
equal, the ratio is called a ratio of equality ; but if the antecedent be great«»Tf 
or less than the consequent, the ratio is called a ratio of greater or of less 
inequality. Care must be taken not to confound the expressions •* ratio 
of equality"* and "equality of ratio :" the former is applied to the tenns 
of a ratio when they, the antecedent and consequei^t, are equal to one 
another, but the latter, to two or more ratios, when they are equal. 

Arithmetical ratio has been defined to be the relation which one number 
bears to another with respect to quotity ; the coniparison being made by 
considering what multiple, part or parts, one number is of the other. 
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An arithmetical ratio, therefore, is represented by the quotient which 
arises from dividing the antecedent by the consequent of tne ratio ; or by 
the fraction which has the antecedent for its numerator and the consequent 
for its denominator. Hence it will at once be obvious that the properties 
of arithmetical ratios vnll be made to depend on the properties of fractions. 

It must ever be borne in mind that the subject of Geometry is not 
number, but the magnitude of lines, angles, surfaces, and solids ; and its 
object is to demonstrate their properties by acomparison of their absolute 
and relative magnitudes. 

Also, in Geometry, multiplication is only a repeated addition of the same 
magnitude ; and division is only a repeated subtraction, or the taking of a 
less magnitude successively from a greater, until there be either no re- 
mainder, or a remainder less than ihe magnitude which is successiyely 
subtracted. 

The Geometrical ratio of any two given magnitudes of the same kind 
will obviously be represented by the magnitudes themselves ; thus, the 
ratio of two lines is represented by the lengths of the lines themselves; 
and, in the same manner, the ratio of two angles, two surfaces^ or two 
solids, wiU be properly represented by the magnitudes themselves. 

In the definition of ratio as given by Euclid, all reference to a third 
magnitude of the same geometrical species, by means of which, to compare 
the two, whose ratio is the subject of conception, has been carefully 
avoided. The ratio of the two magnitudes is their relation one to the other, 
without the intervention of any standard unit whatever, and all the pro- 
positions demonstrated in the Fifth Book respecting the equality or tne- 
guality of two or more ratios, are demonstrated independently of any know- 
ledge of the exact numerical measures of the ratios ; and their generality 
includes all ratios, whatever distinctions may be made, as to the terms of 
them being commensurable or incommensurable. 

In measuring any magnitude, it is obvious that a magnitude of the 
same kind must be used ; but the ratio of two magnitudes may be measured 
by every thing which has the property of quantity. Two straight lines 
will measure the ratio of two triangles, or parallelograms (vi. 1. fig.) : and 
two triangles, or two parallelograms will measure the ratio of two straight 
lines. It would manifestly be absurd to speak of the line as measuring 
the triangle, or the triangle' measuring the line. (See notes on Book ii. ) 

The ratio of any two quantities depends on their relative and not their 
absolute magnitudes ; and it is possible for the absoltUe magnitude of two 
quantities to be changed, and their relative magnitude to continue the 
same as before ; and thus, the tame ratio may subsist between two given 
magnitudes, and any other two of the same kind. 

In this method of measuring Geometrical ratios, the measures of the 
ratios are the Same in number as the magnitudes themselves. It has how- 
ever two advantages ; first, it enables us to pass from one kind of magni- 
tude to another, and thus, in«lependently of any nimierical measure, to 
institute a comparison between such magnitudes as cannot be directly 
compared with one another : and secondly, the ratio of two magnitudes 
of the same kind may be measured by two straight lines, which form a 
simpler measure of ratios than any other kind of magnitude. 

But the simplest method of all would be, to express the measure of the 
ratio of ttoo magnitudes by one; but tliis cannot be done, imless the tii^o 
magnitudes are commensurable. If two lines AB, CD, one of which AB 
contains 12 units of any length, and the other CD contains 4 units of the 
same length ; then the ratio of the line ^ i^ to the line CD, is the sam^ as the 



2S8 £UCL1D*S BLEMSNTd* 

ratio of the number 12 to 4. Thus, two numbers may represent the raUo 
of two lines when tlie lines are commensurable. In the same manner, two 
numbers may represent the ratio of two angles, two surfaces, or two solids. 

Thus, th& ratio of any two magnitudes of the same kind may be ex* 
pressed by two numbers, when the magnitudes are commensurable. By 
this means, the consideration of the ratio of two magnitudes is changed to 
the consideration of the ratio of two numbers, and when one number ii 
divided by the other, the quotient will be a singh number, or ajraetum^ 
which will be a measttre of the ratio of the two numbers, and therefore of 
the two quantities. If 12 be divided by 4, the quotient is 3, which mea- 
sures the ratio of the two numbers 12 and 4. Again, if besides the ratio 
of the lines AB and CD which contain 12 and 4 units respectively, we con* 
sider two other lines EFaxid GH which contain 9 and 3 units respectively ; 
it is obvious that the ratio of the line EF to GH is the same as the ratio 
of the number 9 to the number 3. And the measure of the ratio of 9 to 
3 is 3. That is, the numbers 9 and 3 have the same ratio as the numben 
12 and 4. 

But this.is a numerical measure of ratio, and can only be applied strictly 
when the antecedent and consequent are to one another as one number to 
another. 

And generally, if the two lines AB, CD contain a and 5 imits respec- 
tively, and q be the quotient whidi indicates the number of times the 
number b is contained in a, then q is the measure of the ratio of the two 
numbers a and 6 : and if EF and GH contain c and d units, and the number 
d be contained q times in c : the number a has to b the same ratio as the 
number e has to d» 

This is the numerical definition of proportion, which is thus expressed 
in Euclid's Elements, Book vii, definition 20. ** Four numbers are pro- 
portionals when the first is the same multiple of the second, or the same 
part or parts of it, as the third is of the fourth." This definition of the 
proportion of four numbers, leads at once to an equation t 

for, since a contains b, q times ; - a g t 

and since e contains d, q times I ^"9^ 

tt e 
therefore i s ^ which is the fundamental equation upon which all the 
o a 

reasonings on the proportion of numbers depend. 

If four numbers be proportionals, the product of the extremes kf equal 
to the product of the means. 

For if a, b, c, d be proportionals, ot a i b :i c : d* 

•^^ 1-2'. 

Multiply these equals by bd, 

abd cbd 

or, ad aa be, 

that is, the product of the extremes is equal to the product of the meaiMk 
And conversely, If the product of the two extremes be equal to the 
l^roduct of the two means, the four numbers are proportionals. 

For if a, b, c, d, be four quantities, 
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such that ad sBi bCf 
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then dividing these equals by bd, therefore t » 3» 

9 

and a I b x: e I d, 

or the first number has the same ratio to V>o second, as the third has to 

the fourth. 

ah 
licssb, then ad^r; and conyersely i£ad sa 6' : then r *■ %. 

o a 

These results are analogous to Props. 16 and 17 of the Sixth Book. 

Sometimes a proportion is defined to be the equality of two ratios. 

Bef. yiii declares the meaning of the term analogy or proportion. The 
ratio of two lines, two angles, two surfaces or two solids, means nothing 
more than their relative magnitude in contradistinction to their absolute 
magnitudes ; and a similitude or likeness of ratios implies, at least, the two 
ratios of the four magnitudes which constitute the analogy or proportion. 

Bef. DC states that a proportion consists in three terms at least; the 
meaning of which is, that the second magnitude is repeated, being made 
the consequent of the first, and the antecedent of the second ratio. It is 
also obvious that when a proportion consists of three magnitudes, all three 
are of the same kind. Bef. vi appears only to be a further explanation 
of what is implied in Bef. vni. 

Bef. y. Proportion having been defined to be the Mnilihide ofratiot, 
or more properly, the equalUy or identity ofratioe^ the fifth definition lays 
down a criterion by which two ratios may be known to be equal, or four 
magnitudes proportionals, without involvmg any inquiry respecting the 
four quantities, whether the antecedents of the ratios contain or are con- 
tained in their consequents exactly ; or whether there are any magnitudes 
which measure the terms of the two ratios. The criterion only requires, 
that the relation of the equimultiples expressed should hola good, not 
merely for any particular multiples, as the doubles or trebles, but for any 
multiples whatever, whether large or small. 

This criterion of proportion ma^ be applied to all Geometrical magni- 
tudes which can be multiplied^ that is, to all whidi can be doubled, trebled, 
quadrupled, &c. But it must be borne in mind, that this criterion 4oes 
not exhibit a definite measure for either of the two ratios which constitute 
the proportion, but only, an undetermined measure for the sameness or 
equality of the two ratios. The nature of the proportion of Geometrical 
magnitudes neither requires nor admits of a numerical measure of either 
of Uie two ratios, for this would be to suppose that all magnitudes are 
commensurable. Though we know not the definite measure of either of 
the ratios, farther than tiiat they are both equal, and one may be taken as 
the measure of the other, yet particular conclusions may be arrived at by 
this method : for by the test of proportionality here laid down, it can be 
proved that one magnitude is greater than, equal to, or less than another : 
that a third proportional can be foimd to two, and a fourth proportional 
to three straight lines, also that a mean proportional can be found be- 
tween two straight lines : and further, that which is here stated of 
straight lines may be extended to other Geometrical ma^itudes. 

The fifth definition is that of equal ratios. The definition of ratio itself 
(defs. 3, 4) contains no criterion by which one ratio may be known to be 
equal to another ratio : analogous to that by which one magnitude is 
known to be equal to another magnitude (£uc. i. Ax. 8). The pureceding: 
definitions (3, 4) only restrict the conception of ratio wiUunccrUiit Umltfi, 



240 ETJCTilD's ELEMENTS. 

but lar down no test for comparison, or the deduction of properties. All 
Kuclia's reasonings were to turn upon this comparison of. ratios, and 
hence it was competent to lay down a criterion of equality and inequality 
of two ratios between two pairs of magnitudes. In short, his effective de- 
finition is a definition of proportionals. 

The precision with which Ij^is definition is expressed, considering the 
number of conditions involyed in it, is remarkable. Like all complete 
definitions the terms (the subject and predicate) are conyertible : that is, 

(a) If four magnitudes be proportionals, and any equimultiples be 
taken as prescribed, they shall have the specified relations with respect 
to ** greater, greater," &c. 

(6) If of four magnitudes, two and two of the same Geometrical 
Species, it can be shewn that the prescribed equimultiples being taken, 
the conditions imder which those magnitudes exist, must be such as to 
fulfil the criterion '* greater, greater, &c." ; then these four magnitudes 
shall be proportionals. 

It may be remarked, that the cases in which the second part of the 
criterion ('* equal, equal") can be fulfilled, are comparatively few: namely 
those in which the giren magnitudes, whose ratio is imder consideration, 
are both exact multiples of some third ma^tude — or those which are 
called comn^ensurable. When this, howeyer, is fulfilled, the other two will 
be fulfilled as a consequence of this. When this is not the case, or the 
magnitudes are incommensurablef the other two criteria determine the pro- 
portionality. Howeyer, when no hypothesis respecting oommensur- 
ability is myolved, the contemporaneous existence of the tiiree cases 
(** greater, greater; equal, equal; less, less") must be deduced from the 
hypothetical conditions under which the magnitudes exist, to render the 
criterion valid. 

With respect to this test or criterion of the proportionality of four 
magnitudes, it has been objected, that it is utterly impossible to make 
m£d of all the possible equimultiples of the first and third magnitudes, 
and also of the second and fourth. It may be replied, that the point in 
question is not determined by making such trials, but by shewing from 
the nature of the magnitudes, that whatever be the multipliers, if the 
multiple of the first exceeds the multiple of the second magnitude, the 
mmtiple of the third will exceed the multiple of the fourth magnitude, 
and if equal, toill be equal ; and if less, wiU be Ism, in any case which 
maybe taken. 

The Arithmetical definition of proportion in Sook Tn, Def. 20, even 
if it were equally general with the Geometrical definition in Book v, Def. 
5, is by no means universally applicable to the subject of Geometrical 
ma^tudes. The Geometrical criterion is founded on multiplication, 
which is always possible. When the magnitudes are commensurable, the 
multiples of the first and second may be equfd. or unequal ; but when the 
magnitudes are incommensurable, any multiples whatever of the first and 
second must be unequal ; but the Arithmetical criterion of proportion is 
founded on division, which is not always possible. Euclid has not shewn 
in Book v, how to take any part of a line or other magnitude, or that the 
two terms of a ratio have a common measure, and therefore the numerical 
definition could not be strictly applied, even in Uie limited way in which 
it may be applied. 

Number and Magnitude do not correspond in all their relations ; and 
hence the distinction between Geometrical ratio and Arithmetical ratio ; 
the former is a comparision Kurd 'rnXiKornra, according to quantity, but 
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the latter, aoeording to quotity. The fonner gives an undetermined, 
tiiough definite measure, in magnitudes; but the latter attempts to 
give the exact yalue in numbers. 

The fifth book exhibits no method whereby two magnitudes may be 
determined to be commensurable, and the Geometrical conclusions de* 
duced from the multiples of magnitudes are too general to furnish a 
numericalmeasure of ratios, being all independent of the commensura- 
bility or incommensurability of the magnitudes themselves. 
* It is the numerical ratio of two magnitudes which will more certainly 
discover whether they are commensurable or incommensurable, and 
hence, recourse must be had to the forms and properties of numbers. 
All numbers and fractions are either rational or irrational. It has been 
seen that ration^ numbers and fractions can express the ratios of Geo- 
metric^ magnitudes, when they are commensurable. Similar relations 
of incommensurable magnitudes may be expressed by irrational numbers, 
if the Algebraical expressions for such numbers may be assumed and 
employed in the same manner as rational numbers. The irrational 
expressions being considered the exact and definite, though undeter- 
mined, values of the ratios, to which a series of rational numbers may 
successively approximate. 

Though two incommensurable magnitudes have not an assignablenume- 
rlcal ratio to one another, yet they have a certain definite ratio to one 
another, and two other magnitudes may have the same ratio as the first 
two : and it will be found, that, when reference is made to the numerical 
value of the ratios of four incommensurable magnitudes, the same irra- 
tioiud number appears in the two ratios. 

Th'b sides and diagonals of squares can be shewn to be proportionals, 
and though the ratio of the side to the diagonal is represented Geome- 
trically by the two lines which form the side and the diagonal, there is 
no rational number or fraction which will measure exactly their ratio. 

If the side of a square contain a units, the ratio of the diagonal to the 
side is numerically as V 2 to 1 ; and if the side of another square contain 
b units, the ratio of the diagonal to the side will be found to be in the 
ratio of V 2 to !• Again, the two parts of any number of lines which 
may be divided in extreme and mean ratio wUl be found to be respectively 
in the ratio of the irrational number V^ — l to 3— V^. Also, the 
ratios of the diagonals of cubes to the diagonals of one of the faces wUl 
be found to be in the irrational or incommensurate ratio of V^ to y 2. 

Thus it will be foimd that the ratios of all incommensurable magni- 
tudes which are proportionals do involve the same irrational numbers, 
and these may be used as the numerical measures of ratios in the same 
manner as rational numbers and fractions. 

It is not however to such enquiries, nor to the ratios of magnitudes 
when expressed as rational or irrational numbers, that Euclid's doctrine 
of proportion is legitimately directed. There is no enquiry into what a 
ratio is in ntmbers^ but whether in diagrams formed according to assigned 
conditions, the ratios between certain parts of the one are the same as 
the ratios between corresponding parts of the other. Thus, with respect 
to any two squares, the question that properly belongs to pure Geometry 
is : — whether the diagonals of two squares have the same ratio as the 
sides of the squares i Or whether the side of one square has to its 
diagonal, the same ratio aifthe side of the other square has to its diagonal } 
Or again, whether in Euc. vi. 2, when BC and DE are parallel, the line 
BD has to the line I>if, iheMmermHo that the line CE has to <he lina 
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AB ? There is no purpose on the pert of Eaclid, to assign either of these 
ratios in numbers: but onbr to prove that their uniyersal sameness is 
inevitably a consequence ox the original conditions according to which 
the diagrams were constituted. There is, consequently, no introduction 
of the idea of incommensurables : and indeed, with such an object as 
Euclid had in view, the simple mention of them would have been at least 
irreleyant and superfluous. If however it be attempted to apply numeri- 
cal considerations to pure geometrical investigations, incommensurables 
will soon be apparent, and difficulties will arise whidi were not foreswn. 
Euclid, however^ effects his demonstrations without creating this arti- 
ficial difficulty, or even recognising its existence. Had he assumed a 
standard imit of length, he would have involved the subject in numeri- 
cal considerations; and entailed upon the subject of Geometry the 
almost insuperable difficulties which attach to all such methods. 

It cannot, however, be too strongly or too frequently impressed upon 
the learner's mind, that all Euclid's reasonings are independent of the 
numerical expositions of the magnitudes concerned. That the enquiry 
as to what numerical function any magnitude is of another, belongs not 
to Pure Geometry, but to another Science. The consideration of any 
intermediate standard imit does not enter into pure Geometry; into 
Algebraic Geometry it esseutially enters, and indeed constitutes the Amda- 
mental idea. The former is wholly free from numerical considerations ; 
the latter is entirely dependent upon them. 

Def. vn is analogous to Def. 6, and lays down the criterion whereby 
the ratio of two magnitudes of the same kind may be known to be fjfreaier 
or lets than the ratio of two other magnitudes of the same kind. 

Def. XI includes Def. z. as three magnitudes may be continued pro- 
portionals, as well as four or more than four. In continued proportionals, 
all the terms except the first and last, are made successively the conse- 
quent of one ratio, and the antecedent of the next; whereas in other 
proportion^ this is not the case. 

A series of numbers or Algebraical quantities in continued proportion, 
is called a Oeometrieal progression^ from the analogy they bear to a series 
of Geometrical magnitudes in continued proportion. 

Def. A. The term compound ratio was devised for the purpose of 
avoiding circumlocution, and no difficulty Can arise in the use of it, if 
its exact meaning be strictly attended to. 

With respect to the Geometrical measures of compound ratios, three 
straight lines may measure the ratio of four, as in Frop. 23, Book vi. 
For KtoL measures the ratio of ^C to CG, and L to if measures the 
ratio of DC to CE; and the ratio of JT to If is that which is said to be 
compounded of the ratios of JT to X, and LtoM, whidh is the same as the 
ratio which is compounded of the ratios of the sides of the parallelograms. 

Both duplicate and triplicate ratio are species of compound ratio. 

Duplicate ratio is a ratio compounded of two equal ratios ; and in the 
case of three magnitudes which are continued proportionals, means the 
ratio of the first to a third proportional to the firat and second. 

Triplicate ratio, in the same manner, is a ratio compounded of three 
equal ratios ; and in the case of four magnitudes which are continued 
proportionals, the triplicate ratio of the first to the second means the 
ratio of the first to a fourth proportional to the first, second, and third 
magnitudes. Instances of the composition of three ratios, and of tripli- 
cate ratio, will be found in the eleventh and twelfth books. 

The product of the fractions which represent or measure the ratios 
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of numben, ooirefponds to the composition of Geometrical ratios of 
magnitudes. 

It has been shewn that the ratio of two nombers is represented by a 
fraction whereof theoiumerator is the antecedent, and tiie denominator 
tiie consequent of the ratio ; and if the antecedents of two ratios be 
multiplied together, as also the consequents, the new ratio thus formed 
is said to be compounded of these two ratios ; and in the same manner, 
if there be more than two. It is also obvious, that the ratio compounde<i 
of two equal ratios is equal to the ratio of the squares of one of the ante- 
cedents to its consequent ; also when there are three equal ratios, the 
/atio compounded of the three ratios is equal to the ratio of the cubes ot 
any one of the antecedents to its consequent. And further, it may be 
observed, that when several numbers are continued proportionals, the 
ratio of the first to the last is equal to the ratio of the product of all the 
antecedents to the product of all the consequents. 

It may be here remarked, that, though the eonstmotions of the pro* 
positions in Book v are exhibited by straight lines, the enunciations are 
expressed of magnitude in general, and are equidly true of angles, 
triangles, parallelograms, arcs, sectors, &c 

The two following axiomt may be added to the four Euclid has given. 

Ax. 5. A part of a greater magnitude ia greater Uian tiie same part 
of a less mfwnitude. 

Ax. 6. That magnitude of which any part is greater than the same 
part of another, is greater than that other magnitude. 

The learner must not forget that the capital iBtten, used generally by 
Euclid in the demonstrations of the fifth Book, represent the magnitudes^ 
not any numerical or Algebraical measures of them : sometimes however 
the magnitude of a line is represented in the usual way by two letters 
which are placetL at the extremities of th^line. 

Prop. I. Algebraically. 

Let each of the magnitudes J, 1^, C, fta be equimultiples ol as many 
a, 6, Cp &C. 

that is, let ^ as m times a « ma^ 
B mm times b aa mb, 
C^m times e n me, &c« 
First, if there be two magnitudes equimultiples of two others, * 

Then A + Bsania-^fnbmm{a + b)sBm times (a + b). 
Hence J + B ia the same multiple of (a + 6), as il is of a, or 3 of &. 
Secondly, if there be three magnitudes equimultiples of three otheii^ 
then A -k- B -^ Cm ma -^ mb -^ me m m(a + b -^ t) 

m m times (a + 6 + 0), 
Hence il + B + C is the same multiple of (a + & + 0* 
as ^ is of a, Soib^ and C of c. 

Similarly, if there were four, or any nitmber of magnitudes. 
Therefore, & any number of magnitudes be equimultiples of as many, 
each of each ; what multiple soever, any one is of its part, ^the same 
multiple shall the first magnitudes be of all the other. 

Prop.n. Algebraically. 

Let J^ the first magmtude, be the same multiple of a, the second, 
as A^ the third, is of a^ the fourth ; and J^ the fifth the same multiple 
of a, the second, aa A^ the sixth, is of a« the fourth^ 

m8 
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That ia, let A^^m times a, »= ma^ 

^, B m timeB a^ m mm^ 

J^ssn times a, b na^ 

J^ts n times a^ s na^, 

Then by addition, J^ + J« = mo, + fMis » (m+n) o^ s (m+r<) times o^ 

and w#i + /f, SB ma^ + na; «= (iM+n) a^ s (m+n) times a^. 

Therefore A^ + A^is the same multiple of a,, as ^, + ^« is of a^. 
That is, if the first magnitude be the same multiple of the second, as 
the third is of the fourth, &c. 

Coa. If there be any number of magnitudes ^j, ^„ A„ &c. multiples 

of another a, such that Ai = ma, A^^na^ J^= pa, &c. 

And as many others J3], B^ B^ &c. the same multiples of another 6, 

such that B| b mb, B^ = n&, S, as pb, &c. 

Then by addition, A^ ■{■ A^ -^^ A^ •^- &C, ^ ma + na + pa + ftc. 

= (m -f n +/> + &c.) aBr(i» + n+|> + &c.) times a : 

and £i + B, + 'Bt + &c. » mfr + »& +i^ + &c. » (m + » +1' + &c.} 6 

B (m + n + p + &o.) times h : 

hat is A^-i- A^-i- A^ + &c. is the same multiple of a that 

-Bi + B, + jB, + &c. is of 6. 

Prop. III. Algebraically. 

Let A^ the first magnitude, be the same multiple of a, the second, 

as A^ the third. Is of o^ the fourth, 

that is, let A^^m times a, s ma„ 

and A%^m times a^ b fna^. 

If these equals be each taken » times, 

then nAx b mno, b mn times a,, 

and nA^ b mna^ b mn times 04, ' 

or fiiij, n^, each contain «,, a^ respectively mn times. 
Wherefore nw#„ nA, the equimultiples of the first and third, are 
respecjtively equimultiples of a, and a^, the second and fourth. 
Prop. lY. Algebraically. 

Let A|, Oy A^ a^ be proportionals according to the Algebraical 
definition : 

that is, let A| : Ot : : ilt • '« 

then-**:^, 
a, a. 

multiply these equals by — , m and n being any integers, 

or mif| : na^ ;: m^^, : na|. 

That is, if the first of four magnitudes has the same ratio to the 
second which the third ha^ to the fourth ; then any equimultiples what* 
ever of the first and third shall have the same ratio to any equimultiples 
of the second and fourth. 



NOTES TO BOOK ▼. 845 

The Corollary it contained in the proposition itself: 

for if n be unity, then mA^ : a, :: m^, : 4|t 
and if m be vmity, also Ax : nfi^ii A^ : na^* 

Prop. V. Algebraically. 

Let Ai be the same multiple of ai» 

that A^ a part ox ^i, is of a,, a part of a\. 
Then if^ - i#, is the same multiple of aj — a^ as ^ is of a^: 

For let i#i B m times Oi » fw^ 
and ^t B m times m » ma^ 
then ifj - if, « m«i - mo, B «i (tfi - flj = w times (ci - a,), 
that IS i#i - i#2 »» ^® *^® ■*"''^® multiple of («f|^ - oj as if ^ is of a^. 
Prop. Ti. Algebraically, 

Let An if, he equimultiples respectiTely of Oi, a, two others, 
' that is, let Ai^m times a^ a maj, 
A, es m times a, s iptOi, 
Also if Bi apart of i#i ■» » times Oj «= noj, 
and B, a part of i#, » n times a, s na,. 
Then by taking equals from equals, 
. .•. ^i - B| ra woi - n«i B (i» - n) Oi B (m - n) times Oi, 
^2 - f , » mo, — noa B (m - n) a, B («» — n) times a, : 

that is, the remainders Ai - Bi, -4, - ^^ are equimultiples of «|, «» 

respectiyely. 
And if w - n = 1, then i4, - Bj « a„ and i#, - JJg «= «,: 
ox the remainders are equal to a^, a, respectively. 

Prop. A. Algebraically, 

Let Ay, a^ A^ a^ be proportionals, 
or il| : a,:: i#, : a,t 

then-*-^'- 

And since the fraction — i is equal to — , the folloiring relatbns 

only can subsist between Ai and a,; and between A^ and iSf. 

First, if ill ^® greater than o,; 'then A^ is also greater than 4|t 
Secondly, if ilt be equal to o, ; then A^ is also equal to 04 : 
I'hirdly, if A^ oe less than a, ; then As is also less than a^ : 

Otherwise, the fraction -^ could not be equal to the fraction —?• 

a, •§ 

Prop. B. Algebraically, 

Let if 1, a„ ii#,, 04 be proportionals, 

or ill : a, :: ^9*^v 

Then shajl a, : ifj :: 04 : ^« 

For since ill : a, :: its • ^'a , 
'"' 0, " a,* 
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nd if 1 be dlTided by eM^ of fliew equh^ 

* :s; " 5,' 

and thoefore Og : ^i :: «^ : ^a- 
Prop, c ''lliiBufieqveilay made iittofby geometers, and is neeessaiy 
to the 5th and 6th Propnaitiona ef the lOtb Bwik. ClaTius, in bis notes 
subjoined to the 8th ddf. of Book 6, demonstrates it only in numbers, by 
help of some of the propositions of the 7th Book ; in order to demonstrate 
the property contained in the 5th definition of the 5th Book* when applied 
to numbers, from the pr operty of proportionals contained in the 20th def. 
ofthe 7UlBoc^: and most ortfaeeommentators judge it difficult to prove 
that four magnitndfai which axe proportionals according to the 20th defl 
of the 7th Book, are also proportionals according to tl^ 5th det of the 
5th Book* But this is easily made out aa follows : 

First, if J 9 Bt C, D, be four magnitudes, sudi that A is the same 
Kultiple, or the same part of B, whidi C is of Z>: 

Then A^ B, C, i>, are proportionals : 

this is' demonstrated in proposition (c). 

Seooodly, UAB contain the same parts of CD that EP does of GEi 

in this case likewise jIB is to CD, aa £F to GJ7. 



-C 



Let ClTbe a part of CD, and GL the same part of GHx 

and let AB be the same multiple of CK, that BF isofGLi 

therefore, by Prop, c, of Book t, AB is to CK, 9a EF to GLi 

and CD, GH, are equimul^les of CK^ GL, the second and fourth ; 

wherefore, by Cor. Prop. 4, Book t, ilB is to CD, as £F to GH, 

And if four magmtndes be proportLonals according to the 5th del of BookT, 

they are also proportionals according to the 20th del of Book yn« 

First, if il be to B, as C to />; 
then if il be any mult^le or part of B, C is the same multiple or 
part of Dt by Prop, d. Book t. 

Nezt,if ilBbetoCZ>,asBFto GH: 
Aen If iiB eontaia any part of CZ), EF contains the same part of GHi 

A B E F 



Ibr let CJTbe a part of CD, and GLthe same part of GH^ 

and let AB be a multiple of CIT: 

B^ is the same multiple of GL : 

take M the same multiple of GL that AB is of CK\ 

therefore, by Prop, o. Book t, AB is to CB; as If to GL : 

and CD, GH, are equimultiples of CK, GL ; 

wherefore« by Cor. Prop. 4, Book v, AB ia to CD, as If to GH. 

And, by the hypothesis, AB is to CD, as BFto GH\ 

therefore 3f is equal to EF by Prop. 9, Book ▼, 

end ooDiequentlT, BF is the same multiple of GL that A^ is of CK» 
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Thii if the Hkelihod bj which Simeon ihewt that thd Qeometrical 
definition of proportion is a oonsequenoe of the Arithmetieal definition, 
and conyersdy* 

It may Loweyer be shewn by employing the equation -t » ^ t and taking 

ma, me any equimnltiples of a and e the first end thirds and nb, nd any 
equimultiples of 6 and d the second and fourth. 

And conversely, it may be shewn ex abturdo, that if four quantities 
are proportionals aecordmg to the fifth definition of the fifth book of 
Euclid, they are also proportionals according to the Algebraical definition. 

The etudent must however bear in mind, that the Algebraical defi- 
nition is not equally applicable to the Geometrical demonstrations con- 
tained in the sixth, tleventh, and twelfth Books of Euclid, where the 
Geometrical definition is employed. It has been before remarked, that Geo* 
metry is the science ofmoffnitttde and not of number ; and though a sum and 
a difference of two masnitudea can be represented Geometrically, as weU 
as a multiple of any given magnitude, there is no method in Geometry 
whereby ^e quotient of two magnitudes of the same kind can be ex- 
pressed. The idea of a quotient is entirely foreign to the principles of 
the FiftiiBook, as are also any distinctions of magnitudes as being com- 
mensurable or incommensurable. As Euclid in Books vn— x has treated 
of the propertjies oi proportion according to the Arithmetical definition 
and of their application to Geometrical magnitudes ; there can be no 
doubt that his mtention was to exclude all reference to numerical mea- 
sures and quotients in his treatment of the doctrine of proportion in the 
Pifth Book ; and in his a|mlioatioa8 of that doctrine in the sixth, eleventh 
and twelfth books of the Elements* 

Prop. C* Algebraically. 

Let Alt a^ A^ a^ be lour magnitudes. 

Pint let Ai sa ma, and J^ s ma^ : 

Then Ai : a, :: A^ : a^. 



Por 


fanceAim 


tma^ 


• • m 


-i- 




and J^» 


• ma^ 


• • w 


-t' 




Hence 


OS 


$• 





and AiiOgiiA^ia^* 
Secondly* Let A^^^Og, and A^^ — a^t 

Then, as before^ ^ m — , and -1 » — | 

41, m a^ m 

Hence — ^ • — S t 
a, a^ 

and All a,:: A^ za^. 

Fnp, D. Algebraically. 

Let Aif a^ A^ a^ be proportionalsy 

ox Aii^ii A^i^^» 
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First let ^^^ be a multiple of a^i OT Aimm times fti o m^ 

Then shall J^ a ma^ 
For since ^i : a, :: il, : tf^ 

but since ili ss mdi^ 

and jf^ B imi^tf 
Therefore the third ^^3 is tiie same multiple of a^ the fourth* 

Secondly. If il| e - a,, then shall ilj = — ««. " 

01 n 

For since ^«-»; 

and ^1 =5 — Oj, .*. • — = — f 
^ m ' O] m 

/. — 2 = - , and-^j ss -a^i 

wherefore, the third ^3 is the same part of the fourth At* 
Prop. Tii. is so obvious that it may be considered axiomatic. Also 
Prop. Tin. and Prop. ix. are so simple and obvious, as not to reqtiiro 
algebraical proof. 

Prop, X. Algebraically. 

Let A^ have a greater ratio to a, than A^ has to a. 

Then A, > ^,. 

A 

For the ratio of ^| to a is represented by — ^ » 

and the ratio of ^ to a is represented by -^» 

and smce — ^ > — ^ ; 
a a 

It follows that Ax > A^ 
Secondly. Let a have to ^, a greater ratio than a has to A^* 

Then A^ < A^. 
For the ratio of a : ^, is represented by -2- » 

and the ratio of a : il. is represented by -^ t 

and since -r> -r t 
At Ay 

dividing these imeqtials by Of 

1 1 

and multiplying these unequals by ^|« J^ 
•*. Ai > A[fn 
or A^ < Ai. 
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Prop. XI. Algebraically. . - ^ 

Let the ratio of i4i : Oj be the same M the Who of ^ : a^ 
and the ratio of A^ : a^ be the same as the ratio of A^ : ««• 

Then the ratio of 4, : a, shall be the same as the ratio oiA^ia^ 

Vox since AiiOi',: J^ia^ 

£1 At 

and since A^ia^ii A^i a^ 
. A. A, 

Hence -i = -*, 
a, «. 

and Ai I 02 II Af^^ 0%, 

Prop. XII. Algebraically. 

Let Au 09 -^v A4, if(, Of be proportionals^ 

so that Ai : 02 I'. A^ I a^ 11 At i a^. 

Then shall ^1 : Oj :: -<^, + -4» + ^j : a^ + 04 + <v 

Por since A^i a^ii Ati a^:i A^: a^ 

. ^1 A^ A^ 

«1 f»4 

also Ji^i « o^i* 

Hence it. (a, + ©4 + «•) « «t (-^i + ^» + ^i)» ^7 addition, 
and dividing these equals by a, (a» + «4 + «•)• 

" «2 * «a + «4 + «• ' 

and -4, ! a,: : -^1 + il3 + -4, : «i + ^4 + «•• 

Prop. xiii. Algebraically. , *. .v x ^ ^ . - 

Let i,. a^A^ a,. A,, a^ be six magnitudes, such that/, la^iiA^'.a^^ 
but that the ratio of A^ : a^ is greater than the ratio of A^: «,. 
Then the ratio of ilj : Oj shall be greater than the raUo of A^ : a^. 

For since A • ^ • • -^s • ** •'• 7" " T" » 

but since ils : 04 > '^ * '• •'• T" >" TT* 

«4 *•• 

Hence — i> —. 
0, a. 

That is, the ratio of il,: a, is greater thaa the ratio of if»:^ 
Prop, XIV. Algebraically. 

Let il|, a» ^a, ff* ^e propotUonals, 
Then if ^, > if , then o, > a^, and if equal, equal ; widifleWjlefiSt 

For since ^| : a, :; ult ; a« 

1(6 
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Multiply theso equals by -^ | 

•and because these fractions are always equals 

if i4i be > ^3, then a, must be greater than a^ 

for if a, were not greater than a^ 

the fraction ^ could not be equal to -~ ; 

which would be contrary to the hypothesis. 
In the same manner, 

if ^1 be s A^t then a, must be equal to a^, 
and if ^1 be < ^d^ Oj must be less than a^. 
Hence, therefore, if &c. 
Prop. XT. Algebraically. 

Let A I, Of he any magnitudes of the same kind» 

Then ii| : a, :: mA : mo, ; 

mAi and ma% being any equimultiples of ^i and a,. 

For-' = :^, 

and since the numerator and denoiAnator of a* fraction may be mul* 
tiplied by the same number without altering the Talue of the fraction, 

'taidAiiotiitnAiima^ 
Prop. XVI. Algebraically. 

Let A^, a^ ^,, a^ be four magnitudes of the same kind, whieh m 
proportionals, 

A^\ a^il A^\ a^. 

Then these shall be proportionals when taken alternately, that ia» 

All A^iio^ia^, 

For since Aiia^w A^ia^^ 

then 1» « ^ 

MulUply these equals by -^y 

• £l -^ 
Az a^ 

and il| : ul, : : O) : 04, 

Prop. X7II. Algebraically. 

Let Ai + a^ a^ uls + 04, 04 be proportionalsy 

then ^1, a^ A^ a^ shall be proportionals* 
For since Ai-\- a^i a^ii J^-[- a^% a^ 

ordl + i «:6+i, 

«f «4 ^ 
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•ad taking 1 from eaoli of these equalii 

^ Ax At 

• • ■• ^"~ • 

and ^1 : 02 : : ^t : Oi. 

Prop. xTni, is the conyerse of Prop. xtii. 

The following is Euclid's indirect aemonstration. 

Let AE^ EB, CP^ FD be proportionalsy 

that is, as ^£ to EB, so let CF be to FD : 

then these shall be proportionals also when taken jointly | 

that ia, a» JB to BE, so shall Ci> be to DF, 

A E B 
C Q 'f 



For if the ratio of ^B to BE be not the same as the ratio of CD to DF; 
tiie ratio of ^B to BE is either greater than, or less than the ratio of 
CD to DF. 

First* let AB have to BE a less ratio than CD has to DP; 

and let DQ be taken so that AB has to BE the same ratio as CD to DQ : 

and since magnitudes when taken jointly are proportionals, 

they are also proportionals when taken separately ; (y. 17.) 

therefore ^ has to EB the same ratio as CQ to QD ; 

but, by the hypothesis, ^i^'has to EB the same ratio as CFto FD ; 

therefore the ratio of CQ to QD is the same as the ratio of CF to FD. ( y . 1 1 .) 

And when four ma^tudes are proportionals, if the first be greater than 

the second, the third is greater than uie fotirth ; and if equal, equal ; and 

il less, less ; (y. 14.) but CQ is less than CF, 

thierefore QD ia less than FD ; which is absurd. 
Wherefore the ratio of AB to BE ia not less than the ratio of CD to DP; 
that is, AB has the same ratio to BE as CD has to DF. 
Secondly. By a similar mode of reasoning, it may likewise be shewn^ 
that AB has the same ratio to BE as CD has to DF, if AB be assumed to 
haye to BE a greater ratio than CD has to DF. 
Prop. xyiu. Algebraically. 

Let Ai I Ot It At I a^. 

Then ^i + a, : a, ; : ^, + a^ : a^. 

For since Aiia^i: A^ia^ 

. ^i ^. 

• . — = — f 

and adding 1 to each of these equals ; 

A. ^ At ^ ! 

.\ -> + l--+l, 

^ Ai + a» At '\- a* < 

or, —4 B f 

At 04 

and Ax-\-a^i a^iiA^+ a^i a^. 

Prop. zix. Algebraically. 

Let the whole A^ haye the same ratio to the whole A^ 
as ai taken from the first, is to cr, taken from the second, 

that is, let ^x • -^s • • ^ • ^r 
Then Ai^aiiAfOiiiAnA^ 
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Tor since ili : il| :: (h : o^ 

Moltiplying these equals Iqr ^t 

-^a «i «» «! 
or — i«s— ^, 

snd subtnteting 1 from each of these eqoalSi 
. -^i 1 ~ ''• — 1 

and multiplying these equals by -z — - — t 
but —««??. • ^' 

ard ^1 — a, : ilg - 02 • • ^1 < -^ 
Cor. If Ji ; il, : : Oj : Cp 

Then il, - o, : il, - a, : : a^ : o^ is found preyed in the preceding 

process. 
Prop. E. Algebraically. 

liCt J| : 0, : : Js : 04, 

Then shall il, : il| — a, : : ils : its — Ar 
For since ilj : a, : : if, : a«» 

. • ~~" ^ — " 9 

•ubtracting 1 from each of these equalSf 

• — » - 1 ■ -dl « 1 

«• «4 

but^«l^ 

Dividing the latter by the fozmer of these equal% 

• '^1 « -^1 ~ ^ g, ^> .. ^8 — ^ , 
a, • og «4 * a4 
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or -3 — 2— a -3— - ; 

and Ai I Ai-^ Ogit A^x Jf^ a4f 

Prop, XX. Algebraically. 

Let Alt Ap A^he three magnitades, and Oit Of, a^t other three^ 

such that Ax I A^ II eti I Op 

and ^ : ^s : : 0} : oy : 

if ili > ilg, then ahau 01X13, 

and if equal, equal ; andxf less, lesa. 
Since Aj : jIs :: Oi : Oi, .'• •— s -^, 

also since 4i : ^s : : 03 : ii8> .*. ^ <= ^» 
and multiplying these equals, 

•«« -"i ^i «» 

and since the fraction -^ is equal to -^ ; 

-«• Os 

and that iii > iis^ 
It follows that o^ is > O). 

In the same way it may be shewn 

that if ^1 a ill, then oi a o^; and if iiibe <A^ then f| < a^. 

Prop. XXI. Algebraically. 

Let Ai, Ap Af, be three m^^itudes, 

and Oi, Oj, as three others, 

such that ^1 : ^ : : a, : Oj, 

and vl] : iis : : ai : oj. 

If A| > ill, then shall ai><h» <^cl i^ equal, equal^; and if less, leas. 

For since AitA^ii^ia^ /. --1 s ^, 

and since-ill xA%itmiiajt, /. --^ «■ ^. 
Multiplying these equals, 

••ili^ili"«i%» 



ill Oi 

or -ie^. 
ila 0* 

ill At 

and since the fraction -p is equal to —9 

and that Ai> A^, 

It follows that also Oi > Oj. 

IKmilarly, it may be shewn, that U Ai^Aq^ then Oi s a^ | 

ttid if il| < ill, also ax < 1^ 



X 
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iProp. z]lt« Algebraically. 

. Let Aif A2, A% be three magnitudes* 

and «!» %, 03 other three, 

luch that All A^xx Oixot^ 

and A2X A^xxa^i a^. 

Then shall Ai : A^ :: a^ : 03. 

For since ^1 : il^ :: o^ : o^, •. — = —, 

and since A^x A^x: 02^ tfs, /. -r - -* • 
Multiply these equals, 

• d-l V ^ _ ** V ^ 

and ^1 : ^8 : : a, : 03. 
Kezt if there be four magnitudes, and other four sucb^thal 

AiX A2X;aixa2, 

^:^3 :: a,: a,, 

A^xA^xxa^xa^. 

Then shall Ai lA^xxoiXai, 

For since AiX A^xxoixa^, /. -p « - , 

« A A* 0% 

AsxA^xxa^ia4, /, -j5 s - . 

Multiplying these equals, 

* A2 A^ Ai a^ Oi a^ 
or^-5, 

and AiX A^xx Oii a^ 
and similarly, if there were more than four magnitudei. 

Prop, zxxiit Algebraically. 

Let Alt A^t A^ be three magnitude^ 
and ai, Oj, 03 other three* 
* such that ill ; ^ :: Os : 03, 

and A^x A^xxoixa^. 
Then shall ^1 : ^3 :: Oi : a,« 

For since A^x A^xxa^ia^ '- -T ^ -^f 
md since A%x A^xxoxXOtit **• "l^ ~ 



-I 
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MuldplTing these equals^ 

or -r- » — , 

and ^1 : ^s * *• ^ : ^ 

If there were four magnitudes, and other four* 
Such that All A^ii a^iOi^ 

A^iA^iiaiia^, 
Then shall also Aii A^i: Oiiai* 





«JbJI 1 


• *"3 • 


<*49 • • 


4r" 


•«• 


At'- 


A, I 


:: 0^: 


t,. .-. 


At 
At' 


■S' 


A,: 


A,i 


: Oi : 


Oj .'. 






• Multiplying these equals, 






Ai 


x£» 




02 

: - X 

"3 






or 


A,- 


-7' 
04 







.*. ^1 : ^ : : 01 : ai, 

and similarly, if there be more than four magnitudes, 
^rop. zxiv. Algebraically. 

Let A^io^ii A^ia^ 

and A^xa^iiA^ia^ 

Then shall ^x + -^t • ^ ^ ^ -^s + ^^^ : ei* 

For since A^ia^iiAii 04, /. -i = —2, 

A A 
and since ^^ : o^ : : iff : a^, /, -i = -5 • 

Diyide the former by the latter of the^e equals^ 
* * ■ . Ai _^ A^ A^ ^ A^ 

<H a^ «4 «4 

or — X •? » ^ X -7*, 

•A A' 

adding 1 to each of these equals. 



^1 +j4| Ai + A^ 



^b.A. 
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/ Multiply these equals together, 

. At + A^ At Am -^ A^ A% 

and .\ ill -f A : Ot :: ils + uf« :a# 
Cob. 1. Similarly may be shewn, that 

Ax-^ Ahid^iiA^^A^i^ 
Tmp. zxT« AlgebndcaUy. 

Let All a^ii Az^Oi, 
and let ill be the greatest, and consequently a^ the leafik 

Then shall ili + a^ > a, + il»i 
Since ili : o^ :: il, : 0^, 

Mnltinly these equals by -^ 

•^3 O4 

subtract l^om each of these equals^ 



ill - 0} 
«4 

Ai — ^3 % — 04 



• ^ -1 B?2-l 



L} 04 

or 



Ai 0^ • 

Multiplying these equals by • * - , 

but ^-^, 

«b «4' 

"^1 — ■^3 -^1 

03-04 03 
tet ill > Oi, V Ai Is the greatest of the four magnitadaiy 

/. also ill - ils > 02 - «4» 

add il) + <i4 to each of these equals, 

/. ill + 04 ><b + -^a* 

** The whole of the process in the Fifth Book is purely logical, that is^ 
the whole of the results are yirtually contained in the definitions, in the 
manner and sense in which metaphysicians (certain of them) imagine all 
the results of mathemfttics to be contained in their definitions and hypo- 
theses. No assiunption is made to determine the truth of any conse- 
quence of this definition, which takes for granted more about number or 
nngnitu4e than is necessary to understuid the definitieii itselC Tha 
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• 

Utt€f being (mce understood, its results are deduced by iiispecti0ll«H>t 
itself onl^, without the necessity of looking at any thing dse. Henee, 
a great distinction between the fifth and ue preceding Dooks presents 
itM}f* th^^stfour are a series of propositions, resting on different fan« 
damen^ assumptions; that ts, about different kinds of magnitudesw 
The fift^ is a definition an^ its derelopement ; and ifthe analogy by which 
names haye been giren in the precedmff Books had beoi attended lo^ the 
ptofim^UmB of that Book would hate been called eoroilarie§ of the i^fkU^ 
twnJ'r^CvntMxion ofNumherandMaynitude^ by Professor De MorsaA, p;M# 
tha Fi^ Book of the Elements as a portion <St BueHd's Systeas of 
Geometry ought to be retainied, as the doctrine contains some Of the ttest 
impeggmt) charac^ijstics of aa ^ectire instrument of intellectual Sduea** 
turn. This opimon is faToured by Dr. Barrow in the foUowifig ekpressite 
t^ias 1 *' There is nothjjng iix the whole body of tiie Blements 6% a nkire 
subtile inTeniion, nothing mpre solidly established^ or more aoourat^y 
kaftitffAthia tl^ doQ^e of prop<tftix>nals,'' 



QUESTIQNa 0^ BOOK V. 

1. Explain and ezempUfy^the rteaning of the terms» muUipU^ suft- 
wmUtpU^ njidnwUiple^ 

2. What operations in Geometry and Arithmetic are analogous ? 

3. What are the diiferent meawsi|s of the term 91^0$^$ in Geometry } 
When are Geometrical magnitudes saul to haye 4 cammcm tnetmmf 

4. When are magnitttdfee said to haTe.'and not to have, a ratio to one 
another ? What restriction does this impose upon the magnitude ia 
regard to their fpecje«f 

6, When are magnitudes said to be commensurable or incommensur- 
able to each other } Do the definitions and theorems of Book t,, Include 
incommensurable quantities } 

6. What is meant b;jr the term ^Mm«<rica/ra<K> t How is it represented ^ 
7« Why does Euclid give no independent definition of ratio } 

8. What sort of quantities are excluded from Euclid's Idea of ratio^ 
and how does his idea of ratio differ from the Algebraic definition? 

9. How is a raiio represented Alge^aioaUy t Is there any distinction 
between the tenns, a nuio o/e^jiuaiUy, and equaUfy of ratio f 

10. In what manner are ratios, ixt Geometry, distinguished from each 
other as equal, greater, or less than one another? What obiection is 
there to the use of an independent defioitioii (properly so called) of ratio 
In a system of Qeometry t 

1 1 . Point out the distinction between the geometrical and algebraical 
methods of treating the subject ef proportion* 

12. What Is the geometrical definition of proportion^ Whence arises 
the necessity of such a definition as this ? . ' 

1 3. Shew the necessity of the qualifioetion *^ any whaUwr'* in Eoclid'e^ 
definition of proportion.' 

14. M ust magnitudes that are proportional be all of the same kind } 

15. To what objection has Euc. v. def. 6, been considered liable i 

16. Point out the connexion between the more obrious definition of' 
proportion and that given by Euclid, and illustrate clearly the nature of 
the advantage obtained by which he was induced to adopt it. 

17. Why may not Euclid's defini^on of proportion be superseded in 
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as^tem of Ocometry by the following; VFour quantities are propor- 
tionals, when the first is the same multiple of the second, or the same 
part of it, that the third is of the fourth P" 

18. Point out the defect of the following definition : " Pour maghi* 
tudes are proportional when equimultiples may be taken of the first and 
the! third, and also of the second and fourth, such that the multiples ol 
the firsjt and second arc equal, and also those of the third and fourth." 

19. Apply Euclid's definition of proportion, to Shew that if four quan- 
tities be proportional, and if the first and the third be divided into the 
same arbitrary number of equal parts, then the second and fourth will either 
be equimultiples of those parts^ or will lie between the same twp suc- 
cesfliYe multiples of them. 

•20. The Geometrical definition of proportion is a consequence of the 
Algebraical definition ; and conversely. ' . . 

21. AVhat Geometrical test has Euclid siven to ascertain that ioui 
quantities are not proportionals ? What is the Algebraical test } 

22. Shew in the manner of Euclid, th^t'&e ratio of Id to 17 is greater 
thanthatof 11 to 13. _ .. . 

23. How far may the fifth definition of t^e ^fth 3ook be regarded as 
an axiom ? . Is it conrertible ? 

24. Def. 9, Book y. ** Proportion consists of three lerms at least." 
How is this to be understood } 

25. Define dt^icate ratio. How does it appear from Euclid that the 
duplicate ratio of two magnitudes is the same as that of their squares? ' 

26. When is a ratio compounded of any number of ratios ^ What is 
the ratio which is compounded of the ratios of 2 to 5, 3 to 4, and 5 to 6 ? 

27. By what process is a ratio found equal to the composition of two 
or more given ratios } Give an example, where straight lines are the 
magnitudes which express the given ratios. 

28. What limitation is there to the alternation of a Geometrical pro- 
portion? 

29. Explain the construction and sense of the phrases, ex e^uaii, 
and ex ttquali in proportione perturbata, used in proportions, 

30. Exemplify the meaning of the word homologoiu as it is used in 
the Fifth Book of the Elements. ^ , 

31. Why, m Euclid v. 11, is it necessary to prove that ratios which 
are the same with the same ratio, are the same with one another ? 

32. Apply the Geometrical criterion to ascertain, whether the four 
lines of 3, 6, 6, 10 units are proportionals. 

33. Prove by taking equimultiples according to EUQlid's definition^ 
that the magnitudes 4, 5, 7> 9, are not proportionals. 

34. Give the Algebraical proofs of Props. 1 7 and 1 8, of the Fifth BooKk 
36. AVhat Lb necessary to constitute an exact definition } In the de-^ 

moostrataon of Eue. y. 18, is it legitiai|Kte to assume the converse of the 
filth definition of that Book } Does a mathematical definition admit of 
Jpvoof on the principles of the science to which it relates ? 

36. Explain why the properties proved in Book y, by means detrai^hi. 
HneSf are true ^ anp concrete _ magnitudee, 

, 37. Enunciate Euc. y. 8, and illustrate it by numerical examples. 

* 88. Proye Algebraically Euc. y. 25. 

39. Shew that when four magnitudes are proportionals, they cannot*, 
when equally increased or equally diminishca by any other magnitude^ 
eontinue to be proportionals. 

40. What grounds are ilui ^ f^r the opinion that Euclid intended to« 
exclude the idea of numerical measure << of ratios in his Fifth Book, 

41. WTiat U the object of the Fifth Book of Euclid'* ElemenU > 
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DEFINITIONS. 

r 
I 

L 

StMJLAB rectilineal figures are tho^e vhich have tlieir seTeral 
aqgles equal, each to each, and the sides about the equal angles pro- 
ponionals. 




y\ 



n. 



** Reieiprocal figures, tu. txianeles and parallelograms, are sucli a» 
have theur . sides about two of their angles ][>roportional8 in such a 
maniper, that a side of the first ^^xn is to a side of the other, as tho 
remaining side of the other is to the remaining side of the first." 

ni. 

A straight Mne iasaid to be cut in extreme and mean ratio, whtn* 
the whole la to tli« g^nater segment, as the greater segment is to tha- 
less. 

IV. 

. . The altitude of any figure Is the straight line drawn from its f crtcr 
perpendicular to the oase. 




S 



PROPOSITION I. THEOREM. 

SrWoft^ZM 9md pomJMiopwM of the mum aUitudg art one to the other me 
iMr ieuee. 

Let the trianffles ASd ACD, and the parallelograms JSC, CFf 
have^ the same altitude, 

TJa* the perpendiculiir drawn from the point A to BD or £D pxo- 
: . duced. 

As the base PC is to the base CD, so shall the triangle ABC be to 
the triangle A CD, 

and the parallelogram EC to the parallelogram CF, 
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Produce BD both ways to the points H, L^ 
cad take any number of straight lines ^u, OH, each equal to ^ 

base^C: (l.3.)< 
irird DiT, IjCZ, tny iitttti(belr6f them, each equal td the base CD) 

aAd joitt A O, Air, AX ^-t. 

Then, because CB, BG, OH, are all equal, 

the triangles AJTO, A OB, AB0t^e all equal : (I. 38^ 

therefore, whatever multiple the bise SO in of the base BC, 

the same multij^le b^the triangle ^JETCof tiie triangle ABC: 

for the same reaso4 what&9«r multiplg'the bas» £04b of the base CD, 

the same multiple is the triangle ALC of the triangle ADCi 

and if the base SC l^'^qual to the base CL, 
IkB^iMMKh'AiBe ik^^ako equal 4a ifo tana^ ALB^ ^ :3ft| 

asd a th» toe HV be gB«M;elr> thoit the base^CX, 
lOumu^ the (brilmgle iAHC is greatet^tbaa t)il» tHaagle «^£0; 

andiif iesa; lea»| 
therefore since there are /our magnitudes, 
-nt. the two bases BC, CD, and 'the two* triangles ABC, ACD; 
and of the base BC, and tha triangle ABCi w ficit and thirdly any 
equimultiples whatever have bMD. takeoy 

Yiar. the base ffO and the triangle ABtCt 
and of the base CD and the trianjgle A CD, the second and fourth, 
have been taken any equimuitiples whateyer, 

Tix. the base 'CX and tke triangle AZC; 
and since it has been shewn, that, if the base J£C be f^reater than - 
the base CL, 
the triangle AKC is greater than the triangle ALC\ 
.and if equal, equal ; and if less, less ; 
therefore, as the base ^Cisto the base CD, so is the triangle ABC 
to the triangle -4 CD. (▼. def. 5.) 
And because the parallelogram CB is double of the triangle ABO, 
(I. 41.) 

and the parallelogram CF double of the triangle A CD, 
and that magnitudes have the same ratio which their equimultiples 

hare; (v. 15.) 
as the triangle ^ J?C is to the triangle A CD, so is the parallelogram 

BC to the parallelogram CF; 
aiid because it has been shewn, that, as-the base ^Cis to the base 

CD, so is the triangle ABC to the triangle ACD\ 
ttnd as tl^ triangle AlBC is to the triangle A CD, so is the paralle- 
logram EC to the parallelogram CFi 
lhr«refore, as the base i^C is to the base CD, so is the parallelogram 
.EC to the parallelogram CF. (V. 11.) 

Wherefore, triangles, &e. a.B.D* 
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• Cob. From this it is plain, that triangles and parallelograms that 
have equal altitudes, are to one another as their bases. 

, Let the figures be placed so as to have their bases in the same 
straight line ; and haTing drawn perpendiculars from the Terticea of 
the triangles to the bases, the straight line which joins the Tertices is 

Sarallel to that in which their bases are, (I. 33.) because the perpen- 
iculars are both equal and parallel to one anotner. (i. 28.) Then, if 
the same construction be made as in the proposition, the demonstration 
wiU be the same. 

PROPOSITION n. THEOREM. 

If a itraight Une be dravm paraXlel to ons of the eidei of a triangU^ 
it iiaU eui the other eutea, or theu produced^ proportionalfy : and eowoereely^ 
if the eidee^ or the eidee produced^ he cut praporticnally, the straight line 
which joitu thepointi of section shall beparaUel to the remaining side of the 
triangle. 

Let DJE be drawn parallel to BC, one of the sides of the triangle ABC» 
Then BD shall be to DA, as C£ to JSA. 






Join BE, CD. 
Then the triangle BD£ is equal to the triangle CDE, (I. 87.) 
because they are on the same base DE, and between the same 
parallels jDE, BC; 

but ADJB is another triangle ; 
and equal magnitudes have the same ratio to the same magnitudei 

therefore, as the triangle BDE is to the triangle ADE, no is the 

triangle CDE to the triangle ADE: 

but as the triangle BDE to the tnangle ADE, so is BD to DA, (TL 1.) 

because, having the same altitude, viz. the perpendicular drawn 

from the point E to AB, they are to one another as their bases ; 

and for the same reason, as the triangle CDE to the triangle ADE, 

so is CE to EA : 

therefore, as BD fo DA, so is CE to EA. (T. IL) 
Next, let the sides AB^AC of the triangle ABC, or these^ sides 
produced, be cut proportionally in the points D, E, that is» so that 
BD may be to DA as CE to JBA, and join DE. 

Then DE shall be parallel to ^C 

The same construction being made, 

because as BD to DA, so is VE to EA \ 

and as BD to DA, so is the triangle BDE to the triangle ADE\ {n. 1.) 

and as CE to EA, so is the triangle CDE to the triangle ADE; 

therefore the triangle BDE is to the triangle ADE, as the triangle 

CDE to the triangle ADE; (v. 11.) 
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{hat is, the triangles BD£, CDE have the same ratio to the triangle 
jilJEi 
therefore the triangle BDE is equal to the trian<rle CDE; (▼• 9.) 

and they are on the same base JJE : 
but equal triangles on the same base and on the same side of it^are 
between the same parallels ; (i. '69.) 

therefore I)E is parallel to BC. 
TMierefore, if a stiaight line, &c. Q.B.D 

PROPOSITION III THEOREM, 

If the anffle of a triangle be divided into tito eqtuU anffUi, by m ttraiffht 
Une which alio exits the base ; the segments of the base shall have th$ $ttm§ 
ratio which the other sides of the triavgle have to one another, trndcoH' 
tersely ^ if the segments of the base have the same reUio which the other ndei 
tf the triangle have to one another ; the straight line drawn from ths vertex td' 
ihepomt of section, divides the vertical angle iiUo two equal anglei. 

Let ABC he A triangle, and let the angle BAChe divided into two 
equal angles by the straight line AD, 

Then BD shall be to DC, as BA to AC. 




Through the point Cdraw CE parallel to DA, (l. 81.) 

and let BA produced meet CE in E. 

Because the straight line A C meets the parallels AD, EC, 

the angle ACE is equal to the alternate angle CAD: (l. 29.) 

but CADt bv the hypothesis, is equal to the angle BAD; 

wherefore 'BAD is equal to the angle A CE. (ax. 1.) 

Again, because the straight line BAE meets the parallels AD, EC, 

the outward angle BAD is equal to the inward and opposite angle 

A EC: (l. ii9.) 
but the angle A CE has been proved equal to the angle BAD', 

therefore also A CE is equal to the angle A EC, (ax. 1.) 
and consequently, the side .^^ is equal to the side AC: (l. 6.) 
and because AD iB drawn parallel to EC, one of the sides of the tri- 
angle BCE, 

therefore BD is to DC, as BA to AE: (vi. 2.) 
but AE in equal to AC; 
therefore, as BD to DC, so is BA to AC. (▼. 7.) 
Next, let BD be to DC, as BA to A C, and join AD. 
Then the angle i?^C shall be divided 'nto two equal angles by iM 

straight line AD. 

The same construction being made ; 
because, as BD to DC, so is BA to AC; 
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tnd &8 BD to DC, BO is BA to AE, because AD in parallel to SCi 
(Ti. 2.) 

therefore BA is to AC, as BA to ^^: (▼. 11.) 

consequently AC'ib equal to AE, (v. 9.) 

and therefore the angle A EC Is equal to the angle ACE: (T. 5.] 

but the angle AEC is equal to the outward and opposite angle BAD; 

and the angle ACE is equal to the alternate angle CAD: (l. 29.) 

wherefore also the angle i)AD is equal to the angle CAD; (ax. 1.) 

that is, the angle BACii cut into two equal angles by the straight 

line AD. 

Therefore, if the angle, &c. Q. E. D. 

PROPOSITION A. THEOREM. 

Jf the cwtvtard angle of a triangle made by producing one of its iidet, 
b$ divided into two equal anglee, by a itraight line, which alto cute the bate 
produced ; the tegmentt between the dividing Une and the extremitiet of the 
bate, have the tame ratio which the other tidet of the triangle have to one 
another: and eonvertely, if the tegmentt of the base produced have the tame 
taiio which the other tidet of the triangle have ; the ttraight line drawn from 
the vertex to the point of tection dividet the outward angle of the triangle 
into two equeU anglet. 

Let. ABC he a tnanele, and let one of its sides BA be produced to B; 
and let the. outward angle CAE be divided into two equal angles by 
the stiaiglit line AD which meets the base produced in JD, 
Then BD shall be to DC, ^bBA to AC. 




Through Cdraw CF parallel to AD: (l. 31.) 

and because the straight line ^C meets the parallels AD, FC, 

the angle ACFh equal to the alternate angle CAD: (i. 29.) 

but CAD is equal to the angle DAE; (hyp.) 

therefore also DAE is equal to the angle ACE. (ax. 1.) 

Again, because the straight line FAE meets the parallels AD, FC, 

the outward angle DAE is equal to the inward and opposite angle 

CFA: {1,29.) 

but the angle .^CFhas been proved equal to the angle DAE; 

therefore also the angle -^Ci^is equal to the angle CFA ; (ax. 1.) 

and consequently the side ^i^is equal to the side AC: (i. 6.) 

and because AD is parallel to FC, a side of the triangle BCF, 

therefore BD is to DC, as BA to AF: (vi. 2.) 

but AFis equal to ^C; 

therefore, as BD is to DC, so is BA to A C. (v. 7.) 

Next, let BD be to DC, as BA to A C, and join AD. 

The angle CAD, shall be equal to the angle DAE. 

The same construction being made, 

because BD is to DC, as BA to AC; 
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and tkat ^D is also to DC, as BA to AFi (vi. 2.) 

therefore ^^ is to ^ C7> as ^^ to AF: (t. 11.) 

wherefore AC\a equal to AF^ (v. 9J 

and the angle AFC equal to the angle A CF\ (i. 5.) 

butthe anele AFCia equal to the outward angle FAD, (i. 29.) 

ana the angle A CF to the alternate angle CAD ; 

therefore also FAD is equal to the angle CAD, (ax. 1.) 

Wherefore, if the outward, &c. Q.E.D.' 

PROPOSITION IV. THEOREM. 

The iidei ahout the equal angUt of equiangular triangles are proportionalt ; 
and those which are opposite to the equal angles are homologous sides^ that is^ 
ore the antecedents or consequents of the ratios. 

Let ABC, DCE be equiangular triangles, having the angle ABC 
equal to the angle DCE, and the angle A CB to the angle DEC; and 
consequently the angle BA C equal to the angle CDE. (l. 32.) 
The sides about the equal angles of the triangles ABu, 2)C£ shall 

be proportionals ; 
and those shall be the homologous sides which are opposite to th« 
. equal angles. 

P 




c £ 



Let the triangle DCE be placed, so that its side CE may be con* 
tignousto BC, and in the same straight line with it (l. 22^ 
Then, because the angle BCA is equal to the angle CED, (hyp.) 

add to each the angle ABC; 
therefore the two angles ABC, BCA are equal to the two angles 

ABCCED: (ax. 2.) 
hut the angles ABC, BCA are together less than two right angles ; 
(1. 17.) 
therefore the angles ABC, CED are also less than two right angles : 
wherefore BA, ED if produced will meet : (I. ax. 12.) 
let them be produced and meet in the point F: 
then because the angle ^^Cis equal to the angle DCE, (hyp.) 

BF ia parallel to CD ; (l. 28.) 

and because the angle A CB is equal to the angle DEC, 

AC IB parallel to FEt (I. 28.) 

therefore FA CD is a parallelogram ; ^ 

and consequently AFi& equal to CD, and AC to FD: (I. 34.) 

and because A Cis parallel to FE, one of the sides of the triangle FBSt 

BA is to AF, as ^Cto CE: (vi. 2.) 

but AFh equal to CD; 

therefore, as BA to CD, so is BC to CEtJv. 7.) 

and altematelv. m AB io BC f^o is DC to CE (v. 16.) 
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ufirain, beoftfue CD is parallel to BF^ 
as irCto CBy so is FD to DE: (Vi. 2.) 

but i^D is equal to ^ C; • 

therefore, as ^C to CE, so is ^ (7 to DJST; (T. 7.) 
and alternately, as ^Oto CA, 6o CJ? to J?D : (v. 16.) 
therefore, because it has been proved that A B i% to BC, as X>Cto CE, 

and as BC to C^, so C^ to ED, 
ex asquali, J?^ is to ^ C, as CD to DE. (t. 22.) 
llierefore the sides, &c. Q.E.D. 

PROPOSITION V. THEOREM. 

^T/'ihe sides of two triangles^ about each of their angles^ he ptroportwMkl% 
the triangles shall be equiangular; and the equal angles shall be those which 
' «rs apposite to the homologous sides. 

Let the triangles ABC^ DEFhtLve their sides proportionals, 

so that AB is to BC, as DE to EF; 

and J?C to CA, as EF to FD; 

and consequently, ex aeouali, BA to A C, as ED to DF, 

Then the triangle ^^C7 shall be equiangular to the triangle DEF, 

and the angles which are opposite to the homologous sides shall be 

equal, viz. the angle ABC equal to the angle DEF, and BCA t» 

EFD, and also J?^ C to EDF 



A 4 



B C 

At the points E, F, in the straight line EF, make the angle FEQ 

efual to the angle ABC, and the angle EFO equal to BCA : (l. 23.) 

whereifore the remaining angle EOF, is equal to the remaining 

an^le-B^C, (i. 32.) 

and the tnanele OEPis therefore equiangular to the triangle ABCi 

consequently they have their sides opposite to the equal angles pro» 

portienal : (vi. 4.) 

wherefore, as ^B to J?C, so is OE to EF; 

but as AB to BC, so is DE to EF; (hyp.) 

therefore as DE to EF, so OE to EF; (v. 11.) 

that is, DE and OE have the same ratio to EF, 

and consequently are equal, (v. 9.) 

For the same reason, DFis equal to FO : 

and because, ir. the triangles DEF, GEF, DE is equal to EO, and 

EF is common, 
the two sides DE, EFsre equal to the two OE, EF, each to eachj 
and the base DF is equal to the base OF; 
therefore the angle DEFls equal to the angle OEF, (I. 6.) 
and the other angles to the other angles which are subtended by the- 

equal sides; (i. 4.) 
therefore the angle DFE is equal to the angle OFE, and EDF, to 
EOF. 

N 
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and because the angle DEFis equal to the angle GEF, 
and GEF equal to the angle ABC; (constr.) 
, therefore the angle ABC in equal to the angle DEF: (ax. 1.) 
for the same reason, the angle ACB is equal to the angle DFE, 

and the angle at A equal to the angle at 2) : 
therefore the triangle ABCh equiangular to the triangle DBR 

AMierefore, if the sides, &c. Q.E.D. ^ 

PROPOSITION VI. THEOREM. 

If two trianglet have one angle of the one equal to one angW of the Uher, 
and the sides about the equal angles proportionals, the triangles shall fo 
equiangular, and shaU Itave those angles equal which are opposite to th^ 
homologous sides. 

Let the triangles ABC, DEFhave the angle BACm the one equal 
to the angle EDF in the other, and the sides about those angles pro* 
portionals ; that is, BA to ^ C, as ED to DF. 

Then the triangles u^^C, DEFshaU be equiangular, and shall hftTS 
the angle ABC equal to the angle DEF, tatd ACB to DFE. 




^' 



B C 

At the points 2), F, in the straight line DF, make the angle FDG 
equal to either of the angles BA C, EDF; (l. 23.) 

and the angle DFG equal to the angle ACB : 
wherefore the remaining angle at J9 is equal to the remaining an^ 
at G : (I. 32.) 
and consequently the triangle 2) d^is equiangular to the triangle A9C; 
therefore as BA to -4 C, so is GD to DF: (yi. 4.) 
but, by the hypothesis, as BA to AC, so is ED to DF; 
therefore as ED to DF, so is GD to DF; (y. 11.) 
wherefore ED is equal to DG; (V. 9.) 
and DF 18 common to the two triangles EDF, GDF: 
therefore the two sides ED, DF are equal to the two sides GD, DF, 
each to each ; 

and the angle EDF is equal to the angle GDF; (constr.) 
wherefore the base EF is equal to the base FG, (L 4.) 
and the triangle EDI to the triangle GDF, 
and the remaining angles to the remaining angles, each to each, 
which are subtended by the equal sides : 

therefore the angle DFG is equal to the angle DFE, 

and the an^le at (r to the angle at E; 

but the angle DFG is equal to the angle A CB ; (constr.) 

therefore the angle ACB is equal to the angle DFE; (ax. 1.) 

and the angle BACis equal to the an^le EDF: (hyp.) 
wherefore also the remaining angle at ^ is equal to the remaining 

angle at E; (i. 32.) 
therefore the triangle ^J^Cis equiangular to the triangle DEF. 
"Wherefore, if two triangles, &c. Q.E. D. 
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PROPOSITION VII. THEOREM. 

Iftmo iriangUs have one angle of the one equal to one angle of the other, 
tmd. the eidet abovt two other angles proportionals ; then, if each of 4^ 
remaining angles be either lest, oi^not lees, than a right angle, or if one of 
thentb^ a right angle; the triangles shall be equiangular, and shall have those 
etngles equal ttbout which the sides are proportionals. 

Let the two triangles ABC, DEFhsje one angle in the one equal 
to one angle in the other, 
tis. the angle BA C to the angle EDF, and the sides about two other 
angles ABC, X)-&i^ proportionals, 

so that AB 18 to BC, as DE to EF; 
and in the first case, let each of the remaining angles at O, ^ be less 
than a right anele. 

The triangle ABC shall be eouiangular to the triangle DSF^ 
viz. the angle ABC shall be equal to the an^le 1)EF, ' 
lad the remaining angle at C equal to the remainmg angle at F. 

A _ 
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B 

For if the angles ABC, DEFhe not eaual, 

one of them must be greater inan the other t 
' let ABC be the greater, 

and at the point B, in the straight line AB, 
make the angle ABO equal to the angle DEF; h. 23.) 
mbflk because the angle at A is equal to the ansle at Z>, (nyp.) 

and the angle ABO to .the angle DEF; 
the remaining angle AOB is equal to the remaining angle DFEi 

(I. 32.) 

therefore the triangle ABO is equiangular to the triangle DEF: 

Trherefore as ^^ is to BO, so is DE to EF: (Yi. 4.) 

but as DE to EF, so, by hypothesis, is ^^ to i?C; 

therefore as AB to BC, so is AB to BO: (v. 11.) 

and because AB has the same ratio to each of the lines BC, BO, 

BC 18 equal to BO] (v. 9.) 
-and therefore the angle BO C is equal to the angle BCO: (I. 5.) 
but the angle BCO is, by h}7)0thesis, less than a ri^ht angle ; 
therefore also the angle BOC is less than a right an^le ; . 
and therefore the adjacent angle A OB must be greater tnan a right 

arfgle; (I. 13.) 
but it was proved that the an^^le A OB is equal to the angle at F; 
therefore the angle at F is greater than a right angle ; 
but, by the hypothesis, it is less than a right angle ; which is absu(d« 
Therefore the angles ABC, DEF axe not unequal, 

that is, they are equal : 

and the angle at A is equal to the angle at D : (h]^.) 

wherefore the remaining angle at C is equal to the remaining angle a 

Fi (I. 32.) 

therefore the triangle ABOm equiangidar to the triangle DEF. 

n2 
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Nexti let each of the angles at Q J* be not lesa than a right angle- 
Then the triangle ABC shall also in this case be equiangular to th» 
iriangle J)£F. 




E F 

The same eonstnietion being made, 
it may be proTed in like manner that ^C is equal to SO^ 

and therefore the angle at Cequal to the angle BGCi 
' Init -the anele at C is not less than a right an^le ; (hyp.) 
therefore the angle BGCis not less tluin a right angle: 
wherefore two angles of the triangle BOCtxe together not less than 
t^O right angles: 

wluch is impossible; (1. 17.) 
and therefore the triangle ABC may be proved to be equiangular to 

the triangle DJEF,'aa in the first case. 
Lastly, let one of the angles at C, F, viz. the angle at C, be a right 
angle : in this case likewise the triangle ^J^Csnall be equiangmiar- 
to the triangle D^i^. 

A AD 



^ .A A 




B C B 



For, if they be not equiangular, 
•I the point B in the straight line Am make the angle ABQ equal 

to the angle DEF\ 
then it may be proved, as in the first case, that ^G^ is equal to Bd 
and therefore the angle BCO equal to the angle BGCi (i. 6.) 
but the angle BCG is a right angle, (hyp.) 
therefore the angle ^GC is also a right angle ; (ax. 1.) 
whence two of the angles of Uie triangle BGCase together not lesi. 
than two right angles; 

which is imposrible : (1. 17.) 

therefore the triangle ABC is equiangular to the triangle DJSF, 

Wherefore, if two triangles, &C. Q.e.d> 



PROPOSITION Tin. THEOREM. 

In a righi'Ongled triangle^ if a perperuHcular be drmm from ^ riphtm, 
muffie t& the base; the triangles on each eide of it are emilar to the ttokofa 
triangle^ and to one another^ 

Let^SCbe a right angled-triangle, having the right angle BAC;. 
and from the point A let AD be drawn perpendicular to the base ^ CI 

Then the triangles ABD, ^ DC shall be similar to the whole tri* 
angle ABC, and to one another. 



BOeK TI. YBOB^ VIU, IX. 




Because the angb BAOhtequtX to Utejtngld.^LO^, each of them 
«Adt)MttK9<#«g]« aft>9 istcmmojii tO:tb^lim ti;ip^?44^^ 

the remaining angle ACB ia jfinllQ U^wmmW'^^W^ JfAMf 

therefore the triangle ^^Cls equiangular to the triangle ABpJ 
and the eideevabqiit their .e^^iwl^aim^ i^xf^ P^PPrtJiPQfW ; {V^'^^J 

wherefore the triangles are'situlAr': fVT. del: i.) 
in the like manner it may^ m demonstrated, tnat the triangle ADC 

is equiangular and similar to the triiuigle ABC. 
And the trianf^les ABD^ A Cft Wing both equiangular and limilac 
to ABCf are equiansular and similar to each other. 

1 berefore, in a rightr%pgledf &o. Q. K. D. 
Cob. From tt|is ijt (a mani&t, that the. peypfydipujar drawn from 
thA ijgbt ai»g)9 0f ^ right-anglea triangle to &e,b88e!p is a n^i^n j^por- 
tjonal beture^n the segmenta of the base ; aQ(l also tnkt each qT'tK^ 
Sides S^ a mean proportional between the base, and the segment of it 
adjacent to that side : because in the triangles BDAt ^DVi BD is to 
DA, as D^ to DC\ (Ti. 4.) 

and m the triangles AfiC, DBA ; PCIs to i?^,as P^ to BD\ (Tl.4.) 
^nd to the triangles ABC^ ACDi BC la U>CA^9»CA to CD. (Yi.4.) 

PROPOdniOK IX. PROBLEU. 

Let ^d be the given straight line. 
It is requiced to cut off ai^ part firom it* 




From the point A draw a straight line AC, makiDg any angle utith AB^ 

and in ^ & take any point 2>, 
and take ^Cthe same multiple of AD, that AB is of the part 
which is to be cut off from it ; 

join BC, and draw DE parallel to CB. 

Then AE shall be the part required to be cut off. 

Because ED is parallel to BC, one of the sides of the triangle ABC* 

as CD is to DA, so is BE to EA ; (VL 2.) 

and by compositioof CA is to AD, as Bd to AE: (r. 18.) 
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but CA is a multSple otAD\ fconstr.) 
therefore BA is the same multiple otAEi (▼. D.) 
whatever part therefore AD is of ACf AE is the same part otABt 
wherefore, from the straight line AB the part required is cut ofL 

a.E.F. 

' PROPOSITION X. PROBLEU. 

To divide a.given straight line iimilarly to a given divided straight jm^ 
that it, into parts that thaU have the tame ratiot to one another which iha 
parit of the divided given straight line hope* 

Let AB be the straight line given to be divided, and ^ C the divided 
line. 

It is required to divide AB similarly to ^C 

A 




Let ^C be divided in the ]>oints D, ^i 

and let AB, A Che placed so as to contain any ansle, and join BC, 

and through the points D, B draw DF, EQ parallels to BC. (l. 31.) 

Then AB shall be divided in the points l*, O, similarly to ^ C 

Through D draw LHK parallel to AB : 

therefore each of the figures, FH, HB is a parallelogram ; 

wherefore DH is equal to FQ, and HK to GB : U. 34.) 

and because HEvi parallel to JtC, one of the sides or the triangU 

DEC, 

as CE to ED, so is ^IT to HDi (n. 2^ 

but KH is equal to J9 6?, and HD to QFi 

therefore, as CE is to ED, so is BQ to GFi (V. 7.) 

•gain, because FD is parallel to GE, one of the sides of the tri^^ngle 

AGE, 

as ED is to DA, so is GFio FA : (vi. 2.) 

therefinrt^ as has been proved, as CE is to ED, so is BQ to QP, 

and as ED is to DA, woSaOFXjqFAx 

thortfore the given straight line AB is divided similarly to ^C <).l4r# 

PROPOSITION XL PROBLEM. 
To /nd a third proportional to two givem straight lines, 4 

Let ^^, ^ C be the two given straight lines. ^ 

It U required to find a third proportional to AB, AC» ! 






3k ^ 



V 



h 



D B 

t^ AB, AC he placed so as to contain anv angle 
produce AB, ^C to the points D, E; 
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and make BD equal to AC; 
join 1?C, and through A draw i)j?^rallel to J^C (l. 31.) 

Then CE shall he a third proportional io AB and AC. 

Because BC is parallel to DE, a side of the triangle ADBr 

ABiB to BD, as -4Cto CJ5: (ti. 2.) 

hut BD is equal to ^ C; 

therefore m AB 19 tjo AC, %o 19 AC U> CR (y. 7.) 

iJIHierefore, to the two given straight lines ABt AC, a third pro^ 

portiOtoal C£^ is found. Q.E.F. 



PROPOSITION XII. PROBLEM. '• ^ 

To find a fourth proportumai to three given ttraight linef^ . 

Let A, B, C he the three given straight lines. 

It is required to find a fourth proportional to A, B, C. 

Take two straight lines DE, DF^ containing any angle EDFi 

Mid upon these make DO equal to A, QE equal to B, and DIT equal 

to C\ (I. 3.) 

D A 



19^ 




B 



join on, and through E draw J& J* parallel to it (r. 31.) 

Then ///* shall he the fourth proportional to A, B, C, 

Because OJi is paraUel to EF, one of the side* of the triangle DBF, 

DO is to OE, ta DHU> HF; (vi. 2\) 

but DO is equal to A, OB to B, and D// to C; 

therefore, AS ^ is to ^, so is Cto HF, (v. 7.) 

'Wherefore to the three given straight lines A^ B, C, a fourth 

proportional HF is found. 0, E. F. 

PROPOSITION XIII. PROBLEM. 

To find a mean proportional hetieeen iwo given etraight linM^ 

Let ^^, ^ Che the two given straight lines. 
It is required to find a mean proportional oetween thenu 



A B C 



Plaee AB, BC\h a straight line, and upon AC describe the seml« 
circle ADC, 
' and from the point B draw BD at right angles to A C, (l. 11.) 
Then BD shall be a mean proportional between AB ana BCi 

Join AD, DC 
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And becatiae the angle ADCvn a aeaikjxcle is a r^t angle, (iK. 81.) 
and bstovBe intheiri^t-anglBd triangle ADC»-^m^ a« 4p«iv» from 

the right angle perpendicular to the base* 
D.9.iim ineaoa pn^witiaBai between ABt BC the. tegmeata-ol the 

base : (tl 8. Got. \ 
therefore between the twp given atimigl^ lines AB^ BC, m mean 

propocdonal DB ia Ibn^d* Q.E.F. 



FROPOsinoy xnr. theoreil 

Equat pmraOelogrmmsp wkidk htme e|M mtgit tf tka .-on* efml io mm 
mtffle of the othcTf have tketr eidet about ike equtU trnffUt r»e i flfty o % jwv- 
porUonal: knd eoncenU^; pntdMogrwm thai Aoe* oiw'^nijrfli of tho mm 
o^uUtomm amgk of tho ^ihtttt mtd tkmr ^Om o k o U 0k^\^pmA tmglm rwt- » 

XjAAB, Bphte^aal pacaildograms, which ha^e tiie angles at B 

The udes of the parallelo|;Tamt AB^ BC about the equal an^ei^ 
shall be reciprocally proportional; 

that is, 2>^ shall be to i?JS; as OB to BR 




Let the sides DB9 BE be placed in the same straight line ; 
wherefore also FB^ BGdJceia one straight line : (i. 14.) 
complete the parallelogram F^, 
An4 because the parallelogram AB is equal to ^C, and that BB 
is another parallelogram, 

AB is to FE, as BCto FF: (v. 7.) 
but as AB to FF so is the base DB to BF, (vi. 1.) 

and as BC to FF, ao is the base GB to BF; 
therefOTC, as DJ? to BF, bo is GB to BF. (v. 11.) 
Wherefore, the sides of the parallelograms AB, BC about their 
equal angles are reciprocally proportional. 
Next, let the sides about the equal angles be reciprocally proportional, 

Tia. as JDB to BF, so OB to BF: 
the parallelogram AB shall be equal to the parallelogram BC. 
Because, as DB to BF, bo is OB U> BF-, 
and as DB to ^F, so is the parallelogram AB to the parallelogram 
FFi (VI. 1.) 
and as GB to BF, so is theparallelogram BC to the parallelogram FE i 
therefore as AE to FE, so ^C to FE: (v. 11.) 
therefore the parallelogram AB is equal to the parallelogram BC* 
(T. 9.) 

Therefore equal parallelograms, &c. a.E.D. 



BOOK VI. PBOP. xv. 278 



FBOPOSrnON XY. THEOREM. 

Bg[ual trxanglet which hav0 tm§ angle of the tme equal to one aagle of 
4he other f have their eidee about the* equal anglee reciprocally propeniefnai : 
and conversely, trianales Mohich have one angle in the one equal to one angle 
tfi the other, and their tidei about the equal anglee reciprocally proportional, 
are »ptal to one another. 

Let ABC, ADEhe equal triangles, which have the angle BAG 
equal to the anele DAE, 

Then the sides about the equal angles of the triangles shall be 
ciprocaliy proportional ; 

Uiat is, CA shall be to AD, uRAU> AB. 




Let the triangles be placed so that their sides CA, AD be in one 
straight line ; 

wherefore also JSA and AB are in one straight line ; (i. 14.) 

and join BD, 
Because the triangle ABUib equal to the triangle ADE, 
and that ABD is another triangle ; 
therefore as the triangle CAB, is to the triangle BAD, so is the 

triangle AED to the triangle DAB; (v. 7.) 
but as the triangle CAB to the triangle BAD, so is the base CA 

to the base AD, (vi. 1.) 
and as the triangle BAD to the triangle DAB, so is the base EA 
to the base AB; (vi. 1.) 
therefore as CA to ^D, so is EA to AB: (y. 11,) 
. wherefore the sides of the triangles ABC, ADE, about the equal 
angles are reciprocally proportional. 
Next, let the sides of the triangles ABC, ADE about the equal 
angles be reciprocally proportional, 

Tiz. CA to AD BsEA to AB. 
Then the triangle ^^C shall be equal to the triangle ADE* 

Join BD as before. 
Then because, as CA to AD, to is EA to AB; (hyp.) 
and as CA to AD, so is the triangle ABC to the triangle; J?^D: 

(VI. 1.) ^ 

and as EA to AB, 96 is the triangle EAD to the triangle BAD\ 

(VI. 1.) 

therefore as the triangle BA C to the triangle BAD, so is the tri- 
angle EAD to the triangle BAD; (v. 11.) 
that is, the triangles BAC, EAD have the same ratio to the tri- 
angle BAD: 
wherefore the triangle ABC is equal to the triangle ADE. (y. 9*) 
Therefore, equal triangles, &e. Q.E.D. 

n5 
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PROPOSITION XVI. THEOREM. 

If fom Hraighi lines he ' proportionals f. th^ r^ctingle' eontofn^sd Ifff tk^ 
ixtrtmes is sgttal to the reetangU ^niamed by, the tneana : and conversely ^ 
if the reetdngle contained hy the extremes be equal to tlie rectangle eon» 
tained by the means^ the four .etraight (ines qre proportionals. 

Let the four straight lines AB, CD, E^ F\ye proportionalB, 
viz. as ^4^ to CD, so E io, F, 
The rectangle containec* by A By Fj shall be equal to the i^tangle 
contained by CD^ E, 



E 

F 








H 




\ 




A ' 1 



D 



Prom the points A, C4raw AG\ CII^X right angles to ABj CDs 
(L 11.) 

and make ^(r equal to P^ and CTlTeqtial to ^|. (tr 3 ) 

and complete the parallelograms BG, DII. (l. 31.) 

Because, as ^£ to .CD, ^Q\A EvofFi 

and that ^.is equal to CZT, and F to AO; 

ABhtoCD&iCmQAO: (v. 7.) ... 

therefore the sides of the parallelograms BO, i)lc ahbut'the equal 

angles are reciprocally proportional ; 
but parallelograms which have their sides about equal Angles reci- 
procally pro|)ortioi^UAYe.equal,tq pne another; Cyx, 1^4) 
therefore the parailelo^am BG is Aqual to the parallefpgifam D^: 
but the parallelbgram 30 is .contained by the straight Iine9..4^*!^' 

because AG idBqpA^ tp,/^; 
and the parallelogram! DII la contained by CD and E ; 
. becaase C7/ i^.e^ual to J?; 
therefore the rectangle «on)teined bv the straight linea^J^P, F, ih 

e^ual to that ii'hich.is.oontauie4 by. CZ> %cid, J?. 
And if the rectangle contained by. the st^ight lines ABf F, be 
equal to that which is contained .by PA E; 

these four lines sWU-be pi^pportional, 
viz. AB sl^all. be .to C/}, as ^ to JF*. 
The same, constmctioii) being made, 
because the- reptanele.contain^l.; by the strais:ht Hnes AB, JP, is 
equal to that which is contained hvCDy £, 
and that the rectangle;i?9 is qolbtined by..^» Fi 
because ^ G' is equal to jP; 
and -the rectangle DJi by ^D^E\ hecavise CUErilB<^ual.tq E\ 
therefore the parallelogram BQ\% equal to the parallelogram DH\ 

(ax. 1.) . 

and they are equiangular: , ,, 

but'4he sides about the equal 4n)r)es of equal paralleifpgrMpa 
reciprbeaUy proportional r (vi- 14.) 

wherefore, as ^ if to CD^ so is C/Tto AO. 
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But CB in equal to Ei and ^ 0> to F\ 
therefore m AB \f^ to CA so is B to F. (y. 7.)^ 
Wherefore, if four, &o. Q.E.D. 

PROPOSITION XVII. THEOREM. 

If three atraight lines be proportionale, the reetavgU contained by thm-- 
etetremea it equa/ to (he tquare tm the mean ; andeonvereely^ if the rectangle ' 
contained by the extremes be equal to th^ equaro on the mean^ iJ^IAraft..^ 
straight lines are proportionals. 

Let the three straight lines A, B, Che proportionidSf 

vis. as ^ to ^, 80 ^ to C 

The rectangle contained by A, C shall be equal to the squarei, on IL, 



1 A- 



C 






Take D eqfual to J9. 
And because M'Ato B, no B to C, and that B is^eqiind to D% 

A^v^Xjo B^w D to C: <▼, 7.) 
rhit if four straight lines be ^proportionab, the rectangle contained 
by the.extremee i9 equal totha^ which i8X0DitaLqie4 bv.tbe means; 
(VI. 16.) 

v^kfEtr^fore the rectangle. contained by,.^* C^.'^^'^'>^*^ ^<*^ 
tained by A D' 
' biut the rectangle contained by B, D, is the sqi^a^^o^J?, 

' because B is^iqualto Di 
thereibre the rectangle contained by ^, C» is equal to the square on Bi 
And if the rectangle contained by ^, C, be equal to the square on B^ 

then A shall be, to B^ «s ^^.to C. 
The same construction being nci^de, 
bedaiue the reota^ngle contained by A^ Cis equal to the-sqii^pw on 1^ 
^ agdthe^qu^e on.^ris.equHl tothere^tajirigleiMinuiA^drby A A 

because i? is equal to X); ' « 

therefore^ thcxectangle contained hywi« Ci ia equal to that contained 

hyAD: 
but if the rectangle contained by the extremes be equalftotlM^Apn- 
talned by 4he means,, the ibur straight linee are propoxuonab;, (vi. 16.) 

therefore ^. is to ^* at D to C: 
but J? is equal to D; 
' wherefore^ as ^ to J?, so i? to C 
' Therefore, if three straight lines, &c. . Q.9-]>» 

PROPOSITION XVIIL PROBLBM. 

UpOH a given straight line to deserihe artetiUneat JSgure siMatf emS 
4 wbmUmrfy aiiumtedi to a gioen. reetiUneatJigw'e* 

Let ABhe the <given straight line^ and Ci) S^tlie glren rectilineal 
igure of four sides. 
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It is required upon the given straight line A Bio describe a recCili* 
neftl figure similar, and similarly situated, to CDEF, 

H 







K 



Join DF, and at the points A, B in the straight line AB, make the 
angle BAG eauai to the angle at C, (i. 23.) 

and the angle ABG equal to the angle CDF\ 
therefore the remaining angle A GB is equal to the remaining angle 
CFB : (i. 32 and ax. 3.) 
therefore ihe triangle FCB is equiangular to the triangle GAB. 
Again, at tlie points 6r, B, in the straight line GB^ make the angle 
-B 6?^ equal to the angle DFE, (i. 23.) 

and the angle 6?^// equal to FDE\ 
therefore the remaining angle GUB is equal to the remaining angle 
FED, 

and the triangle FDE e(}uiangular to the triangle GBHi 
then, because the angle AGE is equal to the angle CFD, and BGH 
to DFE, 
the \i'hole angle AGHh equal to the whole angle CFE; (ax. 2.) 
for the same reason, the angle ABHis equal to the angle CDE: 
also the angle at ^ is equal to the angle at C, (constr.) 
and the angle GHB to FED : 
therefore the* rectilineal figure ABHG is equiangular to CDEFi 
likewise these figures have their sides about the eqiial angles pro- 
portionals ; 

• because the triangles GA B, FCD being equiangular, 
J9^ is to AG, as CD to CF\ (vi. 4.) 
and because ^6? is to GBy as CF to FD ; 
and as GB is to Gil, so is FD to FE, 
by reason of the equiangular triangles BGH, DFE, 
therefore, ex aequali, -4 G' is to GH, as CFto FE. (v. 22.) 
In the same manner it may be proved that AB is to EH, as CD 
ioDEi 

and Gff is to HB, as FE to ED. (vi. 4.) 
Wherefore, b^ause the rectilineal figures ABHG, CDEF are 
equiangular, 

and have their sides about the equal angles proportionals, 
they are similar to one another, (vi. del. 1.) 
Next, let it be required to describe upon a given straight line AB, 
a rectilineal figure similar, and similarly situated, to the rectilineal 
figure CDKEF of ^yc sides. 

Join DE, and uj)on the given straight line AB describe the rectili- 
neal figure ABHG similar, and similarly situated, to the quadrilateral 
figure CDEF, by the former case : 

and at the points B, //, in the straight line BH, make the aiigle 
HBL equal to the angle EDK, . . ^ . 

and the angle BHL equal to the angle DEK; ' 
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therefore the remaining angle at X i8 equal to the remaining angl^ 
at jr. (I. 32, and ax. 3.) 

And because the figures ASITO, CDEFare similar, 

the angle GIIB is equal to the angle FED: (vi. def. I.) 

and BJIL is equal to DEK\ 

wherefore the whole angle Gil Lis equal to the whole angle FEKi 

for the same reason the angle ABL is equal to the angle CUK: 

therefore the five-sided figures A GIILBf CFEKD are equiangular ; 

and because the figures A GHB, CFED are similar, 

GH is to 11 B, as FE to ED ; (vi. def. 1.) 

but as IIB to HL, so is ED to EK\ (vi. 4.) 

therefore, ex »quali, Gil is to HL, as FE to EK\ (v. 22.) 

for the same reason, ^ J? is to BL^ a;; CD to DKx 

and BL is to Z7/, as DK to A'JE;, (vi. 4.) 
because the triangles BLII, DKE are equian<;ular : 
therefore because the five-sided figures A GIILm^ CFEKD are equi- 
angular, 
and have their sides about the equal angles proportionals, 
they are similar to one another. 
In the same manner a rectilineal figure of six sides may be described 
upon a given straight line similar to one given, and bo on. Q. e.f. 

PROPOSITION XIX. THEOREM. 
Similar triangles am to on$ another in the duplicate ratio of their horno^ 

• 

Let ASCf D£Fhe similar triangles, having the angle B ^nal to 

the angle jE, 

and let AB be to BC, as DE to EF, 
«o that the aide BC may be homologous to EF. (v. def. 12.) 
Then the triangle ui^C shall have to the triangle DEF the dapU- 

eate ratio of that which ^Chaa to EF. 



/h A 



E 
B O C 

Take BO a third proportional to BC, EF, (vi. 11.) 
•o that -BCmay be to EF, as EFXjb BO, and join QA. 
Then, because as AB to BC, so DE to EF\ 
alternately, AB is to DE, as J5Cto EF\ (v. 16.) 

but as iCto EF, so is EFXa BO ; (constr.) 

therefore, as AB to DE, so is ^^to BO : (v. 11.) 

therefore the sides of the triangles ABO, DEF^ which are about the 

equal angles, are reciprocally proportional : 
l>iit triangles, which have the sides about two equal angles recipr^ 
callv pronortional, are equal to one another*, (vi. 15.j 

therefore the triangle ABO in equal to the triangle DEFt 
and because as PC is to EF^ so J^F to BO ; 
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and that If* three fitraiffht lines be proportionals^ the first is said to 
hafe'to th^ third, the dUpuciite ratio 0t thut which it' has to t^secdndr 
(T. def. 10.) 

therefore B€has to 5(7 the duplicate ratio of that which'!5K?Wa» to ^JP: 
but as JBCis to:B(r,so isthetriatigle-^lfCto thetrlattfvjejf J?©; (n.L) 
tkerelere the triangle ^^Chas to the triangle ABG, the duplicate 
ratio of that which i?C has to ^-f: 
but the triangle ^BG is equal to the triangle DlS^i 
therefore also the'triangle ^^Chas to' the triangle DJ^l^/ttie'd^i- 
cate ratio of that whith 2?C has to HP, 

Therefore similar triangles, &c: Q. E. D,' 
Cob. ' From this it is manifest, that if three straig^ lines be pro-; 
|K>rtional8J as the first is to the third, 'so is an'y triang& upon the mi, 
4o a similar and similarly described triai^gle upon the second.' 

PROPOSITION. XX, THBORBM* 

Similar potly§ovt» may be divided into the same number of timitaffrim 
mujfles, hdving (hi sanid^aiioto (fM aiiother thdt tfi&pay^chw kwtf; land the 
pofyyona have to one eaitithir thed-ApHc^ faii&'of Vi^ which their homo^ 
iofHtatideihdtfe: - 

Let A^CBE, POk^S:! be similar polygons ami \eiAB^%ib fiie^ 
aide homologous to FG : 

the polygons ABCBBi^FGEKZ me^jf bd dilid»4 into the same 
number ^f similar triangles, whereof each shall have to each the same 
catio which the polygons have ; 

and the polygon ABODE shall have to the polygon FGSSHt^'t^ 

^duplicdte Tatio of th&« which the ti^AB has to %\ie.MsFG^^. ": 



A 




MO 


M 


F 


V / 




\^/ 


. \/ 


K H 



Join BE. EC, GL, LH. 
And because the polygon -4 /?W> A' is simikMothe polygon FGHKL^ 
the angle BAE is eqtial to the anjjlfe GFL, (vi. def. 1.) 
and BA is to AE, as GFlo FL : (vi. def. 1.) 
therefore, because the triangles '-4 2?^, FGL ha\'e an^ngle in one, 
equnl to an angle ^in tlie other, and their sides about these equal angles 
proj)ortional8, 

the triangle ABE is equiangular to the triatigle FGL : (vi. 6.) 
and therefore .similai; to it f (vi. 4.) 
wherefore the an^le ABE is equal to the angle FGL: 
and. because the polygons are similar, 
(he whole angle ABC is equal to the whole angle FGHi (vi, def.'^lj ■ 
therefore the remaining angle EBCia equal to the remaining, angle 
LGJI: (I. 32. and ax. 3.) 

and Wause the 4j:iangles ABE, FGL are similar; 
.ELB is to BA, fi&LGio GF\ (vi. 4.) 



i 
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aDkl'alsOi beoatise die pohrgotiff are nBiflfliv= 
AB is to BC, t&FQXA GH\ (vi, def. 1.) ; 
therefore, ex eqaali^ EB iB to BQ, ba LO'U> GH\ (T.23.y 
tiiat is, the iftdesabout theec{ual taj^lea BBCf'LG^Hwe propditMrnab ; 
therefore, the triangle BBC is eottian|(iila« to thd trlingl^ LOjk, 

(VL 60 and' simllaf to it r (vi.4.) 
for the same reason, the triangle BCD likewise is sidillar to the tri- 
angle LltKi 
f^ereftfr^ the siiitilsir i^\j^tAABODBi FOfHKL are divided into 
the same number dfsitndhur'tiiaiigieA.'' 

Also th^»8^ triiftf»gf)es shatl^aVd, each td «ach) the sune ratio which 
tbd polygons have to one another,' 
the antecedents bein^ ABBl jBt9Ct BCJf,: and the consequents 
FGL^LOH.J^HKi 

ahd'th^ XfA^^on AltCDE shall have to the polygon JF^^JUTXt^e 
duplicate ratio of tha^. which the side ^^,has to the homologous 
side' J^eS': Because the' triangle ABB is timiiar to th& tHkngle fY?£/ 
ABB has to FGL^ the^ duplicate ratio of that which the sid^ BB^iA ' 
• to the side QL-. (Vi. 19:)' ' ' ' ' 

for the same reason, the triangle BBC has to OLH the duplicate 

ratio of that which BB has to GL : 
therefore, as the triangle ABE ia ito.the triangle^ FGL^ so is the 

triangle BBC to the pcl^^vOLSL \ fv.^ 11.) 
Anin. becfiiise tdb^ irii^gle BBC is siuqiiljas jto. the triang)e XGLB^ • 
JBB ChaB to L GH, the duplicate r^tio of l^tat which the side JSC £iaa 

to the side LH: 
fbr the same leasQQ^: the; triang:le BCD has to the tnangleXEUS^ i)i» • 
duplicaCe ratio of that which ^Chfis to LH: . 
ther^fore,\ as tbisr triangle BBC is to the triangle Z^JTySO is the td- • 
angle i^C);Z>U> the triangle XiriT: (t.-11,} 

but it has been proved, 

tbat!the trian|(1e,J?^<? is likewise to the truu^gle X(!rXriaa the tri* 

angle AB^ to the triangle FGLi 

therefore, as the triangle ABE to the triangle FGL, so is the triangle 

J?i^Ctothe triangle LGU, and the triangle £CZ> to the triai^le LB&: 

and therefore, as one of the antecedents is to one of the consequents, 

so are all the antecedents to all the consequents: ^v. 12.) 
that i», as the triangle ABE to the triangle FGL, so ia the polygon 
ABCDE to the polygon FGUKLi 
but the triangle ^iJ^has to the triangle FGL^ the duplicate ratio of 

that which the side AB has to the homologous side FG\ (vi. 19.) 
therefore also the polygon ABODE has to the polygon FGIIKL the 
duplicate ratio of that which AB has to the homologous side FG. 

Wherefore, similar polygons, &c. Q. E. D. 
Cor. 1. In like manner it may be provt^d, that similar four«sided 
figures, or of any number of sides, are one to another in the duplicate ' 
ratio of their homologous sides : and it has already been proved in tri- 
angles: {Ti. 19.) therefore, universally, similar rectilineal figures ate to 
one another in the duplicate ratio of their homologous sides* 

Co a. 2. And if to AB, FO, two Of (he homologous sides, a thitd 
proportional M be taken, (vi. 11.) 



^80 Euclid's elbmbnts. 

AS has to M the duplicate ratio of that which AB has to FQi 
(v. def. 10.) 
but the four-sided figure or polygon upon AB^ has to the four- 
sided figure or polygon upon Fu likewise the duplicate ratio of that 
which AB has to FQ: (VI. 20. Cor. 1.) 

therefore, as ^^ is to Jf, so is the figure upon AB to the figure 
uponJ'G': (V. 11.) 

TS'hich was also proved in triangles : (vi. 19. Cor.) 
therefore, universally, it is manifest, that if three straight lines be 
proportionals, as the first is to the third, so is any rectilineal figure 
upon the first, to a similar and similarly described rectilineal figure 
upon the second. 

PROPOSITION XXI. THEOREM. 

Rectilineal Jigures which are iimilar to the tame rectilineal figure, are 
also similar to one another. 

Let each of the rectilineal figures A, B be similar to the rectilineal 
figure C 

The figure A shall be similar to the figure B, 




^ A 



Because A is similar to C, 
they are equiangular, and also have their sides about the equal 
angles proportional : (vi. def. 1.)- . 

again, because B is similar to C, 
they are equiangular, and have their sides about the equal angles 

proportionals : (vi. def. 1.) 
therefore the figures ^, ^ are each of them equiangular to C, and 
have the sides about the equal angles of each of tiiem and of C pro- 
portionals. 

\Mierefore the rectilineal figures A and B are equiangular, 

!I. ax. 1;) and have their sides about the equal angles proportionals: 

therefore A is similar to B, (vi. def. 1.) 
Therefore, rectilineal figures, &c. Q.E.D. 

PROPOSITION XXII. THEOREM. 

If four straight lines be proportionals^ the similar rectilineal figures 
similarly described upon them shall also be proportionals : and conversely^ 
if the similar rectilineal figures similarly described upon four straight lines 
he proportionals^ those straight lines shall be proportionals. 

Let the four straight lines AB^ CD, EF, GIF he proportionals, 

viz. ^i? to CA as ^Flo Gil; 
and upon AB^ CI) let the similar rectilineal figures KAB, LCD be 

similarly described ; 
and upon FF, GH the similar rectilineal figures MF, NH, in like 
manner : 
the rectilineal figure JBT^J? shall be to LCD, as MFXjo NS. 
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ABCD KFOH V B 

To AB, CD take a third jiroportional X; (n. 11.) 

and to EFf GH a third proportional O : 

and because AB is to CI) as EF to GII^ 

therefore CD is to X, as GUXjo O; (v. 11.) 

wherefore, ex S(}uali, as ^^ to X^ so EFlo O: (V. 22.) 

but as ^^ to ^, 60 19 the rectilineal figure KAB to the rectili^eal 

figure LCD, 
and as ^^to O, so is the rectilineal figure MF to the rectilineal- 
figure Nil: (VI. 20. Cor. 2.) 

Sierefore, as KAB to LCD, so is MF to Nil. (y. 11 J 
And if the rectilineal figure KAB be to LCD, as Jl/F to NR; 
the straight line ^^ shall be to CD, as EF to tfif. 
^lak'e as AB to CA ?o ^J'to Pit, {\i. 12.) 
and upon PB describe the rectilineal figure SR similar and simi* 
larly situated to either of the figures MF, NH: (vi. 18.) 
then, because as AB to CD, so is EF to PBy 
and that upon AB, CD are described the similar and similarljii 
aituated rectilineals KAB, LCD, 
and upon EF, PR, in like manner, the similar rectilineals MFy SR j. 
therefore KAB is to LCD, as MF to SR : 
but by the^ hypothesis KA BistoL CD, as MF to NH; 
and therefore the rectilineal ibf^F haying the same ratio to each of the 
two Nil, SR, 

these are equal to one another ; (v. 9.) 
they are also similar, and similiarly situated ; 

therefore Gil is equal to PR : 

and because as ^P to CD, so is EF to PR, 

and that PR is equal to 011; 

AB is to CD, as JS^^to Gil. (v. 7.) 

If therefore, four sti^aight lines, &c. Q.E.O. 

PROPOSITION XXIII. THEOREM. 

Sguian^lar parallelograma have to one another the ratio which i^ 
compounded of the ratios of their tides. 

Let A C, CF be equiangular parallelograms, having the angle BCD 
equal to the angle ECG, 

Then the ratio of the parallelogram AC to tlie parallelogram CF, 
shall be the same with the ratio which is compounded of the ratios of 
their sides. 

A D H 
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Let BC, CG be placed in a straight line; 

thsrefore 'DC and CE are also in a straight line; (l 14.) 

and complete the parallelogram DOi 

and taking any straight line JT, 

make as J9C7lo CG, so A' to Z ; (VI. 12.) 

and AS I) C to CE, so make X to M; , (vi. 12.) 

therefore, the ratios of iT to Z/iftnd Z to M, are the same witJi the 

ratios of the sides, 

viz. of BC to, CG, and DQto CE: 
but the ^tio of iT to ik/* is that which is said to be compound^ of 
the ratios of K to L, and L to Jtf"; (v. d^f. A,) 
therefore K has to 31 the ratio compounded of thfe rlitibii. of the sides : 
and because as ^C to CG, sols tne |mraUelograo\4'Ctd theparajl'- 
lelogram Clfi (vt. 1.) 

but as ^Cto CG, so is JTtp X; . 
therefore JC is to Z, &s iheparallelogratfi ^C to the parallelom^ 

Ci*r (V. 11.) . 

again, because as.DC to CE^ so, is the paraUelogram . CXT to the 
pari^elograni CF; 

but a& DC to CE, so is Z to My 
wherefore Z is to M, a& the parallelogram CI£ i6 the parallelogram 
CFj.(v^ll.)^ *^ ^ 1^ 6 

therefore since it ha3 been prOvedj^ 
that ajB JT.to JS, so isthe parallelogram. y< C to'Che paraKelOgiraiii CST; , 
and- as Z to jftf, 1gb JB. the paiallelogram C// to the par^lebjjtahi CF; ' 
ex squalifJST is to Mt as ^ parallelogram ulCto thi&plardlelogiJMn 
CF: (V.22.) 

but K has to M the ratio which is compounded of the ratios Of t^e 
sides ; . . . c ■ ., 

therefore also the parallelogram :^Chas to the parallelog^m CF, 
the ratio which is compounded of the ratios of tlie' sides 

Wherefore, equiangular parallelograms, &c. aE.D. , 

PROPOSITION XXIV. THEORB>£. 

PardUelograms about the diameter of any paraUehgram, are eimilar ta 
the whole, and to one another. 

Let ABCD be a parallelogram, of which the diameter is ACi 

and EG, UK parallelograms about the diameter. 
The parallelograms EG, UK shall be similar both to the whole ' 
parallelogram ^^ CD, and to one another. 

A £ B 




D K C 

Because DC, GF&re parallels, 

the angle AUC'is equal to the angle AGF: (I. 29.) 

for the same reason, because EC, EFare parallel, 

the angle ABC is equal to the angle AEF: 
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and «ach of the ang]^ JBCJD, £FQtUk, equal to the ^ppofit^ snslQ 
JDUIB, .{I. 34.) 

and therefore they are equal to one another : 
wherefore the parallelograms ABvJD, A£FCr, ^le equiangular.:,, 

and because the angle ABCva equal to the angle s^^r", 
and the angle.S^C common to the two triangles BAGt F^F^ 
they are-equiangiidar to one another ; 
therefore as AB to BC, so is ^ J? to EFi (vi. 4.) 
and because the opposite sides of parallelograms are equal ta.o^e. 
another, (i. 34.} 

AB.\AUiAD9AAE^AQ\ (v. 7.) 

and DC to CJ?, as 6?Fto FE\ 
and also CiB to DA, as FG to GA^ 
fhereHoare^ the sides of the parallelograms AB€D, AEFOjibf^i^^the 
equal angles are proportionale^r 

and they are therefore similar to one another; (vi. dfit tl*)i 
lor the same reason, the parallelogram ABCD'Ib simUair to the 

parallelograni FHCKi 
"wherefore- each of the jmraUelo^mt^ (7:&^,'££riiB 'similar to t>Bi 
btttreetilineal figures which are similar- to the same rocti^^eal ^uret 
•re also similar to one anothes: (tl 21.) . 

therefore the parallelogram GE is similar to KH^ ' 
WheMfbf ejifiaral&ldgratnsi &ix q.b.Pi^ 

pROitysmoN XXV. problem; 

7b describe a rectilineal figure t^ieh ekaU be similar to <me, and egnat 
io another given rectilineal figure, ^ 

Let ABC he the given rectilineal figtirei to which the figure to be 
described is required to be similar, and 2> that to which it must be 
equal. 

It'iS'reauired to.deaoribea rectiUneel figure similar ta ABO4 and 
equal io D* 

A 

. -K 
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Upbn the straight line BC describe the paraUelogram-BJ^equal te 
the fi*?ure ABC\ (I. 45. Cor.) 
also upon CE describe the parallelogram CM equal to D, (l. 45. Cor.) 
and having the angle FCE eaual to the angle CBL : 
therefore £Cand Ci*^ are in a straight line, as also LE and EMi 
(I. 29. and I. 14.) 
between ^Cand CF find a mean pn>portional GHy (vii 13.) 
«od upon 6r^ describe the rectilineal figure KGH similfir and'siffil* • 
larly situated to the figure ABC. (vi. 18.) 

Because BC is to GH as GH to CF, 
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and that if three straight lines he proportionals, as the first is to 
the third, so is the figure upon the first to the similar and similarly 
described figure upon the second ; (vi. 20. Cor. 2.) 
therefore, as 5 C to CF, so is the rectilineal figure ABC to KG IT: 
but as J? (7 to CF, so is the parallelogram £J3 to the parallelogram 

FF\ (VI. 1.) 
therefore as the rectilineal figure .4 PC is to KG 11, so is the paral- 
lelogram BB to the parallelogram EF: (V. 11.) 
and the rectilineal figure ABC is equal to the parallelogram BE; 

(constr.) 
therefore the rectilineal figure KGH is equal to the parallelogram 
EFi (V. 14.) 

but EF is equal to the figure 2) ; (constr.) 
wherefore also KGH is equal to Di and it is similar to ABC. 
Therefore the rectilineal figure KG II has been described similar to 
the figure ABC, and equal to 2>. q. £.f. 

PRQPOSITION XXVI. THEOREM. 

If two timilar paraUelograma have a common angle, and he eimilarly 
eituated; they are about tJu tame diameter. 

Let the parallelopams ABCB, AEFG be similar and similarly 
situated, and have the angle DAB common. 

ABCD and AEFG shall be about the same diameter. 




For if not, let, if possible, the parallelogram SD have its diameter 
AHC in a different straight line from AF, the diameter of the paral- 
lelogram EG, 

and let GF meet A HC in IT; 

and through ^draw HK parallel io AD oi BC\ 

therefore the pandlelo^ams ABCD, AKHG being about the same 

diameter, they are similar to one another ; (yi. 24.) 

wherefore as DA to A B, so is GA to AKi (vi. def. 1.) 

but because ABCD and AEFG are similar parallelograms, (hyp.) 

as DA \& to AB, so is GA to AE; ' 

therefore as GA to AE, so GA to AK\ (v, 11.) 

that i8> GA has the same ratio to each of the straight lines AE, AK\ 

and consequently AKia equal to AE, (v. 9.) 

the less equal to the greater, which is impossible : 

therefore ABCD and AKHG are not about tlie same diameter: 

wherefore ui J? Ci> and AEFG must be about the same diameter 

Therefore, if two similar, &o. CI.E.D. 
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PROPOSITION XXVII. THEOREM. 

Of aU paraUehfframt applied to the iame straight Hne^ and deficient hy 
paraheloffrtune, similar and timiiarly situated to that which is described 
tipon the half of the line ; thai which is applied to the half, and is similar 
to its defect, is the greatest. 

Let ABhevL straight line divided into two equal parts in C; 

and let the parallelogram AD he applied to the half AC, which is 
therefore deficient from the parallelogram upon the whole line ABhy 
the parallelogram C£ upon the other half VB : 

or all the parallelograms applied to any other parts of AB, and 
deficient by parallelograms that are similar and similarly situated to 
CJB, AD shall be the greatest. 

Let AF be any parallelogram applied to AK, any other part ofAB 
than the half, so as to be deficient from the parallelogram upon the 
whole line ^^ by the parallelogram KH similar and similarly situ- 
ated to CJ?: 



DL 
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AD shall be greater than AF. 

First, let AK the base of AF, be greater than A C the half of ABi 

and because CE is similar to the parallelogram UK, (h^-p.) 

they are about the same diameter : (vi. 26.) 

draw tlieir diameter DB, and complete tne scheme : 

then, because the parallelogram CF is equal to FJS, (I. 43.) 

add KH to both : - 
therefore the whole CH Lb equal to the whole KE: 
but CH is equal to CO, (l. 36.) 
because the base ^Cis equal to the base CB; 
therefore CG is equal to KB: (ax. 1.) 
to each of these equals add UF; 
then the whole AF is equal to the gnomon CHL : (ax. 2.) 
therefore CB, or the parallelogram AD is greater than the paral- 
lelogram AF, 

Next» let AK the base of AFhe less than ACi 




A KC 



then, the same construction being made, because BC \s equal to CA^ 
therefore HM h equal to MO ; (t. 31.] 
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therefore the parallelogram DHib equal to the parallelogram DO; 
{I. 36.) 

wherefore DJffiB greater tiban LG: 

but Dffis equal to DK; (l. 43 j 

therefore DKib greater than L€fi 

to each of these add AL ; 

then the whole AD is greater than the whole AI*, 

Therefore, of all parallelograms applied, &c. Q.B.D. 

PROPOSITION XXVIII. PROBLEM. 

7b a fiven ttraighi Une to apply a paratklogram equal to a ^ven 
rectilineal ^^re^ and deficient by a paraUeloyram eimilar to a yiven parol' 
lohgram: but the given rectilineal figure to which the- parallelogiram to be 
applied it to be egttal, mutt not be greater than the parallelogram. applaAi to 
half of the given line, having its defect timilar to th$ defect. of that whieh t# 
to be applied; that it, to the given parallelogram. 

Let ^^ be the given straight line, and Cthe given rectilineal figure, 
to which the parallelogram to be applied is required to be equal, which 
figure must not be greater (vi. 27.) than the parallelogram applied to 
the half of the line, having its defect from that upon the whole line 
similar to the defect of that which is to be applied ; 

and let 2) be the parallelogram to Which tms defect is required to be 
similar. 

It is reauired to apply a parallelogram tO'thd'str^Kghll Ikwi^^, 
which shall be equal to the €gure (?, and be- deficient froDiLthe paral- 
lelogram upon the whole line by a parallelogram similar to 2). 
Divide AS into two* equal parts in:the point J9, (L 10.) 
and upon ^B deseribethe paraUelognus jI^I^JP^' similar and simi- 
larly situated to A (vii 18) 
and complete the parallelogram'-^ <?v^^^(l»miiflt<eitiiitt be equal to 

C or greater than it, by the determination. 
If Ji6['W«qUai to C;theQ whatwas required isalready done: 
H a OF 

L M 
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K N 

for, upon the straight line AS, the parallelogram AG is applied e<mal 
to Uie ^ure C, and deficient by the parallelogram SF similar to 1>. 
But, if ^ G be not equal to 0, it is greater than it : 
and JBF'w equal to ^^; (L 36.) 
therefore JEF also Is greater than C, 
Make the parallelogram KLMN^ equal to the excess of JSF above 
€^ and similar and similarly situated tai>: (vi. 25.) 

then, since I) is similar to £F^ (constr.) 

therefore also KM is similar to EF, (vi. 21.) 

let JTX be the homologous side to FG, and LM to GFi 

and because EFis equal to Cand JT^f together. 
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• EF 14 p^eatejf than JTJf ; 

UieTtforn the straight line EG Is greater than TTX, and OF than Zif: 

make OX equal to ATiT, and 00 equal to ZilT, (I. 8.) 

9nd complete the parallelogram XoOPi (I. 31.) 

therefore A'O is equal and similar to' K3Ii 

hut A'iV i*i similar to EF; 

"wherefore also A'O id similar to EF; 

and therefore XO and EF&re ahout the same diameter: (ti. 26.) 

let GPB he their diameter and complete the scheme. 

Then, because EF is equal to C and 'KM together, 

and XO a part of ihe one is equal to KM a, part of the other, 

the remainder, viz. the gnomon jBItO, is equal to the remainder C% 

(ax. 3.) 
and because OR is equal to XSt by adding SR to each, (I. 43.) 

the whole OS is equal to the ^-hole X,B : 
but XS is equal to TE, because the base AE is equal to the base 
E:B} (I. 36.) 

wherefore also TE is equal to OE i (^x. 1.) 
add XS to each, then the whole TS is equal to the whole, tii. to 
the gnomon ^720 : 

tmt'it has 'been prored that the gnomon ERO is e<|uaL to C; 
and therefore also J'S is .equal to C 
> Wherefore the parallelogram J^S^ equal to the giren rectilineal 
figure O, is applied to the given straight line\^.0, ^ftfipient bj the 
parallelogram 8R, similar to the given one I), because 8M i*. similar 
toj&i^. (VI. 54.) Q^E.?. 

tfeOtOSmON XXIX. PROBLEML 

*roagiven,Hr^if^Hw,to apply. a patalUhfframeptal to a given r§et^ 
Unealjifuret excising by a pnriuhlogram fimtVor to onothti^giveH. 

Let ^^ be the given straight linei and'CUieltiTen rectilmeal figure 
to which the parallelogrfim to be appliisd ia reqUire4 tube equal, andD 
the parallelogram to which the excess of the one to be applied above 
that upon the given line is required to be similar. 

It IS required to apply a parallelogram to the given straight line 
AB which shall be equal t6 the figture C, exceeding by a parallelogram 
similar to 2). 

L M 
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Divide AB mwtr^ equal parts ift the point J&,(1. 10.) and upon 
EB describe the* ][>'iBiralielU>^m- EL sinllar' and similarly situated to 
D: (VI. 18,) . 
and make thftnarallelogram. OiZ^equalto EL and CtogetheTi and 



similar anaSimilfirly skuated to D: (vi;.25.) 

wherefore UH is similar to EL : (VI. 21.) 
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let KK be the side homologous to FL^ and KG to FE\ 

and because the parallelogram GK is greater than iUi, 

therefore the side KK is greater than FL^ 

and KG than FE : 

produce FL and FE, and make i^Xir equal to KKy and FENUi KOf 

and complete the parallelogram iOT: 

MN\a therefore equal and similar to GHx 

but GH is similar to EL ; 

wherefore MN is similar to ^X ; 

ani consequently KT/ and MNare about the same diameter: (vi. 26.) 

draw their diameter FX, and complete the scheme. 

Therefore, since GH is equal to EL and C together, 

and that GH '» equal to JfiV; 

MN b eaual to EL and C: 

take away tne common part EL ; 

then the remainder, viz. the gnomon NOL, is equal to C 

And because AE is equal t^ J^^, 

the parallelogram ^iV is equal to the parallelogram NB, (i. 36.) 

that is, to 3M: (L 430 

add NO to each ; 
therefore the whole, viz. the parallelogram AX, h equal to the 
gnomon NOL : 

but the gnomon NOL is equal tp Cj 

therefore also AX is equal to C 

Wherefore to the straight line AB there is applied the parallelo- 

!^ram ^JT equal to the given rectilineal figure C, exceeding bv tha 

parallelogram FO, which is similar to D, because PO is similar td 

^:L. (VL24.) Q.E.F. 

PROPOSITION XXX. PROBLEM. 
To cut a given itraight line in extreme and metui roHo. 

» 

Let ABhe the given straight line. 
It is required to cut it in extreme and mean ratio. 



I 



D 
EB 



l/pon AB describe the square BC, (l. 46.) 
•kI to -4 C apply the parallelogram CD, equal to BC, exceeding faf 
the figure AD similar to BCi (vi. 29.) 
then, since i^Cis a square, 
therefore also ^D is a square: * 

and beoause BC\a equal to CD, 
by taking the common part CE from each, 
the temainder BE is equkl to the remainder ADx 
and these figures ere equiangukr. 
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therefore their sides about the equal angles are reciprocally propor-* 
tional: (vi. 14.) 

therefore, as PJ? to ED, so AE to EB : 
but FE is equal to A C, (l. 34) that is, to AB; (def. 30.) 

and El) is equal to AE; 
therefore as BA tjo AE, bo is AE to EB : 

but A Bis greater than AE; 
therefore AE is greater than EB: (r. 14.) 
therefore the straight line AB iA cut in extreme and mean zatio in 
E, (VI. def. 3.) Q.E.F. 

Otherwise* 

Let AB be the given straight line. 

li is required to cut it in extreme'and mean ratio. 



A c B 

* c 

Bivide AB in the point Q so that the rectangle contained by AB, 
BC, may be equal to the sauare on AC, (li. 11.) 
Then, because the rectangle Aj6, BCib equal to the aqua^re on ACi 
asBAto AC, 80 is AC to CB: {Yi. 11.) 

therefore AB is cut in extreme and mean ratio in C. ^ (TI. def. 3.) 

Q.E.F. 

PROPOSITION XXXI. THEOREM. 

In right-angUd triangles, the rectilineal fyure deMcribed tgxm the tide op^ 
posite to the right angle, it equal to the timilar and timUarlg deteribedfiguiret 
upon the tides containing the right angle. 

Let ABCh^ a right-angled triangle, having the right angle BAC, 
The rectilineal figure described upon ^u shall be equal to tbe 
similar and similarly described figures upon BA, A C, 




Draw the perpendicular AD : (i. 12.^ 
therefore, because in the right-angled triangle ABC, 
AD is drawn from the right angle at A perpendicular to the base BC, 
the triangles ABD, ADC axe similar to the whole triangle ABC, 
and to one another : (vi. 8.) 
and because the triangle ABC is similar to ADB, 
as CB to BA, so is BA toBD: (vi. 4.) 
and because these three straight lines are proportionals, 
as the first is to the third, so is the fijgure upon the nist to the similar 
and similarly described figure upon the second : (vi. 20. Cor. 2.) 
therefore as CB to BD, so is th^ figure upon CB to the similar and 

similarly described figure u^on BA : . 
and inversely, as DB to .Sc, so is the figure upon BA to that upon 
BC: (V. B.) 
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for the same reason, as Z)C to CBy so is the figure apon CA to that 

upon CB: 
therefore as BD and DC together to ^C, so are the figures upon 
BAy AC to that upon BC: (V. 24.) 

hut BD and DC together are equal to BC; 
therefore the figure described on BC ib equal to the similar and 
similarly described figures on BA, A C. (v. A.) 
Wherefore, in right-angled triangles, &c Q.B.I>. 



PROPOSITION XXXn. THEOREM. 

If two triangles tohich have i%oo sides of the one proportional to two sides 
of the other, he joined at one angle^ so as to have their homologous sides 
parallel to one another; the remaining sides shall be in a straight line. 

Let ABC, DCE be two triangles which haye the two sides BAl^ 
^C proportional to the two CD, DE, 

yiz. BA to AC, as CD to DE; 
and let AB be parallel to DC, and AC to DR 




Then BC and CE shall be in a straight line. 
Because AB is parallel to DC, and the straight Hne AC meets them^ 
the alternate angles BAC, ACD are equal ; (i. 29.) 
for the same reason, the angle CDE is equal to the angle A CD ; 
wherefore also BACib equal to CDE; (ax. 1.) 
and because the trians^les ABC, DCE have one angle al A equal to 
one at D, and the sides about these angles proportionals, 
Tiz. BA to AC, as CD to DE, 
the triangle ABCia equiangular to DCE: (vi. 6.) 
therefore the angle ABC is equal to the angle DCEi 
imd die angle BA C was proved to be equafto A CD ; 
therefore the whole angle A CE is equal to the two angles ABd 
B AC I (?iTL,%) 
add to each of these equals the common anele A CB, 
then the angles A CE, A CB are equal to the angles AB C, BA C, A CB : 
but aSC, BA C, A CB are equal to two right angles : {l. 32.) 
therefore also the angles A CE, A CB are equal to two rignt angles : 
and since at the point C, in the straight line AC^ the two straight 
lines BC, CE, which are on the o|)posite sides of it, make the adjacent 
angles ACE, ACB equal to two right angles ; 

therefore ^C and CE are in a straight line. (l. 14.) 
Wherefore, if two triangles, «c. Q.B,D. 
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PROPOSITION XXXm. THEOABH. 

In equal cirelest angles, whether at the centers or cireumferenees, haw 
the same ratio which the eirctmferenees on which they stand have to one 
another: so also have the sectors. 

Let ABC, BEFhe eaual circles; and at their centers the angles 
BOC9 JEHF, and the angles BAC, EDF, at their circumferences. 
A.S thei circumference ^C to Uie circumference EF, so shall the 
angle BGC be to the angle EHF^ and the angle BAC io the. 
angle EDF; 
and'al^o the sector BGC to the sector ESF^ 





Take any number of circumferences CK, KL, each equal to BC,. 
and any number whatever FM, MN, each equal to EFi 

and join GK, GL, HM, HN. 
Because the circumferences BC, CK, KL are all equal, 
the angles BGC, CGK, KGL are also all equal : (in. 27.) 
therefore what multiple soever the circumference ^Z is of the cir- 
cumference BCi the same multiple is the angle BGL of the angle 
BGCi 

for the same reason, whatever multiple the circumference EN\a of 
the circumference EF, the same multiple is the angle EHN of the 
angle EEFi 
and if the circumference BL be equal to the circumference Elff 
' the angle BGL is also equal to the angle EHN-, (iii. 27.) 

and if the circumference BL be greater than EN, 
likewise the angle BGL is greater than EHN\ and if less, less t^ 
therefore, since there are four magnitudes, the two circumferences*^ 
BC, EF, and the two angles BGC, EHF\ and that of the circum- 
ference BC, and of the angle BGC, have been taken any equimultiples 
whatever, viz. the circumference BL, and the angle BGL j and of the 
circumference EF, and of the angle EHF, any equimultiples what- 
ever, viz. the circumference EN, and the angle EHNi 
and since it has been proved, that if the circumference BL be greater 

than EN\ 

the angle BOL is greater than EHN\ 
and ff equal, equal j and if less, less ; ^ 

therefore as the circumference ^C to the circumference EF, so u tbe 
angle -B6?Cto the angle ^ifJ*: (v. def. 60 , «^/y*^ 

but M the angle ^(?C is to the angle EHF, so is the angle ^^Cto 
the angle J^DJ': (v. 16.) ■ , ^^, 

for each is double of each; (m. 20.) 
therefore, as the circumference ^Cis to EF, so is the angle ^&€;tO 
Oie angle EHF, and the angle 5-4 C to the angle EDF. 

02 
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Alsoi as the cireumfeience SO to BF, so shall the sector S0Che 
to the sector EHF. 





' Join BC, CK, and in the circumferencesy BC, CK^ take any points 
X, O, and join BX. XC, CO, OK. 

Then^ because in the triangles GBC, OCX, 
the two (ddes BO, (7Care equal to the two CG, OX each to each, 
alid that they contain (^mial an^es f 
the base ^C is eoual to the oase CJT, (l. 4^ 
and the triangle vBC to the triangle CJ^CiT: 
and because the circumference BCis equal to me circumference CJT, 
the remaining part of the whole circumfe^nce of the circle ABC, is 
ec^oal to the remaining part of the whole circumference of the same 
circle : (ax. 3.) 

therefore the angle PXCis equal to the angle COX; (m. 27.) 
and the segment BXC is therefore similar to the segm^it COX; 
(m. def. 11.) 

and they are upon equied straight lines, BC, CXi 

"buf similar segments of circles upon equal straight lines, are equal 

to one another: (m. 24.) 

therefore the segment BXCia equal to the segment COX: 

and the triangle BuCj^sa proved to be equal to the tnangle COX; 

'tlierbfo^e the wholci the Sector BGC, i& equal to the whole, the 

sector CGX: 
' for the same reason, the sector XGL is equal to each of the sectors 

BOC, CGX: 
in the same manner, the sectors BHF, FHM, MSN may be 

proTed equal to one another : 

therefbre, what multiple soever the circumference BL is of the c^cxun- 

'ference BC, the same multiple is the sector P6!'X of the sector BGC; 

and for the same reason, whatever multiple the circumference FN 

is of FF, the same multiple is the sector FRN of the sector 

FHF: 

and if the circumference BL be equal to EK, the sector SOL is 

e^ual to the sector FHN; 
and if the circumference BL be greater than EN, the sector BGL 
is greater than the sector EMN; 

and if less, less ; 

' since, then, there are four magnitudes, the two circumferences BC, 

EF, aad the two sectors BGC, EHF, and that of the circumference 

^BC, and sector BGC, the circumference BL and sector BGL are any 

equimultiples whatever; and of the circumference EF, and sector 

JSMF, the circumference EN, and sector EHN^it any equimultiples 

-^whatever : 
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and since it has been proved, that if the circumference BL be ^eater 
than ENy the sector BQL is greater than the sector ESNi 
and if equal, equal ; and if less, less : 
therefore, as the circumference J9Cis to the circumference EF^ ao 
is the sector ^G' (7 to the sector EHF. (Y. det %) 
Wherefore^ in equal circles, &c. Qw£.D. 

PROPOSITION B. THEOREM. 

If an angle of a ir%angle be bisected by a etraiffht lin^^hich l%kev>he cuts 
the bate ; the rectangle contained by the eidea of the triangle ia equal to the 
rectangle contained by the aegmenta of the baae, together with the square on 
the atraight line which biaecta the angles 

Let ABC he a triangle, and let the angle ^^Cbe bisected by the 
straight line AD. 

The rectangle BA, AC shall be equal to the rectangle BD. DC, 
together with the square on AD, 

A 




B 

Describe the circle A CB about the*triai^le, (IT. 6.) 

and produce AD to* the circumference in E, and join EC* 

Then because the angle BAD is equd to the angle VAE^ (^yp*) 

and the angle ABD to the angle AEC, (ui. 21.) 

for they are in the same segment ; 

the trianeles ABD, AECare equiangular to one another; (l. 32.) 

taerefore as BA to AD, so is EA to AC; (TI. 4.) 
and consequently the rectangle BA, ACia equal to the rectangle EA, 

AD, (VI. 16.) 
that is, to the rectangle ED, DA, together with the square on ADi 

(II. 3.) 
but the rectangle ED, DA Is equal to the rectangle BD, DC; (m. 35.) 
therefore the rectangle BA, AC is equal to the rectangle BD, DC, 

together with the square on AD. 
Wherefore, if an angle, &c. Q.E.D. / 



PROPOSITION C. THEOREM. 

If from amy angle of a triangle, a atraight line be drawn petpemHettlar to 
the baae; the rectangle contained by the aides of the triangle ia equal to the 
rectangle contained by the perpendicular and the diameter of the circle dif* 
scribed about- the triangle. 

Let ^^Cbe a triangle, and AD the perpendicular from the angle 
A to the base BC, 

The rectangle J9^, ^C shall be equal to the rectangle contained by 
AD and the diameter of the circle described about the triangle. 



i 
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Describe the circle A CB about the triangle, (iT. 5.) and draw its 
diameter AE^ and join EC. 

Because the ri^t angle BDA is equal to the angle ECA in a 

semicircle, (in. 31.) 
and the angle ABD equal to the ani^le ABC in the same segment; 
(III. 21.) the triangles ABD, AEC dXQ equiangular: 
therefore as BA to ADy so is EA to AC\ (VI. 4.) 
and consequently the rectangle BA, ACh equal to the rectangle EA, 
AD. (VI. 16.) If therefore from any angle, &c. Q.E.D. 

PROPOSITION D. THEOREM. 

2%$ rectangle contained by the diagonals of a quadrilateraX figure interibed 
in a circle^ ia eqwU to both the rectangles contained by its opposite sides. 

Let A BCD be any quadrilateral figure inscribed in a circle, and 
join^C, ^i>. 

The rectangle contained by A C, BD shall be equal to the two 
rectangles contained by AB, CD^ and by AD^ BC. 

Make the angle ABE equal to the angle DBC-. (I. 23.) 
add to each of these equals the common angle EBD, 
then the angle ABD is equal to the anorle EBCi 
and the angle BDA is equal to the angle BCE, because they are 

in the same segment: (III. 21.) 
therefore the triangle ABD is equiangular to the triangle BCEi 
wherefore, as ^C is to CE^ so is BD to DA \ (Yi. 4.) 




and consequently the rectangle BC, AD\r equal to the rectangle 

BD, CE : (VI. 16.) 
again, because the angle -4 ^-S is equal to the angle DBC, and the 
angle BAE to the angle BDC, (ill. 21.) 
the triangle ABE is equiangular to the triangle BCD : 
tlierefore as BA to AEy so is BD to DC- 
wherefore the rectangle BA, DC is equal to the rectangle BD, AEi 
but the rectangle BC, AD has been shewn to be equal 

to the rectangle BD, CE ; 
therefore the whole rectangle A C, BD is equal to the rectangle 
AB, DC, together with the rectangle AD, BC. (n. 1.) 
Therefore the rectangle, &c. Q. E. D. 

This is a Lemma of CI. Ptolemeus, in page 9 of his MeyaXif Si/rrafct. 



( 
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Jx this Book, the theory of proportion exhibited in the Fifth Book, k 
applied to the comparison of the sides and areas of plane rectilineal figures, 
both of those which are similar, and of those which are not similar. 

Def. I. In defining similar triangles, one condition is 8ufiicient,%amely, 
that similar triangles are those which hare their three angles respectiyely 
equal ; as in Prop. 4, Book vi, it is proved that the sides about the equu 
angles of equiangular triangles are proportionsds. But in defining similar 
figures of more than three sides, both of the conditions stated in Def. i, 
are requisite, as it is obvious, for instance, in the case of a square and a 
rectangle, which have their angles respectively equal, but have not their 
sides about their equal angles proportionals. 

The following definition h^ been proposed : ** Similar rectilineal 
figures of more than three sides, are those which may be divided into the 
same number of similar triangles." This definition would, if adopted, 
require the omission of a part of Prop. 20, Book vi. 

Def. III. To this definition may be added the following : , , , 

A straight line is said to be divided harmonically, when it is divided 
into three parts, such that the whole line is to one of the extreme segments, 
as the other extreme segment is to the middle part. Three lines are in, 
harmonieal proportion, when the first is to the third, as the difference be- 
tween the first and second, is to the difference between the second and 
third ; and the second is called a harmonic mean betwe en the first and third. 

The expression * harmonieal proportion' is derived from the following 
i&fSt in the Science of Acoustics, that three musical strings of the same 
material, thickness and tension, when divided in the manner stated in the 
definition, or numerically as 6, 4, and 3, produce a certain musical note, 
its fifth, and its octave. 

Del IV. The term altitude, as applied to the same triangles and paral- 
lelograms, will be different according to the sides which may be assumed 
as the base, unless they are equilateral. 

Prop. I. In the same manner may be proved, that triangles and paral- 
lelograms upon equal bases, are to one another as their altitudes. 

Prop. A. When the triangle ABC is isosceles, the line which bisects 
tlie exterior angle at the vertex is parallel to the base. In all other cases, 
if the line which bisects the angle £AC cut the base ^Cin the point O, 

then the straight line BD is harmonically divided in the points G, C. 

"Fox BGia to GCqbBA ia to AC; (vi. 3.) 

and BD is to AC as Bii is to AC^ (vi. a.) 

therefore BD is to DC as BG is to GC, 

but BG- BD- DG, and GC ^ GD - DC, 

Wherefore J5D is to DC as J5D - DG is to GD - DC, 

Hence BD, DG, DC, are in harmonieal proportion. 

Prop, rv is the first case of similar triangles, and corresponds to th* 
third case of equal triangles. Prop. 26, Book i. 
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Sometimes the sides opposite to the equal angles in two equiangular 
triangles, are called the corresponding sides, and Uiese are said to be pro- 
portional, which is simply taking the proportion in Euclid altematel^r. 

The term homologous {6fi6\oyov), has reference to the places the sides 
of tile triangles have in the ratios, and in one sense* homologous sides may 
be considered as corresponding sides. The homologous sides of any two 
similar rectilineal figures will be found to be those which are adjacent to 
two equal angles in each figure* 

Prop. V, the converse of Prop, ly, is the second case of similar triangles, 
and corresponds to Prop. 8, Book t, the second case of equal triangles, 

*Prop. VI is the third case of similar triangles, and corresponds to Prpp. 
4, Book I, the first case of equal triangles. 

The property of similar triangles, and that contained in Prop. i7^ Book 
I, are the most important theorems in Geometry^ ' ^ 

Prop. VII is the fourth case of similar triangles, and corresponds to the, 
fourth case of equal triangles demonstrated in the note to Prop. 26, Booki. " 

Prop. IX. The learner here must not forget the difierent meanings of 
the word part, as employed in the Elements. The word here has the 
saine meaning as in £uc. v. def. 1. 

It may be remarked, that this proposition is a more simple case of the- 
next, namely, Prop. x. 

' IP^fop. XI. This proposition is that particular case of Prop, xii, in which?, 
the second and third terms of the proportion are equal, lliese twa 
problems exhibit the same results by a Geometrical construction, as ar^ ' 
obtained by numerical multiplication and division. 

. Prop, xui, • The difference in the two propositions Euc. ii. 14, and. 
EueJ vu 13, u this : in the Second Book, the problem is, to make a rect- 
angular figure or square equal in area to an irregular rectilinear figur^, ' 
in which the idea of ratio is not introcluced. In the Prpp. in the Sixtt, 
B^oK^'the problem relates to ratios only, and it requires to divide a line ' 
into^ two parts, so that the ratio of the whole line to the greatez; segpi^eiit , 
maVbe' the dime as the ratio of the greater segment to the less. ' ' " 
"The result in this j[)roposition obtained by a Geoiuetrical constructioxv 
is analogous to that which is obtained by the multiplicatiou 6i.twQ" 
niimt)ers, and the extraction of the square root of the product. ' 

Itm^y be observed, that half the sum of il^and BC is call^ed tlvd. 
Arithmetic mean between these lines ; also ih&.t,BD is called the' C^^-' 
wMrfno' mean between the same lines. * ' 

"To'find t#o inean proportionals between two given lines is impossible 
by ^he straight line and circle. Pappus has given several solutions of 
this problem in Book lii, of his Mathematical Collections ; and E^itocius. 
has given, in his Commentary on the Sphere and Cylinder of Archimedes, 
teii 'different methods of solving thi^ poblem. 

Prop. XIV depends on the same principle as Prop, xv, and both may 
easily be demonstrated from one diagram. Join DF, FB, EG in the fig^ 
to Prop.* xiT, and the figure to Prop, xv is formed. "We may add, that 
there does not appear any reason wny the properties of the triangle and 
parallelogram should be here ^eparatedJ and not in the fitst proposition of 
the Sixth Book. * 

Prop. XV holds good when one angle of onQ triangle is equal to the 
d^ect from what the* corresponding angle in the other wants of two right 
an^s. 

This theorem will p^rhitps be more distinctly comprehended by the 
leaznfr, if he will bear in mindi that four magnitudes are reciprocally 
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pcoportloiul, wkeQ the ratio compoimded of diete ntioa U & Tstto of 
eqtialitj. 

Prop. XTU Uonly a paiticular cue of Prop, xti, and moiB properly, 
might appear as a corollaiy i and both are eases of Frop. zit. 

AlgebroicaUy, Let AB, CD, £, e, contain a, i, c, d amis respocUyelr 

Then, since a, t,e,d aie proportioitsls, •'■ t = 3 ■ 

Multiply these equals by M, .'. ad — be, 
01, the product of the eztremei is equal to the product of the rnetna. 

And convecBely, If the pioduct of the eKlremes be equal to the pro- 
duct (d' the meauj, 

or ad = 6e, 

then, dividing these equals by M, .'. - a- , 



* Similarly may be shewn, that "^1 = 5! then adalfl. 

And eonveisely, if adm V ; then t ■= 3 • 

Brop. xmi, Sixnilai' flgnres are said to be similarly situated, when 
theii homologoos sides are parallel, as when the figures are situated on 
the same straight line, or on parallel lines : but when similar figures are 
situated on the lidea of a triangle, the similar figures are said tcr be similarly 
situated when the homologous sides of each figure have the same rp-' 
lative position with respect to one another ; that Is if the bases on whicli 
ttte similar figures stand, were placed parallel to one another, the re- 
maining sides of the figures, if siroilarly situated, would also be parall^, 
to.one another. 

Trop. II, It may easily be shewn, that the perimeters of similai 
polygons, are pioponionBl to their homcdogous sides. 

Prop, lit. This proposition must be so understood at to include all 
rectilineal figures whataoeyeT, which require for the conditions of siinila- 
rity aqpther condition tlum Is lequiiea for the siUularity of triangles. 
See note on Euc. vi. Def, i. 

, Pr6p. zini. The doctrine of componnd ratio, including duplicate and 
triplicate ratio, in the form in which it wlis propounded and practised by 
the ancient Qeometera, has been Alinost wholl; superseded. However 
satisiactory for the purposes of exact teasonlng the method of eipressin^ 
the ratio (d two auitacea, or of two solids by two straight lines, may be in 
itselfl it has not been found to be the form best suited for the direct ap- 
plication of the results Of QeomeTry. Almost all modem writers on Geo- 
metry and its appUcationB to every branch of the Mathematical Sciences, 
have adopted the algebrnkal notation of a quotient ^£ : BC; or of a 

''^t'°i -^T^ i fi^t expressivg the ratio of two lines 4B, BC : as well as that 
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to very serious objections, chiefly on the ground that pure Geometry doet 
not admit the Arithmetical or Algebraicu idea of a product or a quotieni 
into its reasonings. On the other 'hand, it may be urged, that it is not 
the employment of symbols which renders a process of reasoning pecu* 
liarly Geometrical or Algebraicalf but the ideas which are expressed by 
them. If symbols be employed in Geometrical reasonings, and be under- 
stood to express the magnitudes themselves and the conception of their Geo* 
metrical ratio, and not any measures, or numerical values of them, there 
would not appear to be any very great objections to their use, proyided 
that the notations employed were such as are not likely to lead to mis- 
conception. It is, however, desirable, for the sake of avoiding confusion 
of ideas iii reasoning on the properties of number and of magnitude, that 
the language and notations employed both in Geometry and Algebra 
should be rigidly defined and strictly adhered to, in all cases. At the 
commencement of his Geometrical studies, the student is recommended 
not to employ the symbols of Algebra in Geometrical demonstrations.. 
How far it may be necessary or advisable to employ them when he fully 
understands the nature of the subject, is a question on which some diffe- 
rence of opinion exists. 

Prop. xxT. There does not appear any sufficient reason why this pro- 
position is placed between Prop. xxiv. and Prop. xxyi. 

Prop. xxYii. To understand this and the three following proposi- 
tions more easUy, it is to be observed : 

1 . " That a parallelogram is said to be applied to a straight Hue, when 
it is described upon it as one of its sides. Ex. gr. the parsllelogram AC 
is said to be applied to the straight line JB, 

2. But a parallelogram AB is said to be applied to a straight line 
ABt deficient by a parallelogram, when AD the base of AE is less than 
AB, and therefore AE is less than tlie parallelogram AC described upon 
AB in the same angle, and between the same parallels, by the parallelo- 
gram DC; and DC is therefore called the defect of AE. 

3. And a parallelogram AO is said to be ap]died to a straight line 
AB, exceeding bv a parallelogram, when AF the base of ^0 is greater 
than AB, and therefore AG exceeds AC the parallelogram described 
upon AB in the same angle, and between the same parallels, by the 
parallelogram Bt?."— Simson, 

Both among Euclid's Theorems and Problems, cases occur in which 
the hypotheses of the one, and the data or qutesita of the other, are 
restricted within certain limits as to magnitude and position. The 
determination of these limits constitutes the doctrine of Maxima and 
Minima, Thus :— The theorem Euo. ti. 27 is a case of the maximum 
value which a figure fulfilling the other conditions can have ; and the 
succeeding proposition is a problem involving this fact among the 
conditions as a part of the data, in truth, perfecuy analogous to Euc. i. 
20, 22 ; wherein the limit of possible diminution of the sum of the two 
sides of a triangle described upon a given base, is the magnitude of 
the base itself: tiie limit of the side of a square which shall be equal to 
the rectangle of the two parts into which a given line may be divided, 
is half the line, as it appears from Euc. n. 6 i^^the greatest line that can 
be drawn from a given point within a circle, to the circumference, 
Euc. III. 7, is the line which passes through the center^ of the circle ; 
and the least line which can be so drawn from the same point, is the part 
produced, of the greatest line between the given point and the circum« 
lerence. Euc. nx. 8, also affords another instance of a maximiun and a 
giinimnm when tiie given point is outside the given circle. 
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Prop. xxxx. This proposition is the general case of Prop. 47, Book i, 
for any similar rectilineal figure described on the sides of a right- aneled 
triangle. The demonstration, howeyer, here giyen is wholly independent 
of £uc. I. 47. 

Prop. XXXIII. In the demonstration of this important proposition, 
affgles greater than two right angles are employed, in accordance frith 
the criterion of proportionality laid down in £uc. y. def. 5. 

This proposition forms the basis of the assumption of arcs of circles 
for the measures of angles at their centers. One magnitude may be as- 
sumed as the measure of another magnitude of a different kind, when the 
two are so connected, that any yariation in them takes place simultane- 
ously, and in the same direct proportion. This being the case with 
angles at the center of a circle, and the arcs subtended by them ; the 
arcs of circles can be assumed as the measures of the angles Uiey subtend 
at the center of the circle. 

Prop. B. The conyerse of this proposition does not hold good when 
the triangle is isosceles. 
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1. DiSTiKGuiSH between similar figures and equal figures. 

2. What is the distinction between homologous sides^ and equal ^Hdeg 
m Geometrical figures ? 

3. What is the number of conditions requisite to determine sixnilmty 
of figures ? Is the number of conditions in Euclid's definition of Mtnila r 
figures greater than what is necessary } Propose a definition of sixoilar 
^ures which includes no superfluous condition. 

4. Explain how Euclid makes use of the definition of proportion in 
Euc. yi. 1. 

5. Proye that triangles on the same base are to one another as their, 
altitudes. 

6. If two triangles of the same altitude haye their bases unequal* 
and if one of them be diyided into m equal parts, and if the other contain 
n of those parts *, proye that the triangles haye the same numerical relation 
as their bases. Why is this Proposition less general than Euc. yi. I } 

7. Are triangles which haye one angle of one equal to one angle of 
another, and the sides about two other angles proportionals, necessarily 
similar } 

8. What are the conditions, considered by Euclid, under which two 
triangles are similar to each other } 

9. Apply Euc. yi. 2, to trisect the diagonal of a parallelogram. 

10. When are three lines said to be m harmomcal proportion 2 If 
both the interior and exterior angles at the yertex of a triangle (Euc ti. 
3, A.) be bisected by lines which meet the base, and the base produced,in 
D, G; the segments BG, GD, GC of the base shall be in Harmonical pro- 
portion. 

11. If the angles at the base of the triangle in the figure Euc. yi. J, 
be equal to each other, how is the proposition modified ? 

12. Under what circumstances will the bisecting line in the fig. Euc 
TI. A, meet the base on the side of the angle bisected ? Shew that there 
is an indeterminate case. 
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13. State some of the uses to which Euc. ti. 4, may be applied. 

14. Apply Euc. Yi. 4, to prove that the rectangle contained by the 
aegments of any chord passing through a given point within a circle ia 
instant. 

15. Point out clearly the difference in the proo& of the two latter cases 
ifn Euc. yi. 7. 

16. From the corollary of Euc. tt. &, deduce a proof of Euc. i. 47. 

17. Shew how the last two properties stated in Euc. yi. S. Cor. may 
be deduced from Euc. i. 47 ; n. 2 ; yi. 17. 

18. Giyen the nth part of a straight line, find by a Geometrical con- 
struction, the (n + l)th part. 

19. Define what is meant by a mean proportional between two given 
lines : and find a mean proportional between the lines whose lengtl^ are 
4 and 9 units respectively. Is the method you employ suggested by any 
Propositions in any of the first four books } 

20. Determine a third proportional to two lines of 5 and 7 units : and 
a fourth proportional to three lines, of 6, 7, 9, imits. 

i2i. Pind ajtraight line which shall have to a given straight line, the 

aratio of 1 to Vs. 

22. Define reciprocal figures. Enunciate the propositions proved ze- 
jpecting such figures in the Sixth Book. 

23. Give the corollary, Euc. vi. 8, and prove thence, that the Arith- 
metic mean is greater than the Geometric between the same extremes. 

24. If two equal triangles have two angles together Qqual to two - 
right an^eSft the sides about those angles are reciprocally proportional. 

25. uive Algebraical proofs of Prop. 16 and 17 of Book vi^ 

26. Enunpiate and prove the converse of Euc. vi. 15. 

27. Szplun tfliat is meant by saying, that ''similar triang^a^eia the . 
duplicate tatio of their homologous sides.'* 

28. What are the data which determine triangles both ii^ spj^es juid i 
magnitude ? Qow are those data expressed in Geometry? 

't2S. If i the ratio of the homologous sides of two tnahgles be a§ 1 to^ 
4, what is the ratio of the triangles ? And if the ratio of the tria;igle8>e 
as 1 to 4, wliat U the ratio of the homologous sides? 

30. Shew thatpi^e of the triangles in the figure, Euc* XT» lOf is a mean 
proportional betii^een the other two. 

31. Whiat is the algebraical interpretation of Euc* y|. 19 ? 

32. P^om your de&iition of Proporticm, prove that the diagonals of; 
a sqtiare are in the same proportion as their sides. 

33. What propositions does Euclid prove respecting; sin^ilar polyj^on^ ? 

34. Theparallelograms about the diameter of a pars^elogram are similar 
to the whole and to one ai^other. Shew when they, are eqital, 

35. Prove Algebraically, that the areas (1) of similar triangles and (2)^ 
of similar parallelograms are proportional to the squares of their liomo-' 
logons sides. 

' 86; How is it shewn that equiangular parallelogt^m^ have to one 
another the ratio -^hich is compounded of the ratios of their basecf sn4 ^~ 
titudes? 

37. To find two Imes which shall have to each other, the ratio eoxjiiv 
poxmded of the ratios of the, lines AtoB, and C to i>. 

38. State the force of thie condition *^ similarly described ;" andshew^ 
that, on a given straight line, there may be described as many polygons 
of different magnitudes, similar to a given polygon, as there are sidea bf^. 
different lengthis in the polygoii. 
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39. Btecribe a triangle aimilar to a given triaQ^e, aad haTing its 
area double that of the given triangle. 

40. The three sides of a triangle are 7» 8, 9 tmits respectlTely; deter- 
mine the length of the lines which meeting the base, and the base produced* 
bisect the interior angle opposite to the greatest aide of the triangle, 
and the adjacent exterior angle. 

41. The three sides of a triangle are 3, 4, 6 inches rcspectiyely ; find 
the lengths of the external segments of the sides' determined by the tines 
which bisect the exterior angles of the triangle. 

42. What are the segments into which Uie hypotenuse of a right- 
angled triangle is divided by a perpendicular drawn nrom the right angle, 
if &e sides containing it are a and 3a imits respectively ? 

43. If the three sides of a triansle be 3, 4, 6 units respectively : what 
are the parts into which they are divided by the lines which bisect the 
angles opposite to them } 

44< if the homologous sides of two triangles be as 3 to 4, and the area 
of one triangle be known to contain 100 square omits ; how many square 
units are contained in the area of the other triangle } 

45. Prove that if BD be. taken in ^B produced (fig. Buc. ti. 80) 
equal to the greater segment AC, then JD is divided in extreme and 
mean ratio in the point B, 

Shew also, that in the series 1, 1, 2, 3, 5» 8, &c. in which each term is 
the sum of the two preceding terms, the last two terms perpetually ap- 
proach to the proportion of the segments of a line divided in extreme and 
ttSah ratio. Find a general expression (free from surds) for the nth term 
of this series. 

46. The parts of a line divided in extreme and mean ratio are incom- 
mensurable with eaQh other. 

47. Shew that in Euclid's figure (Euc. n. U .) four other lines, besides 
the given line, are divided in the required manner. 

48. Enimdate Euc. vi. 31. What theorem of a previous book is in- 
cluded in this proposition ? 

49. What is the superior limit, as to magnitude, of the angle «t the 
circumference in Euc. vi. 33 } Shew that the proof may be extended by 
withdrawing the usually supposed restriction as to angular magnitude ; 
and then deduce, as a corollary , the proposition respecting the magnitudes 
of angles in segments greater than, equal to, or less than a semicircle; 

60, The sides of a triangle inscribed in a circle are a, 6, c, units respec- 
tively : find by Euc. vi. o, the radius of the circumscribing circle. 

51. Enunciate the converse of Euc. vi. d. 

52. Shew independently that Euc vi. J>, is true when the quadri- 
laterid figure is rectangular. 

6Z, Shew that the rectangles contained by the opposite sides of a 

quadrilateral figure which does not admit of having a circle described 

'about it, are together greater than the rectangle contained by the diagonals.. 

54. What different conditions may be stated as essential to the possi- 
bility of the inscription and circumscription of a circle in and about a 
quadrilateral figure ? 

55. Point out those propositions in die Sueth Book in which Euclid's 
definition of proportion is directly applied. 

66. Explain briefly the advantages .gained by the application of 
analysis to the solution of Geometrical Problems. 

57. In what oases are triangles proved to be efual in Euclid, and in 
what oases are they proved to be wimilar f ^ 
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PEOPOSmONL FROBLESf. 
^ To intenbe a tqwaire im a fhen triangle* 

Analysii. Let ABC be the ^yen triangle, of which the hue SO 
Mid the perpendicular AD are giTen. 




Let FOEK be the required inscribed square. 
Then BUG, BDA are similar triangles, 
and GHh to OB, as AD is to AB^ 
but 6r'i^]S equal to &J7; 
therefore ^J'is to &^, as AD is to ^S. 
Let J^Pbe joined and produced to meet a line drawn from A pa* 
raQel to the base ^Cin the point E. 

Then the triangles BOF, BAF are similar, 
and AB is to AB, as 6^i^is to GB, 
but (?jPis to GB, as AD is to ^^; 
wherefore AE is to uiB, as AD is to .^L9; 
hence AE is equal to AD. 
Synthesis. Through the yertex Af draw AE parallel to ^Cthe 
base of the triangle, 

hi make AB e^ual to AD, 

join ^^ cutting ^C in J*, 
through F, draw PtS' parallel to BC, and JPJT parallel to ADi 

also through 6^ draw GH parallel to AD. ^ 

Then GHKF is the square required* 
The different cases may be considered when the triangle is equi- 
lateral, scalene, or isosceles, and when each side is taken as the base. 

PROPOSITION n. THEOREM. 

If from th$ extremitiet of any diameter of a given circlet perpendiculiirm 
be drawn to any chord of the circle, they shall meet the chords or the chord 
produced in two points which ore equidistant from the center. 

First, let the chord CD intersect the diameter AB in X, but not 
at right angles ; and from A^ B, let AE, BFhe drawn perpendicular 
to CD, Then the points JF*, ^ are equidistant from the center of the 
ehord CD. 

Join EB, and from /the center of the circle, draw IG perpendi« 
oular to CD, and produce it to meet EB in H. • 



i 
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B 

Then 10 bisects CDmQ\ (in. 2.) 
and lOt AE being both perpendicular to CD, are parallel. (L 29.) 
Therefore BI is to BU, as Z^ is to HE ; (VI. 2.) 
and BH is to FO, as HE h to GE% 
therefore BIi% to FO, as Z^ is to QEi 
but BI is equal to I A ; 
therefore FO is equal to QE. 
It is also manifest that JOE is e^ual to CF, 
When the chord does not intersect the diameter, the perpendicu- 
lars intersect the chord produced. 

PEOPOSITION in. THEOREM. 

If two diagonaU of a regular pentagon be drawn to cut one another, the 
greater segments will be equal to the side of the pentagon, and the diagotials 
will cut one another in extreme and mean ratio. 

Let the diagonals A C, BE be drawn from the extremities of the 
side AB oi the regular pentagon ABODE, and intersect each other 
in the point H. 

Then BE and ^ C are cut in extreme and mean ratio in JT, and 
the greater segment of each is equal to the side of the pentagpn. 
Let the circle ABODE be described about the pentagon. (lY. 14.) 
Because EA, AB are equal to AB, BO, ana they contain equal 
angles ; 

therefore the base EB is equal to the base ^C, (1. 4.) 

and the triangle EAB is equal to the triangle UBAf 

and the remaining angles will be equal to the remaining anglei^ 

each to eadbi to which the equal sides are opposite. 

D 




Therefore the angle BACis eaual to the angle ABE; 

and the angle AHE is double of the angle BAH, (l. 32.) 

bat the angle EAOib also double of the angle BAC, (n. 930 

therefore the anele HAE is equal to AHE, 

and consequently HJiis equal to EA, (I. 60 or to AB» 

And because BA is equal to AE, 

the angle ABE ia equal to the angle AEB% 
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but the angle ABE has been proved equal tb BAIT: 
therefore the angle JBEA is equal to the angle BAJIi 
and ABE is common to the two triangles ABE, ABH; 
therefore the remaining angle BAE is equal to the remaming 

angle AHB ; 
and consequently the triangles ABE, ABH are equiangular; 
therefore EB is to -B-^, as AB to BH: hut BA is equal to Eff, 

therefore J5-B is to -E-BT, as £Zr is to J5Jr, 
but BPis greater than EH; therefore EH is greater than ITB; 

therefore BE has befen cut in extreme and meajji ratio in H, 
Similarly, it may be sh^^n, that A C has also been cut in extreme 
and mean ratio in H, and that the greater segment of it CH is equal 
to the side of the pentagon. 

PROPOSITION rV. PROBLEM. 

Divide a given are of a circle into two parts which thaU have their ehordt 
4n a given ratio, 

, Analysis. Let A, Bhe the two given points in the circumference 
•of the circle, and Cthe point required to be found, such that when the 
chords A C and BC are joined, tne lines A C and J^Cshall have to one 
•another the ratio of E to F. 







Draw CD touching the circle in Cj 
join ^^ and produce it to meet CD in D. 
ifi^nce the angle BAG is equal to the angle BCD, (ill. 32.) 
«nd the angle CDB is common to the two triangles DBC, DA C; 
therefore the third angle CBD in one, is equal to the third angle 
DCA in the other, and the triangles are similar, 
therefore AD is to DC, as DC is to DB\ (VL 4.) 
hence also the square on AD is to the square on DCfas AD is to 
BD. (yi. 20. Cor.) 

But AD is to AC, as DC is to CB, (vi. 4.) 
and AD is to DC, as AC to CB, (v. 16.) 
also the square on AD is to the square on DC, as the square on .^ C 

is to the square on CB ; 

but the square on AD is to the square on DC, as AD is to DB : 

wherefore the square on -4 C is to the square on CB, as AD is to BD ; 

bui AC is to CB, as E is to F, (constr.) 

therefo^ 'AD is tp DB as the squara on E is to the square on F. 

Hence the ratio of AD to DB is given, 
•and AB is given in magnitude, because the pointsif, '.S in the cir* 
cumference of the circle are given. 
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^crefore also the ratio of AD to AB is ^veii| and also the mag- 
nitude of AD. 
Synthesis. Join ^^and produce it to 2>, so that AD shall be to 
BDt as the square on £ to the square on F. 

From D draw DC to touch the circle in C, and join CB, CA, 
Since ^D is to DB, as the square on i? is to the square on F, (constr.) 
and ^2> is to DB, as the sc^uare on ^ C is to the square on BC; 
tberefore the square on ^ C is to the square on ^C, as the square on 
i^^ is to the square on F, 

and ^Cis to BC, mBiaXo F. 

PROPOSITION V. PROBLEM, 

A, B, C art givtn points. It m repUred to draw through ant/ other point 
in the tame plane toUh A, B, and C, a straight line, iueh thai the turn of its 
diatatieet from two of the given points, mag be eptai to its distance from the 
third. 

Analysis. Suppose J* the point required, such that the line XFH 
bcinff drawn through any other point X, and AD, BE, CH perpen* 
dicmars on XFH, the sum of BB and CH is equal to AD, 




Join AB, BC, CA, then ABC is a triangle. 
Draw AOU) bisect the base BCin Q, and draw (rJTperpendiculax 
to J&i^. 

Then since ^C is bisected in G, 

the sum of theperpendiculars CH, BB is double of OK; 

but Cm and BE are equal to AD, (hyp.) 

therefore AD must be double of UK', 

but since AD is parallel to GK, 
the triangles ADF, GKF are similar, 
therefore AD is to AF, as QK is to GF-, 
but AD is double of GK, therefore AF\& double of GF-, 
and consequently, G'JPis one-third olAG the line drawn from the 
vertex of the triangle to the bisection of the base. 
But AG is Si line given in magnitude and position, 
therefore the point F is determined. 
Synthesis. . Join AB, AC, BC, and bisect the base BC oi the tri- 
angle ABC in G; join ^6^ and take GF eaual to one-third of GA ; 
. the line drawn through X and F will be the line required. 
It is also obvious, that while the relative position of the points A, 
B, C, remains the same, the point F remains the same, wherever the 
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point X may be. The point X may therefore coincidti with the point 
I*t and when tli^ is the ease, the petition of the line FX is left un- 
determined. Hence the following porism, 

A triangle being given in position, a point in it may be found, 
such, that any straight line whaterer being drawn through that point, 
the perpendiculars drawn to tiiis straight line from the ti^o angles of 
the triangle, which are on one side of it, will be together equal to the 
perpendicular that is drawn to the same line from the angle on the 
other side of it. 



6. Triangles and parallelograms of unequal altitudes are to each 
other in the ratio compounded of the rati!os of their bases and altitudes. 

7. If A CB, ADB be two triangles upon the same base AB^ and 
between the same parallels, and if through the point in which two of 
the sides (or two of the sides produced) intersect two straight lines be 
drawn parallel to the other two sides so as to meet the Imlsc AB (or 
AB produced) in points E and F, ProTC that AE= BF. 

8. In the base AC o( ti triangle ABC take any point D; bisect 
AD, DC, AB, BC, in E, F, G, II respectiyely : shew that EG is 
equal to HF, 

9. Construct an isosceles triangle equal to a given scalene triangle 
and haying an equal Tertical angle with it. 

10. If, in similar triangles, from any two equal angles to the 
opposite sides, two straight lines be drawn making equal angles with 
the homologous sides, these straight lines will haye the same ratio as 
the sides on which they fall, and will also diyide those sides propor- 
tionally. 

11. ^ Any three lines being drawn making equal angles with the 
three sides of any triangle towards the same parts, and meeting one 
anotheri will form a triangle similar to the original triangle. 

12. BD, CDvxe perpendicular to tiie sides AB^ A Cof a triangle 
ABC, and CE is drawn perpendicular to AD, meeting ^^ in ^: 
shew that the-^triangles ABC, ACE ai^ similar. 

.13. In any trianele, if a perpendicular be let fall upon the base 
from the vertical angle, the base wiU be tb the sum of the sides, as the 
difference of the sides to the difference or jsum nf the se^ents of the 
base made by the perpendicular, according as it falls within or with- 
out the triangle. 

14. If triangles AEF, ABC haye a common angle A, triangle 
ABC:insin^\e AEFi: AB.AC: AE.AF. 

15. If one side of a triangle be produced, and the other shortened 
bjr equal quantities, the line joining the points of section will be di- 
vided by tne base in the inverse ratib of the sides. 

II. . 

16. Find two arithmetic mei^iic^ I... . . *--o given straight lines.. 
17* To divide a given line in ^harmonical proportion. 
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18. To find^ by a geometrical construction, an arithmetic 
geometric, and harmonic mean between two given lines. 

19. Prove geometrically, that an arithmetic mean betw'een tw& 
quantities, is greater than a geometric mean. Also having given the 
sum of two lines, and the excess of their arithmetic above their 
geometric mean, find by a construction the lines themselves. 

20. If through the point of bisection of the base of a triangle any 
line be drawn, intersecting one side of the triangle, the other producea^ 
and a line drawn parallel to the base from the vertex, this line shall 
be cut harmonically. 

21. If a given straight line A She divided into any two parts in. 
the point C, it is required to produce it, so that the whole line 
produced may be harmonically divided in C and B, 

22. If from a point without a circle there be drawn three straight 
lines, two of which touch the circle, and the other cuts it, the line 
whieh cuts the circle will be divided haimonicaily by the convex 
circumference, and the chord which joins the points of contact. 

III. 

23. Shew geometrically that the diagonal and side of a square are 
inoommcnsurable; 

24. If a straight line be divided in two given points, determine a 
third point, such that its distances from the extremities, may be 
proportional to its distances from the given points. 

25. Determine two straight lines, sucn that the sum of their 
squares may equal a given square, and their rectangle equal a giveii 
rectangle. 

26. Draw a straight line such that the perpendiculars let fidi 
from any point in it on two given lines may be in a given ratio. 

27. If diverging lines cut a straight line, so that the whole is to 
one extreme, as the other extreme is to the middle part, they will 
intersect every other intercepted line in the same ratio." 

28. It is required to cut off a part of a given line so that the part 
cut off may be a mean proportional between tlie remainder and 
another given line. 

29. It i^ required to divide a given finite straight line into two 
parts, the squares of which shall have a given ratio to each other. 

IV: 

30. From the vertex of a triangle to the base,* to draw a straight 
line which shall be an arithmetic mean between the sides containing 
the vertical angle. 

31. From the obtuse anele of a triangle, it is required to draw k 
line to the base, which shall be a mean proportional between the 
segments of the base. HoW many answers does this question luhnit 
of? 

32. To. draw a line from ihe vertex of a triangle to the base, which 
shall be a mean proportional between the whole base and one segment. 

33. If the perpendicular in a right-angled triangle divide the 
hypotenuse in extieme and mean ratio, the less side is equal to the 
alternate segment. 
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34. From the vertex of sn^ triang^le ABC, daem m. stought line 
meeting the base produced ia 1>, ao tiiat the tBcfimg^e i)^. D€=AJJF, 

^. To And St point P in the base SCaisk- triangle prodncedr so 
tBaxTT> being^ dnttm pacalM to ^C, and me^ing^iK pEodneed ta 2>» 

Sd. If the triangle ^jSC ha« liie angle at C a Eight ngie, sid 
fSrom ^a^ perpendioular be dropped on the opipeate side intpnegtiny 
itia A^bett^D:D^::>f,C*: C^, 

37. In any right^ngled triangle^ one ade a to die other^ as the 
eiusesa of the hypotenuse above the secoad, to the line ent off from the 
fir^ between the right angle and the line bisecting the oppaste angle. 

3$. If on the two »dea of a right-engled triangle Mfaares be 
described, the lines joining tiie aetne angles of the tmo^ and the 
ojmosite ang^ of the s<{aares, will cut <d eqneL sfgmcrats frniii tfae 
ndes ; and each of these eipial segments will be a aean proportiaaaL 
between the remaining segments* 

3^, In anv right-angled triangle ABCt (wiieiie hypotennae » AM^ 
bisect the angle A by AI> meeting C^ in I>^ and prove that 

lA(^'.AC^'CIfiiBC'.CI>, 

46, On two given stnught lines similaz trmngles are described. 
Bequired to find a third, on which^ if a triangle similar to Acm be 
described, its area shall equal the di^ence oi their areaa. 

4U In the triangle ABC, AC-^ 2,BC If CA CE le^ectively 
bisect the angle C, and the exterior angle formed l^ pEodncmg ulC; 
prove that the triangles CBD,ACD,ABC^ CDB, have their areas as 
1,2,3,4, 

42, It Is required to 1»sect any triangle ( I } by a Gne drawn parallel, 
(2) by a line drawn perpendicular, to the base. 

4X To divide a given triangle into two parts, having a given ratio 
to one another, by a straight line drawn parallel to one of its sides. 

44, Find three points in the sides of a triangle, such that, they 
being joined, the triangle shall be divided into four equal trian^es. 

45, From a given point in the side of a triangle, to draw hues to 
the sides which shall divide the triangle into any number of equal parts. 

46, Any two triangles being given, to draw a straight line parallel 
to a side of the greater, which shall cut off a triangle equal to tke les9. 

VL 

47, The rectangle contained by two lines is a mean proportional 
between their squares, 

48, Describe a rectangular parallelogram which shall be equal to 
a given square, and have its sides in a given ratio. 

49, If from any two points within or without a parallelogram, 
straight lines be drawn perpendicular to each of two adjacent sides 
and intersecting each other, they form a parallelogram similar to the 
former, 

60, It is required to cut off from a rectangle a similar rectangle 
which shall be any required part of it. 
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51. If from one angle ^ of a parallelogram a straight line be drawn 
cutting the diagonal in £ and the sides in P, Q, shew that 

62. The diagonals of a trapezium, two of whose sides are parallel, 
cut one another m the same ratio. 

VII. 

63. In a given circle place a straight line parallel to a given 
straight line, and having a given ratio to it; the ratio not being 
greater than that of the diameter to the given line in the circle. 

64. In a given circle place a straight line, cutting two radii which 
are perpendicular to each other, in such a manner, that the line itself 
may be trisected. 

65. ^^ is a diameter, and P any point in the circumference of a 
circle; AP and ^P are joined and produced if necessary ; if from any 
point C of AB, a perpendicular be drawn to AB meeting ^P and BP 
m points D and E respectively, and the circumference of the circle 
in a point F, shew that CD Is a third proportional of CE and CF. 

6^, If from the extremity of a diameter of a circle tangents be 
drawn, any other tangent to the circle terminated by them is so 
divided at its point of contact, that the radius of the circle is a mean 
proportional between its segments. 

57. From a given point without a circle, it is required to draw a 
straight line to the concave circumference, which shall be divided in a 
given ratio at the point where it intersects the convex circumference. 

68. From what point in a cu-cle must a tangent be drawn, so that 
a perpendicular on it from a given point in the circumference may be 
cut by the circle in a given ratio ? 

69. Through a given point within a given circle, to draw a 
straight line such that the parts of it intercepted between that point 
and uie circumference, may have a given ratio. 

60. Let the two diameters AB, CD, of the circle ADBC be at 
right angles to each other, draw any chord ^P, join CE, CF, meeting 
^P in Sand Hi prove that the triangles CGIi and CPP are similar. 

61. A circle, a straight line, and a point being gfven in position, 
required a point in the line, such that a line drawn from it to the 
given point may be equal to a line drawn from it touching the circle. 
What must be the relation among the data, that the problem may 
become porismatic, i.e. admit of innumerable solutions ? 

VIII. 

62. Prove that there may be two, but not more than two, similar 
triangles in the same segment of a circle. 

63. If as in Euclid VI. 3, the vertical angle BA C of the triangle 
BAC be bisected by AD, and BA be produced to meet CE drawn 

Parallel to AD in E; shew that AD will be a tangent to the circle 
escribed about the triangle EA C, 

64. If a triangle be inscribed in a circle, and from its verte3(, lines 
be drawn parallel to the tangents at the extremities of its base, they 
will cut off similar triangles. 
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65. If from any point in the circumference of a circle perpen- 
diculars be drawn to the sides, or sid^s produced, of an. inscribed tri- 
angle; shew that the three points of intei^Hection will be in the game 
straight line. 

66. If through tlie middle point of any chord of a circle, two chords 
be drawn, the lines joining their extremities shall intersect the first 
chord at equal distances from its extremities. 

67. If a straight line be divided into any two parts, to find the 
Jocus oi the point in which these parts subtend equal angles. 

68. If the line bisecting the vertical angle of a triangle be divided 
into parts which are to one another as the base to the sum of the sides, 
the point of division i& the center of the inscribed circle. 

,69. The rectangle contained by the sides of any triangle is to the 
rectangle by the radii of the inscribed and circumscribed cij^eles, as 
twice the perimeter is to the base. 

70. Snew that the locus of the vertices of all the triiangles construct- 
ed upon a given base, and having their sides in a given ratio, is a circle. 

71. If from the extremities of the base of a triangle, perpen- 
diculars be let fall on the opposite sides, and likewise straight anes 
dranii to bisect the same, the intersection of the perpendiculars, that 
of the bisecting lines, and the center of the circumscribing cirole» will 
be ia/.the fcune straight line. 

IX. 

72. If a tangent to two circles be drawn cutting the straight line 
which joins their centers, the chords are parallel which join the points 
of contact, and the points where the line through' the centers cuts the 
circumferences. 

73. If through the vertex, and the extremities of the base of a 
triangle, two circle^ be described, intersecting one another in the base 
or its continuation, their diameters are proportional to the sides of the 
triangle. 

74. If two circles touch each other externally and also touch a 
straight line, the part of the line between the points of contact is a 
mean proportional between the diameters of the circles. 

75. If from the centers of each of two circles exterior to one 
another, tangents be drawn to the other circles, so as to cut one another, 
the rectangles of the segments are equaL 

76. If a circle be inscribed in a right-angled triangle and another 
be described touching the side opposite to the right angle and the 
produced parts of the other sides, shew that the rectangle under the 
radii is equal to the triangle, and the sum of the radii equal to the sum 
of the sides which contain the right angle. 

77. If a perpendicular be drawn from the right angle to the hy- 
potenuse of a right-anffled triangle, and circles be inscribed within the 
two smaller triangles mto whiwi the given triangle is divided, their 
diameters will be to each other as the sides containing the right angle. 

X. 

78. Describe a circle passing through two given points and touch- 
ing a given circle. 
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79. Describe a circle which shall pass through a given point and 
touch a given straight line and a given circle. 

80. Through a given point draw a circle touching two given 
circles. 

81. Describe a circle to touch two given right lihe« and such that 
a tangent drawn to it from a given point, may be equal to a ^iven line. 

62. Describe a circle which shall have its Center in a given line, 
and shall touch a circle and a straight line given in position. 

XI. 

83. Given the perimeter of a ri^ht-angled triangle, it is required 
to construct it, ( 1 ) If the sides are m arithmetical progression. (2) If 
the sides are in geometrical progression. 

84. Given the vertical angle, the perpendicular drawn from it to 
the base,* and the ratio of the segments of |the base made by it, to 
construct the trian^e. 

85. Apply (yi. c.) tp construct a triangle f having given, the 
vertical angle, the radius of the inscribed circle, and the rectangle 
cQntained'by the straight lines drawn from the center of the circle to 
the angles at the base. 

86. Describe a triangle with a, given vertical angl^, so that, the 
line which bisects the base shalf li>e equal to a given line, find the 
aiigle which the bisecting line makes with the base shall be equal to 
a given an^le. ,■■.'■ 

87. Given th^ base, the ratio of the sides contj^ining. the vertical 
angle, and the distance of Uie vertex from a given point in the base ; 
to construct the triangle. 

88. Given the vertical angle and the ba&e of .a triangle, uid also 
a line drawn from either of thfi aneles, catting the opposite side in^a 
given ratio, to construct the triangle. . . 

89. Upon the given base AB construct a triangle having its sides 
in a given ratio and its vertex situated in tiie given indefinite line CD, 

90. Describe an equilateral triangle equal to a given triangle. 

91. Given the hypotenuse of a right-angled triangle, and the side 
of an inscribed square. Kequired the two sides of the triangle. 

92. To make a triangle, which shall be equal to a given' ^iangle, 
and have two of its sides equal to two given straight lines ; and shew 
that if the rectangle contained by the two straight lines be less than 
twice the given triangle, the problem is impossible. 

XII. 

93. Given the sides of a quadrilateral figure inscribed in a circle, 
to find the ratio of its diagonals. 

94. The diagonals AC, JBD, of a trapezium inscribed in a circle, 
cut each other at right angles in the point £ ; 

the rectangle AB.JBC: the rectangle AD, DC :: BJS : ED. 

XIII. 

95. In any triangle, inscribe a triangle similar to a given trianele. 

96. Of the two squares which can be inscribed in a right-angled 
triangle, which is the greater ? 

97. From the vertex of an isosceles triangle two straight llnei 
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drawn to the opposite angles of the square described on the base, oat 
the diagonals ot the square in £ and F: prove that the line JSF is 
parallel to the base. 

98. Inscribe a square in a segment of a circle. 

99. Inscribe a square in a sector of a circle, so that the angular 
points shall be one on each radius, and the other two in the ciroum- 
ierence. 

100. Inscribe a square in a given equilateral and equiangular 
pentagon. 

101. Inscribe a parallelogram in a given triangle similar to a 
given parallelogram. 

102. If any rectangle be inscribed in a given triangle, required the 
locus of the point of intersection of its diagonals. 

103. Inscribe the greatest parallelogram in a given semicircle. 

104. In a given rectangle inscribe another, whose sides s}iall bear 
to each other a given ratio. 

105. In a given segment of a circle to inscribe a similar segment. 

106. The square inscribed in a circle is to the square inscribed in 
the semicircle : : 5 : 2. 

107. If a square be inscribed in a right-angled triangle of which 
one side coinciaes with the hypotenuse of the triangle, the extremities 
of that side divide the base into three segments that are continued 
proportionals. 

108. The square inscribed in a semicircle is to the square inscribed 
in a quadrant of the same circle :: 8 : 5. 

109.. Shew that if a triangle inscribed in a circle be isosceles, 
having each of its sides double me base, the squares described upon the 
radiys of the circle and one of the sides of the triangle, shall be to each 
other in the ratio of 4 : 15. 

110. AP3 is a quadrant, SPT a straight line touching it at 
P, P3f perpendicular to CA ; prove that triangle SCT : triangle 
ACBi: triangle A CB : triangle CMP. 

111. If through any point in the arc of a quadrant whose radius 
is J2, two circles be drawn touching the bounding radii of the quadrant, 
and r, r'be the radii of these circles : shew that rr'^ i2\ 

112. If i2 be the radius of the circle inscribed in a right-angled 
triangle ABCf right-angled at A ; and a perpendicular be let fall &om 
A on the hypotenuse BC, and if r, r' be the radii of the circles in- 
scribed in the triangles ADB, A CB : prove that r* + r* = i2*. 

XIV. 

113. If in a given equilateral and equiangular hexagon another 
be inscribed, to determine its ratio to the given one. 

114. A regular hexagon inscribed in a circle is a mean propor- 
tional between an inscribed and circumscribed equilateral triangle. 

115. The area of the inscribed pentagon, is to the area of the 
circumscribing pentagon, as the square on the radius of the circle 
inscribed within the greater pentagon, is to the square on the radius 
of the circle circumscribing it. 

116. The diameter of a circle is a mean proportional between the 
sides of an equilateral triangle and hexagon which are described about 
that circle. 
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DEFINITIONS. . 

Jl BOUD IB that which hath length, breadth, and thickn«6ib 

IL 
That which bounds a solid is a superficies. 

III. 

A straight line is perpendicular, or at right angles to a plane, when 
it makes right angles with every straight line meeting it in that plane. 

IV. 

A plane is perpendicular to a plane, when the straight lines drawn 
in one of the planes perpendicular to the common section of the two 
planes, are perpendicular to the other plane. 

V. 

The inclination of a straight line to a plane, is the acute angle con- 
tained by that straight line, and another drawn from the point in which 
the first line meets the plane, to the point in which a perpendicular to 
the plane drawn from any point of the first line above the plane, meets 
the same plane. 

VI. 

The inclination of a plane to a plane, is the acute angle contained 
by two straight lines drawn from any the same point of uieir common 
section at nght angles to it, one upon one plane, and the other upon 
the other plane. 

VII. 

Two planes are said to have the same, or a like inclination to one 
another, which two other planes have, when the said angles of incli- 
nation are equal to one another. 

VIII. 
Parallel planes are such as do not meet one another though produced. 

IX. 

A solid angle is that which is made by the meeting, in one pointf 
of more than two plane angles, which are not in the same plane. 

X. 

Equal and similar solid figures are such as are contained by similar 
planes equal in number and magnitude. 

XL 

Similar solid figures are such as have all their solid angles equal, 
each to each, and are contained by the same number of simOar planes* 
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A pyramid is a solid figure contained b]^ planes that are eonstitdted 
betwixt one plane and one point above it in which they meet. 

XIIL 

A prism is a solid figure contained by plane figures, of which tiTo 
that are opposite are equal, similar, and parallel to one another; and 
the others parallelograms. 

XIV. 

A sphere is a solid figure described by the revolution of a semidrcle 
about Its diameter, which remains unmoved. 

XV. 

The axis of a sphere is the fixed straight line about which the semi- 
eircle revolves. 

XVI. 
The center of a sphere is the same with that of the semicircle. 

XVIL 

The diameter of a sphere is any straight line which pfuses through 
the center, and is termmated both ways by the superficies of the sphere. 

XVIII. 

A cone is a solid figure described by 'the revolution of a right- 
angled triangle about one of the sides containing the right angle, 
which side remains fixed. 

If the fixed side be equal to the other sidd containing the right 
4aigle, the cone is called a right-angled cone; if it be less than the 
other side, an obtuse-angled ; and if greater^ an acute-angled cone. 

XIX. 

The axis of a cone ib the fixed straight line about which the 
triangle revolves. 

XX. 

The base of a cone is the circle described by that side containing 
the right angle, which revolves. 

XXI. 

A cylinder is a solid figure described by. the revolution of a right- 
angled parallelogram about one of its sides which remains fixed. 

XXIL 

The axis of a cylinder is the fixed straight line about which the 
parallelogram revolves. 

xxm. 

The bases of a cylinder are the circles described by the two revel* 
ting opposite sides of the parallelogranu 
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XXIV. 

Similar cones and cylinders are those which hare their ases and 
the diameters of their baseft proportionals. 

XXV. 
A odbe is a solid figure contained by six equal squares. 

XXVI. 

A tetrahedron is a solid figure contained by four' equal aiid equi* 
lateral triangles. 

XXVII. 

An octrahedron is a solid figure contained by eight equal and 

equilateral triangles. 

^ XXVIII. 

A dodedahedron is a solid figure contained by twelve equfl^l penta- 
^' gtjns which are equilateral and equiangular. 

XXIX. 

An icosahedron iv m solid figure cbntained by twenty equal and , 
equittfteHil triangles. 

Def. A. 

A p'arallelopiped is a solid figure contained by six quadrilateral 
figures, whereof €?ery/ opposite tiro are parallel. 



PROPOSITION I. THEOREM, 



One part of a straight line cannot he in a plane, and another part ah<fve ii» 

If it be possible, let AB, part of the straight line ABOfMei m tbe 
plane, and the part J9C above it : 



■X 



A B D 



\ 



and since the straight line AS is in the planci it can be produced 
in that plane : 

let it be produced to Z) ; 
and let any plane pass through the straight line AD, and be turned 
about it, until it pass through the point C: 

and because the points B, Care in this plane, 
the straight line J C is in it : (l. def. 7.) 
therefore there are two straight lines ABC^ ABD in the same plane 
that have a common snpnent AB) (I. 11. Cor.) 

which is impossible. 
Therefore, one part, &c. Q.E.D. 

p3 • 
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PROPOSITION n. THEOREM. 



Two ttraight Knes which cut one another are tn one pkme, and tharm 
eAraight lines which meet one another are in one plane* 

Let two straight lines ABj CD cut one another in ^j 
then ABf CD shall be in one plane : 
and three straight lines EC^ CB, BE^ which meet one another, 
shall be in one plane. 

A\ /D 




Let any plane pass through the straight line EB^ 
and let the plane oe turned about EBy produced if necessary, niftil it 
pass through the point C 

Then, because the points E, C are in this plane, 

the straight line J?Cis in it: (I. def. 7.) 

for the same reason, the straight line ^Cis in the same: 

and by the hypothesis, EB is in it : 

therefore the three straight lines EC, CB, BE are in one plane; 

but in the plane in which EC, EB are, 

in the same are CD, AB : (xi. 1.) 

therefore, AB, CD are in one plane. 

Wherefore two straight lines, &c. Q.E.Du 



PROPOSITION in. THEOREM. 
If two planes cut one another, their common section is a stra*ffhi Hne, 

Let two planes AB, BC cut one another, and let the line DB be 
their common section. 

Then DB shall be a straight line. 




If it be not, from the point D to B, draw, in the plane AB,ih» 
straight line DEB, (post 1.) 

and in the plane BC, the straight line DFB : 

then two straight lines DEB, DFB have the same extremities, 

and therefore include a space betwixt them ; 

which is impossible : (I. ax. 10.) 

therefore BD, the common section of the planes AB, BC, cannot 

but be a straight line. 

Wherefore, if two planes, &c. Q.B.D. 
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PROPOSITION IV. THEOREM. 

If a Mtraight line stand at right angles to each of tw> straight lines in 
the point of their intersection^ it shall also he at right angles to the plane 
which passes through them^ that is, to the plane in which they are, 

XiCt tlie 8traijj[ht line £F stand at right angles to each of the straight 
lines ABt CD, in £ the point of their intersection. 

Then EF shall also be at right angles to the plane passing through 
AJB, CD. 

F 




Take the straight lines AE, EB, CE, ED all equal to one another; 
and through E draw, in the plane in which are AB^ CD, any 
straight line QEH, and join AD, CB\ 
then from any point F, in EF, draw FA, FO, FD, FC, FH, FB. 
And because the two straight lines AE, ED are equal to the two 
BE, EC, each to each, 

and that they contain equal angles A ED, BEC, (l. 15.) 
the base AD is equal to the base BC^ (I. 4.) 
and the angle DAE to the angle EBC: 
and the angle AEO is equal to the angle BEH\ (i. 15.) 
therefore the triangles AEO, JaEH have two angles of the one equal 
to two angles of the other, each to each, and the sides AE, JSB, 
adjacent to the eoual angles, equal to one another : 
wherefore they have their other sides equal: (I. 26.) 
therefore GE is equal to EJI, and AG to BH\ 
and because AE is equal to EB, and FE common and at right 
angles to them, 

the base -4JPis equal to the base FB\ (l. 4.) 
for the same reason, CF is equal to FD : 
and because AD is equal to BC, and AF to FB, 
the two sides FA, AD are equal to the two FB, BC, each to each| 
and the base DF was proved equal to the base FC; 
therefore the angle FAD is equal to the angle FBC: (1. 8.) 
again, it was. proved that GA is equal to BIf, and also^J'to FBi 
therefore FA tind AG are equal to FB and BII, each to each ; 
and the angle FAG has been proved equal to the angle FBH\ 
therefore the base G^JP is equal to the base FHi (i. 4.) 
again, because it was proved that GJB is equal to EH, and J^i^is common; 
therefore GE, EFnTe etjual to HE, EF, each to eachj 
• and the base GF is equal to the base FH; 
therefore the angle GEF is equal to the angle HEF; (l. 8.) 
and consequently each of these angles is a right angle. (I. def. 1 0.) 
Therefore FE makes right angles with GH, that is, with any straight 
line drawn through E in the plane passing through AB, CD. 
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In like manner, it may be proved, that FE makes right angles with 
every straight line which meets it in that plane. 

But a straight line is at right angles to a plane when it makes right 
angles with every straight line which meets it in that plane : (xi. def. 3.) 
^erefoire.J^i^is at right angles to the plane in which are AB^ CD, 
Wherefore, if a straight line, &c. Q. e. d. 

PROPOSITION V. THEOREM. 

If three straight lines meet all in one pointy and a straight line stande 
at right angles to each of them injhat point ; these three straight lines are 
in one and the same plane. 

Let the strai$;ht line AB stand at right angles to each of the 
straight lines J5C, BD^ BE^ in. J? the point where they meet. 
Then BC^ BD, BE shall be in one and the same plane. 




If not, let, if it be possible, BD and BE be in one plt^ne^ 
' and ^C be above it; 
and let a plane pass through AB, BQ the common. section of which, 
with theplaneiin which J^Z> and BE sltb, is a straight line; (3^1.^3.) 

let this be BF: 
therefore the three straight lines AB, BC, ^Fai9 all in on^ plaa^, 

viz. that .which passes through AB^ BC, 
And because AB stands at right angles to each of the stxaig^t lines 
BD, BE, 

it is also at right angles to the plane passing through them : (xi. 4.), 
and therefore makes right angles with eveiry straight lij;ie meeting it 
in that plane :. (xi. def. 3.) 

but BF, which is in that plane, meets it;. , 
therefore the angle ABFis a right angle : 
but tl^e angle .Jfl^C^ by the hypothesis, is alsa a right jingle;. ^ 
therefore, the angle ABF'is equal to the angle AbC, 
and th^y,are both in the same plane, which is impossible; (I. ax. 9^,) 
thereiore the straight line ^Cis not above the pla;ie \a which are. 
^Daiid^J^: / 

wherefore the three straight lines BC, BD, BE are In one and ihfi 
sanie plane. 

Therefore,. if three straight lines, (&c. Q.E.P, 

PROPOSITION YL tTHEORBM. ; . 

y tftOi tiraiffht lines he at right. angles to the eame plans., t^ey ihaOk^,., 
parallel to one another. 

Let the straight lines 4Bf CD be a^ right angles U> tu^ same plane. : 
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Then AS ihoU b« parallel to ClX.. 



Let them meet the plane in the points B, D, 
aaidratr the Btraight line £i), to which draw I>£Bt right angles, tn 
thesBineplanei (I. 11.) 

andmakeDjPequal to^S, (I. 3-5 mi jom SE, AB, AD. 
Theo, beoauee AB is perpendicular to the pJooe, 
it makes right angles with every straight line which meets it, and 
is in that plane: <XL def. 3.) 
but SD, BE, which are in that plane, do each of thsm meet AB | 

therefore each of the anftles ABD, ABE it a right snftleg 
for the same reason, each ofiheanglii CDB. CDE n a right angle:. 



and they contain right nn^^les : 

therefore the buae AD i% equal to the base BE: (l. 4.] 

again, because AB is equal to DE, and BE to AD; 

AB.BEare equnl to ED,DA,e».eit to each; 

and, in the triangles ABE, EDA,x\^fi base .^£ is common: 

therefore the a' -""■ ' • ■' .■<- -n-w^ . .. a , 

wherefon 

i 

therefore tl 

but. 

becsu^eanf 
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it lines, ^and l^he any Ijoiat,^ in the 

joins £and ^shi^l^eiif,,tt)f|jUme 

above the, plf^nei as EQFi . j , 
in which the ifatatlels M^ P / 
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diaw the straight line EHFhom EXoF. 

A E B 



^ 



And since EGF also is a straight line, the two straight lines EHP, 
EGF include a space between them, which is impossible. (I ax. 10.) 

Therefore the straight line joining the points E,F\a not above the 
plane in which the parallels AB^ CD are, and is therefore in that plane. 
Wherefore, if two straight lines, &c. Q.E.D. 

PROPOSITION Vni. THEOREM. 

If two Hraighi line* he parallel^ and one of them be ai right anglee to m 
plane i the other aleo ehail he at right anglee to the eame plane. 

Let AB, CD be two parallel straight lines, and let one of them A3 
be at right angles to a plane. 

Then the other CD shall be at right angles to the same plane. 




Let AS, CD meet the plane in the points S, D, and join BDi 

therefore AB, CD, BD are in one plane, (xi. 7.) 

In the plane to which AB is at nght angles, 

draw DJ^at right angles to BD, (I. 11.) 

and make DE equal to AB, (i. 3.) and join BE, AE, AD. 

And because ^^ is perpendicular to the plane, 

it is perpendicular to every straignt line which meets it, and is in 

that plane ; (XI. def. 3.) 

therefore each of the angles ABD, ABE is a right an^le : 
and because the straight line BD meets the parallel straight lines 
AB, CD, 
the angles ABD^ CDB are together equal to two right angles : (t. 29.) 

and ABD is a right angle; 

therefore also CDB is a right angle, and CD perpendicular to BD : 

and because AB is equal to DE, and BID common, 

the two AB, BD are equal to the two ED, DB, each to each; 

and the angle ABD is equal to the angle EDB, 

because each of them is a right angle; 

therefore the base AD\& equal to the base BE; (l. 4.) 

again, because ^^ is equal to DE, and BE Uy AD, 

the two AB, BE are equal to the two ED, DA, each to eaohf 

and the base AE\a common to the triangles ABE^ EDA } 
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wlierefore the angle ABE is equal to the angle JEDA i (L 8.) 

out AB£ is a right angle ; 
and therefore SDA is a right angle, and JED perpendicular to DA : 
but it is also perpendicular to BD ; (constr.) 
therefore ED is perpendicular to the plane which passes through 
BD, DA ; (XI. 4.) 
and therefore makes right angles with eyery straight line meeting it 
in that plane : (xi. def. 3.) 

but DC is in the plane passing through BD, DA, 
because all three are in the plane in which are the parallels AB, CD$ 
wherefore Et> is at ri^ht angles to x)C: 
and therefore CD is at right angles to DEi 
but CD is also at right angles to DB; 
therefore CD is at ri^ht angles to the two straight lines DE, DB ia 
the point of their intersection D ; 
and therefore is at right angles to the plane passing through DEf 
DB, (XL 4.) 

which is the same plane to which AB is at right angles. 
Therefore, if two straight lines, &c. Q. E. D. 

PROPOSITION IX. THEOREM. 

Tvfo ttraight linn which art each of them parallel to the eamo etrai^ki 
Hne, and not m the eame plane with it, are parallel to one .another. 

Let AB, CD be each of them parallel to EF, and not in the aam* 
plane with it* 

Then AB shall be parallel to CD. 
▲ H B 




In EF take any point O, from which draw, in the plane passing 
through EF, AB, the straight line (rJJat right angles to EF; (i. 11.) 
and in the plane passing through EF, CD, draw OK at right angles 
to the Same EF. 

And because EFib perpendicular both to OHtJtd OX, 
EFIa perpendicular to theplane JETG^JT passing through them : (xi. 4.) 

and J?^ is parallel to uiB ; 

therefore AB is at right angles to the plane HOK. (xi. 8.) 

For the same reason, CD is likewise at right angles to the plane HOK. 

Therefore AB, CD are each of them at right angles to the plane HGK. 

. But if twp straight lines are at right angles to the same plane, they 

are parallel to one another : (xi. 6b) therefore AB is parallel to CD. 

Wherefore, two straight lines, &c. q<£.d. 

PROPOSITION X. THEOREM. 

If two ttraighi linee meeting one another be parallel to two othere thai 
wteet one another, and are not in the eame plane with the first two; thefirei 
two and the other two thall contain eptal angke. 

r5 



822 



Euclid's elements. 



Let the two Blraiglit lines AB, BC, which meet one another, be 
parallel to the two straight lines DE, SF, that meet one another, and 
are not in the same plane with AB, BC, 

The angle ABC shall be equal to the angle DBF. 




Take BA, BC, ED, EFtiW equal to one another i 

and join AD, CF, BE, AC, DF. 

Then, because BA is equal and parallel to ED, 

therefore ^2> is both equal and parallel to BE, (l. 33.) 

For the same reason, CFib equal and parallel to BE. 

Therefore AD and CF are each of tnem equal and parallel to BE, 

But straight lines that are parallel to the same straight line, and not 

in the same plane with it, are parallel to one another : (xi. 9.) 

therefore AD is parallel to CF; and it is equal to it; (L ax. 1.) 

and AC, DF }oin them towards the same parts ; 

and therefore ^ C is equal and parallel to DF, (l. S3.) 

And because AB, BC are equal to DE, EF, each to each, 

and the base ACU) the base DF ; 

the angle ABC is equal to the angle DEF, (i. 8.) 

Therefore, if two straight lines, &c Q.E.D. 

PROPOSITION XI. PROBLEM. 

To draw a itrai^ht line pcrpendietUar to a plane, from a given point 
tbove it. 

Let A be the given point above the plane BH, 
It is required to draw srom the points a straight line perpendicolar 
to the plane BH, 

In the plane draw any straight line BCf 
and from the point A draw AD perpendicular to BC, (1. 12.) 
If then AD be also perpendicular to the plane BH, the thing re^ 

quired is already done ; 
but if it be not, from the point D draw, in the plane BH, the straight 
lino DE at right angles to BC; (L 11.) 
and from the point A draw AF perpendicular to DE, 
* Then ulJ^ shall be perpendicular to the plane J9J7. 

E A . . 
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Thtough F dralF GH parallel to BC. (I. 31.) 

And because ^0 is at right angles to £D and DAf 

RC is at right angles to the plane passing through JED, DA : (XI. 4.) 

and (r.fi' is parallel to J7C: 
but, if two straight lines be parallel, one of which is at right angles 
to a plane, ' ' 

the other is at right angles to fhe same plane ; (xi. 8.) 
wherefore OIT is at right angles to the plane throup;h JED, DA ; 
and is perpendicular to every straight line meeting it in that plane ; 
(XI. def. 3.) 

but AF, which is in the plane through FD, DA, meets ii| 

therefore GH is perpendicular to AF; 

and consequently AF is perpendicular to GMi 

and ^^is perpenaicular to DFi 

therefore AF is perpendicular to each of the straight lines GH, DB. 

But if a straight line stand at right angles to each of two straight 

lines in the point of their intersection, it is also at right angles to the 

plane passing through them : (xi. 4.) 

but the plane passing through ED, GH is the plane BHi 
therefore AF is perpendicular to the plane BH\ 
^ therefore, fromi the given point A, above the plane BH^ the straighl 
line AF is drawn perpendicular to that plane. Q.E.F. 

PROPOSITION Xn. PROBLEM. 

7b erect a ttraight Um ta right angU9 lo a gitm piaM, fircm a foiiMt 
given tn the plane. 

Let A be the point given in the plane. 
It is required to erect a straight Ime from the point A at rigkt anf^es 
to the plane. 

D B 




Prom any point B above the plane draw jffCperpendipular to it; (XL IL) 

and from A draw AD parallel to BC, (I. 31.) 

Because, therefore, AD, CB are two parallel straight lines, 

and one of them ^C is at right angles to the given plane, 

the other AD is also at right angles to it : (xi. 8.) 

therefore a straight line has been erected at right angles to a given 

plane, from a point given in it. Q.E.F. 

PROPOSITION Xni. THEOREM. 

Frem the $ame point in a given plane, there emmot he two etraight fines 
at right angles to the plane, upon the same side of it: and there eon U hd 
one perpendicular to a plane from a point above the plane. 

For, if it be possible, let the two straight }meBAB,ACht at right 
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angles to a eiven plane from the same pomt ^ in the plane, and upon 
the same i& cl it. 

Let a plane ^s throngh BA, AG\ 
the common section of this with the giyen plane is a straight line 
passing through A : (xi. 3.) 



V 



let DAE be their common section : 

therefore the straight lines AB, AC, DAE are in one phme : 

and because VA is at right angles to the given plane, 

it makes right angles with every straight line meeting it in that 

phme : (xi. de£ 8.) bnt DAE, which is in that plane, meets CA ; 

therefore CAE is a ri^ht angle. 

For the same reason, BAE is a right angle. 

Wherefore the angle CAE is equal to the angle BAE; (ax. 11.) 

and they are in one plane, which is impossible. 

Also, from a point aboye a plane, there can be but one perpendicular 

to that plsne : 
for, if there could be two, . they would be parallel to one another, 
which is absurd, (xl 6.) 

Therefore, from the same point, &c. (^b.d. 

PROPOSITION XIV. THEOREM. 

Pkme$ id which the same straight line ie perpcndicttlarf are pardUel to 
<me another. 

Let the straight line AB be perpendicular to each of the planes 
CD, EF. 

These pknes shall be parallel to one another. 
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If not, they shall meet one another when produced : 
let them meet : their common section is a straight line QEt in 
wliich take any pomt JT, and join AK, BK. 
Then, because ^^ is perpendicular to the plane EF, 
His perpendicular to the straight line BK which is in that plane: 
(XI. def. 3.) 

therefore ABK is a right ande. 
Tor the same reason BAK is a rigat angle i 
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wherefore the two angles ABK, BAK, of the triangle, ABE, are 
equal to two right angles, which is impossible : (i. 17.) 
therefore the planes CJ), JSF, though produced, do not meet one 
another ; 

that is, the^ are parallel, (xi. def. 8.) 
Therefore, planes, &c. q.b.d. 

PROPOSITION XV. THEOREM. 

If two ttraight lines meeting one another be parallel to two other etraight 
linen which meet one another, bitt are not in the same plane with the first 
two ; the plane which passes through these is parallel to the plane passing 
through the others. 

Let AB, BG, two straight lines meeting one another, be parallel to 
BE, EF, two other straight lines that meet one another, "bat aie'not 
in the same plane with A By BC, 

1%e planes through AB, BO, and BE, EF shaU not meet, thoagk 
produced. « 




From the point B draw BG perpendicukr to the plane which 

passes througb BE, EF, (xi. 11.) and let it meet that plane m G : 

and through Q draw 6^F parallel to EB, and (?ir parallel to EF, (i. 31.) 

And because BG is perpendicular to the plane through BE, EF, 

it makes right angles with eyery straight line meeting it in that 

plane : (zi. def. 3.) 

but the straight lines GH, GK in that ]^lane meet it; 
therefore each of the angles BGH, BGK is a rk;ht angle ; 
and because BA is parallel to GH (for each of them is parallel to 
BE, and they are not both in the same plane with it), (xi. 0.) 
the angles GBA, BGH are together equal to two right angles : (i. 29.) 

and BGH is a right angle 2 
therefore also GBA is a right angle, and 6^ J? perpendicular to BA* 

Tor the same reason, GB is perpendicular to BG, 

Since therefore the straight line GB stands at right angles to the 

two straight lines BA, JSC that cut one another in Bi 

GB is perpendicular to the plane through BA, BG: (xL 4.) 

and it is perpendicular to the plane through I>E, EF; (constr.) 

therefore BG is_perpendicalar to each of the planes through AB, 

BG, mdi BE, EF '. 
but planes to which the same straight line is perpendicular, are 

paxtdlel to one another; fxi. 14.) 
therefore the plane throu^n AB, BG is parallel to the. plane through 
BE, EF, "Wherefore, if two straight hncs, &o, <^E.ix ' 
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PROPOSITION XVI. THEOREM. 

I/iwo pm^MlpUmMbt ad hjftmothmr plane, thmr eomnum uettmt wUk 
U mrt parmlltii. 

Let the puallel planes AB, CD be cat bj the plane EFHO, and 
let their omnmon sections with it be £F, G& 

Then JS'^ shall be parallel to OH, 
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For if it is ]iot» JS!F» G'^ shall meet, if prodneed, either on the side 
of FSf or EG. 

First, let them be prodnoed on the side of P^ and meet in the point JC 
* Therefore, since JSFK is in the plane ABt 

ererj point in FFK im in that plane : (XL 1.) 
and JT ii a point in EFK\ 
therefore JT is in the plane AB : 
for the same reason, K is also in the plane CD . 
wherefore the planes AB^ CD produced, meet one another : 
but they do not meet, since thej are parallel by the hypothesis ; 
therefore the straight lines EF^ QH do not meet when produced 
on the side oiFH, 
In the same manner it may be proved, that EF, GH do not meet 
when produced on the side of EG. 

But straight lines which are in the same plane, and do not meet, 
though produced either way, are parallel ; 

therefore EF is parallel to GH. 
Wherefore, if two parallel planes, &c. a.EJ>. 

PROPOSITION XVn. THEOREM. 
If two Mtrmiffit Hmm U mU h^ parmOa piame$, ihey MhaUUadmtke 



Let the straight lines AB, CD be cut by the parallel planes GS, 
KL, MN, in the points A, E, B; C, F, D. 

As ^^is to EB, so shall CFbe to FD» 




Join AC, BD, AD, and let AD meet the plane KL in the point 
'i and join EX, XF. 
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Bec&uM tlie two parallel planes XL, MN are cut by the plane EBDX, 
the common wotions EX, BD are parallel : (xi. 1^) 
for the tame reaton, because the two parallel planes QMt Kh are 

cut by the plane AXFC, , ^ ^„ „ , 

the common sections A C, XF are parallel : 
and because BX is parallel to BB, a side of the triangle ABI>% 

as AS to ES, so is AXtoXD: (vi. 2.) 
a«rain. bei»ause XFis parallel to ^C, a side of the triangle ADCi 
• as^itoJCAsoisCFtoJ^D: 

and it was proved that AX is to XD, as AE to ^^i 

therefore, as AE to -E?-», so is CF to J!Z>. (v. 11.) 

Wherefore, it* two straight lines, &o. Q.E.D. 

PROPOSITION XVni. THEOREM. 

If a itraight /m« he at rigM anglea to a plane, wwy pian$ whiek paua 
through it BhaU U mt rigM angUi to that plane. 

Let the straight line AB be at right angles to the plane CX. 
Every plane which passes through AB shall be at right angles to 

the plane CX* 

D o A H 
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Let any plane DE pass through -4-B, 
and let CE be the common section of the planes VE^ C A ; 
take any point F in CE from which draw FG in the plane DIS 
at right angles to C-E.C I. 11.) ^_ 

And because AB is perpendicular to the plane t/i, 
therefore it is also perpendicular to every straight line m that plane 
meeting it; (XI. def. 3.) 

and consequently it is perpendicular to CEi 

wherefore ABF is a right angle : 
but OFB is likewise a right angle; (constr.) 

therefore AB is parallel to FO : (I. 28.) 
and AB is at right angles to the plane CX; 
therefore FG is also at right angles to the same plane, (xi. 8.) 
But one plane is at right angles to another plane when the straight 
linos drawn in one of the planes, at right angles to their common sec 
tioii, are also at right angles to the other plane ; (XI. def. 4.) 
and any straight line FG in the plane DE, which is at right angles to 
CE, the common section of the planes, has been proved to be per- 
pendicular to the other plane CXi 

therefore the plane DE is at right angles to the plane CK. 
In like manner, it may be proved that allplanes which pass througn 
^B are at right angles to the plane. CX, 

Therefore, if a straight line, &c. Q.15.». 
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If two planet fohich cut one another he each of them perpendieular to a 
third plane; their common eeetion shall be perpendieular to the tam/epUme. 

Let the two planes AB^ BChe each of them perpendicular to % 
third plane, and let BD be the common section of the nrat two. 
Then BD shall be perpendicular to the third plane. 

B 




If it be not, from the point D draw, in the plane AB, the straight 
line DE at rignt angles to AD the common section of the plane AB 
with the third plane; (i. 11.) 

and in the plane £C draw DF at right angles to CD the common 

section of the plane J? C with the third plane. 
And because the plane AB is perpendicular to the third plane, and 
DE is drawn in the plane AB at right angles to AD^ their common 
section, 

DE is perpendicular to the third plane, (xi. def. 4.) 
In the same manner, it may be provea, that DF\& perpendicular 
to the third plane. 

Wherefore, from the point D two straight lines stand at right angles 

to the third plane, upon the same side of it, which is impossible : (XI. 13.) 

therefore, from the point D there cannot be any straight line at 

right angles to the third plane, except BD the common section of the 

planes AB, SC: 

therefore BDh perpendicular to the third plane. 
Whervfore, if two planes, &o. aB.B* 

pRorosmoN XX. theobem. 

jff a eolid anple he otmtained hy three plane angUe, anp two of them are 
preaier than the third, 

^t the sc4id fv>gf.t at ^ be contained by the three plane angles 
SAO, CAD. D^B. 

Any Iwft of them shall be greater than the third. 




If the angles BAC, CAD, DAB be all equal, 
Ki» vndent, that any two of them art greater than the third- 



I 

BOOK XI. ^OP. XX, XXI. 889 

Bat if they are not, let JSjiChe that angle which is not less than 
either of the other two, and is greater than one of them DA A ; 

and at the point A in the straight line AB, in the plane which 
passes through BA, AC, make the angle BAB equal to the angle 
DAB; (I. 23.) and make AE equal to AD, and through E draw 
BEC cutting AB, -4 C in the pointe B, C, and join DB, DC. 
And because DA is equal to AE, and BA is common, 
the two DA, AB are equal to the two EA, AB each to each ; 
and the angle DaB is equal to the mngle EAB : 
. therefore the base DB is equal to the base BE: (l. 4.) 
and because BD, DCtLte greater than CB, (I. 20.) 
and one of them BD has been proved equal to BE a part of CB, 
therefore the other JDCis greater tnan the remaining part EC (I. ax. 5.) 
and because DA is eqtud ioAE, and A V common, 
but the base DC greater than the base ECi 
therefore the angle DACIm greater than the angle EA C; (1. 26,) 
and, by the construction, the angle DAB is equal to the itftigle BAE\ 
wherefore the angles DAB, DACaxe togetner greater than BAE, 
EAC, that is, than the angle BAC: (i. ax. 4.) 
but BA C is not less than either of the angles DAB, DA C: 
therefore BA C, with either of them, is greater than the other. 
Wherefore, if a solid angle, &c Q.E.D. 

PROPOSITION XXI. THBOBELl 

Every solid angle u eatUained by plane angUt^ v^hkh together are lees than 

fcur right angles. 

First, let the solid angle tt ^ be contained by three i^ne angles 
BAC, CAD, DAB. 

These three together shall be less than four right anglea* 




Take In each of the straight lines AB, AC, AD, any points S, C, i), 

tind\omBC,CD,DB. 
Then, because the solid angle at ^ is contained by the three plane 
andes CBA, ABD, DBC, 

any two of them are greater than the third ; (xi. 20^) 
therefore the angles CBA, ABD are greater than the angle DBCi 
for the .same reason, the angles BCA, A CD are greater than the 
angle DC^; 

and the angles CD A, ADB, greater than BDC: 
wherefore the six ancles CBA, ABD,BCA, A CD, CD A, ADB, 
are greater than tne three angles DBC, BCD, CDB: 
but the three angles DBC, BCD, CDB are equal to two right 
angles; (1.32.) 
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therefora the six angles CBA^ ABD, BCA^ A CD, CD A, ADB 

are greater than two right angles : 
and because the three angles of each of the triangles ABC^ A CD, 

ADB are equal to two right angles, 
therefore the nine andes of these three triangles, viz. the angles 
CBA, BAG, ACB, ACD, CD A, DAC, ADB, DBA, BAD are 
equal to six right angles; 

of these tiie six angles CBA, ACB, ACD, CD A, ADB, DBA 

are greater than two right angles; 
therefore the remaining three angles BAC, CAD, DAB 'vrluck 
contain the solid angle at A, are less than four right ancles. 
Next, let the solid angle at^ be contained by any number of plane 
angles BAC, CAD, DAB, EAF, FAB. 

These shall together be less than four right angles. 




Let the planes in which the angles are, be cut by a plane, 
and let the common sections of it with those planes be BC, CD, 
DE, EF, FB. 
And because the solid angle at i^ is contained by three plane angles 
CBA, ABF, FBC, of which any two are greater than the third, (xi. 20.) 

the angles CBA, ABF, are greater than the angle FBC: 

for the same reason, the two plane angles at each of the points C, D, 

E, F, viz. those angles which are at the bases of the triangles, having 

the common vertex A are greater than the third angle at the same 

point, which is one of the angles of the polvgon BCDEF: 

therefore all the angles at the bases of the triangles are together 

greater than all the angles of the polygon : 
and because all the angles of the triangles are together equal to 
twice as many right angles as there are triangles; (i. 32.) 
that is, as there are sides in the polygon BCDEF; 
and that all the angles of the polygon, together with four right 
angles, are likewise equal to twice as many right angles as there are 
sides in the polygon : (i. 32. Cor. 1.) 

therefore all the angles of the triangles are equal to all the angles 

of the polygon together with four right angles : (l. ax.l.) 
but all the angles at the bases of the triangles are greater than all 

the angles of the polygon, as has been proved ; 
'.wherefore the remaining angles of the triangles, viz. those of the 
Tertex, which contain the solid angle at A, are less thanfour right angles. 
Therefore, every solid angle, &c. Q.E.D. 
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^ Thb solicit eonaidered in the eleventh and twelfth books are Qeome- 
trieal tolida, portions of space bounded by sur&ces which are supposed 
eapable of penetrating and intersecting one anothor. 

In the nrst six books, all the diagrams employed in the demonstrs- 
tions, are supposed to be in the same plane which may lie in any position 
whateTer, and be extended in erery direction, and there is no difficulty 
in representing them roughly on auT plane surface ; this, howeyer, is not 
the case with ike diagrams employea in the demonstrations in the eleyenth 
and twdfth books, whieh cannot be so intelligibly represented on a plane 
surface en aooount of the perBpective. A more exact conception may be 
attained, by adjusting pieces of paper to represent the different planes, 
and drawing lines upon them aa the constructions may require, and by 
fixing pins to represent the lines which are perpendicular to, or inclined 
to any planes. 

Any plane may be eoncelTed to move round any fixed point in that 
plane, either in ita own plane, or in any direction whateyer ; and if there 
be two fixed points in this plane, the plane cannot moye in its own plane, 
but may moye round the straight line which passes through the two fixed 
points m the plane, and ma^ assume eyery possible position of the planes 
which pass through that Ime, and eyery difiierent position of the plane 
will represent a different pluie ; thus, an indefinite number of planes 
may be conceiyed to pass through a straight line which will be the com- 
mon intersection of ail the planes. Hence, it is manifest, that though two 
points fix the position of a straight line in a plane, neither do two points 
nor a straight line fix the position of a plane in space. If, howeyer, three 
points, not in the same straight line, be conceiyed to be fixed in the plane. 
It will be manifest, that the plane cannot be moyed round, either in its 
own plane or in any other direction, and therefore is fixed. 

Also, any conditions which inyolye the consideration of three fixed 
points not in the same straight line, will fix the position of a plane in 
space ; as also two straight lines which meet or intersect one another, or 
two parallel straight lines in the plane. 

Bef. y. When a straight line meets a plane, it is inclined at different 
angles to the different lines in that plane which may meet it ; and it is 
manifest that the inclination of the line to the plane is not determined by 
its meeting any line in that plane. The inclination of the line to the 
plane can only be determined by its inclination to some fixed line in the 

Elane. If a point be taken in the line different from that point where the 
ne meets the plane, and a perpendicular be drawn to meet the plane in 
another point ; then these two points in the plane will fix the position of 
the line which passes through them in that plane, and the angle contained 
by this line and the giyen hue, will measure the inclination of the line to 
the plane ; and it wm be fotmd to be the least angle which can be formed 
with the giyen line and any other straight line in the plane. 

If two perpendiculars be drawn upon a plane from the extremities of a 
straight line which is inclined to that plane, the straight line in the plane 
intercepted between the perpendiculars is called Vie prqfection of the line 
on that plane ; and it is obyious that the inclination of a straight line to 
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a plane h equal to the inclination of the straight line to its prqfteHtm on 
the plane. If, however, the line be parallel to the plane, the projection 
of the line is of the same length as the line itself; m all other cases the 
projection of the line is less than the line, being the base of a right-angled 
triangle, the hypotenuse of which is the line itself. 

The inclination of two lines to each o&er, which do not meet, is 
measured by the angle contained by two lines drawn through the same 
point and parallel to the two given lines. ■ • . -* 

Def. VI. Planes are distinguished from one another by their indUna- 
lions, and the inclinations of two planes to one another vnll be found to 
be measured by the acute angle formed bV two straight lines drawn in 
the planes, and perpendicular to the straight line which is the common 
intersection of the two planes. 

It is also obvious that the inclination of one plane to another will be 
measured b^ the angle contained between two straight lines drawn from 
the same point, and perpendicular, one on each of the two planes. 

The intersection of two planes suggests a new conception of the 
straight line. 

Def IX. ^Ttpid ymvta torlv 4 thro vXii^mv ^ &^ ymptmif iirtirUmv 

The rendering of this defiiiition by Simson may be slightly amended* 
The word irepuxofiimi is rather tompre/unded or contained than made: 
and avvicTafAivwv metiXiB joined tutdJUted together^ not meeting* " A solid 
angle is that which is contained by more than two plane anglesjoined to* 
gfUier at one point, (but) which are not in the same plane. - 

When a solid angle is contained by three plane. angles, each plane 
which contains one plane angle, is flxedby the position ot the other two, 
and consequently, only one solid anelo can be formed by three plane 
angles. But when a solid angle is formed by more than three plane 
angles, if one of the planes be considered fixed in position, there are no 
conditions which fix the position of the rest of the planes which contain 
the solid angle, and hence, an indefinite number of solid angles, tmequal to 
one another, may be formed by the same plane angles, when the number 
of plane angles is more than tliree. 

X)ef. A. Farallelopipeds are solid figures in some respects analogous 
to parallelograms, and remarks might be made on parallelopipeds similar 
to those which were made on rectangular parallcdo|prams in the notes to 
Book II., p. 99 ; and every right-angled parallelopiped may be said to be 
contained by any three of the straight lines which contain the three right 
angles by which any one of the solid angles of the figure is fonned ; or 
more briefly, by the three adjacent edges of the parallelopiped. 

As all lines are measured by lines, and all sur&ces by surfaces, so all 
solids are measured by solids. The cube is- the figure assumed as the 
measure of solids or volumes, and Uie unit of volume is that cube, the 
edge of which is one unit in length. 

If the edges of a rectangular parallelopiped can be divided into units 
of the same length, a numerical expression for the number of cubic uni.j 
in the parallelopiped may be found, by a process similar to that b^ 
whidi a numerical expression for the area of a rectangle was found. 

Let AB, ACf AD be the adjacent edges of a rectangular parallelopipe^ 
AOt and let AB contain 5 units, AC^ 4 units, and AD, 3 units in length. 

Then if through the points of division o£ABfAC,A D, \ anes be drawn 

SaraUel to the faces BG, BD, AB respectiyely, the parallelopiped wiU ly 
ivided into cubic units, all equal to one another. 
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AadibiMtheTWtangle^BfOooRtdiuS xliqiwia imita, (Book n, 
IKite.p. llW)»adtluitforeTBTrliiiOMnnitiii-*Dtlier8i*mUyerof6 x 1 
rabie onita conefponding to it ; , ,. , 

Mwequentlr. thoiB ate d x 4 x 3 ottbie nnila In the whole puaUelo- 
pipedilO. 

That ii, the ptodnot of the three Qumbera whioh expreM the nninbei 
of linear units mthe three edges, wilt gire themmibe»of oubwnniUin 
the parallelopiped, and therefore will be the arithmetioal repteaeiiUtion 
of ita Tolnme, 

Ajidgeneiiiaf,ltAB,AC,ADi inrteadofS, 4 end «, eonrnted ofo,6, 
and t linear uniw, it may be ahewn, in a ainular maimer, that the Toluine 
of the parallelopiped would cont^n «&: onKo nnita, and the product oti 
would be a proper repteaentation of the Tolnme of the parallelopiped. 

If the three ridea of the flsnre were equal to ooe another, or S and e 
each equal to a, the figure would beeomea cnbo,and MiTolonw would be 
represented by aaa, 01 a*. . 

It may ewUy be abewn algebraicaUy flat the »olume» of aunUar rect- 
angular paralldopipeda are proportional to the cubes of their homolo- 
goua edges. 

Let the adjacent edgea of two similar parallelopipeda contun a, *, a, 
and ^, f, ^, unila respeotirely. Aiso let V, V, denote their Tolnmea. 
then F- a&i, and r ■ a'tfo'. 

But finee the paralleloplpeda are similar, therefore^ ■ ? * ?' 

In a dmilai manner, it may be ahewn that the Tolumea of all aimilat 
■olid figutea bounded by planes, ace propatttonal to the eubea of their 
homologoua edgea. 

Prop. TT. From the diagram, the following important eonetraetlon may 
bemadei If&om B a perpendicular BF be drawn to the opposite side i)£ of 
the triangle DBE, and AF be joined ; then AP ahall be penwndiculai ' 
to DB, and the angle AFB measures Oie inclination of the planes ABD 
and BED. 

Prop. XIX. It Is also obvious, that if three planes intersect one 
another ; and if the flrst be perpendicular to the aecond, and the aecond 
bepeipendiciilartothethirditheBrstshallbeperpendicaUt to the third ; 
aUo the letersectionB of eTery two ahall be perpendicular m one another. 
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1 . What is meant by a solid in geometry ? What are the boundaries 
of solids } How many dimensions has a solid ? 

2. Explain the distinotion between a plane surface and a cunred 
I surface. 

3. What is assumed in speaking of a plane } Three points are requi- 
site to fix the position of a plane. Is there any exception to this 
proposition ? 

4. Shew that every two points are in the same straight line, and every 
three are in the same plane. 

5. How iJB the inclination of a straight line to a plane measured } 

6. How many straight lines can be drawn making a given angle, 
(1) with a straight line, (2) with a plane. Shew that if the givett 
angle be a right angle, there is only one such straight line. 

7. What is meant by the prqfection of a straight line on H plane } 

• 8. State what is to be considered the incUnation to each other of 
two straight lines in space, which do not meet when produced. 

9. Define the inclination of a plane to a plane, and shew that it is the 
same at all points of their intersection. 

10. Two planes are parallel to each other when they are equidistant, 
or when all the perpendiculars that can be drawn between them are equal. 

11. When is a straight line perpendicular to a planed Shew tnat it 
is so when it is perpendicular to two lines in that plane. 

12. How must one plane meet another, so that the inclination of the 
planes may be equal to a given angle } 

13. Three straight lines which meet in a point, and are perpendicular 
to a fourth straight line, are in the miSS plane. If they meet, but not iU 
one point, are they in the same plane i 

14. If a ^lane be defined as the sxurface generated by the revolutiofi 
of a straight lme,.which is always perpendicular to a given straight line, 
and passes throug^h a given point in it ; shew that the atraight line 
joining any two points in a plane will be wholly in that plane. 

1 5. Can any reason be assigned, why the same order has not been fol- 
lowed in*£uc. ±1, 8, 9, as in £uc. i, 11, 12 ^ 

16. Define a solid angle, and shew in how many ways a adlid angle 
may be formed with equilateral triangles and squares. 

17. Can a solid angle be formed with any three plane angles assumed 
at pleasure ? 

18. How is a solid angle measured i 

19. What is the limit of the sum of the plane angles which together 
can form a solid angle ? 

20. Can it be justly said that the parallelepiped and the cube have 
the same relation to eacn other as the rectangle and the square i 

21. What is the length of an edge of a cube whose volume shall be 
double that of another cube whose edge is known ? 

22. If a straight line be divided into two parts, the cube on the whole 
line is equal to the cubes on the two parts together with tiirice Uie 
right parallelepiped contained by their rectangle and the whole line. 

23. When a cube is cut by a plane obliquely to any of its sides, 
the section will be a rectangular parallelo^am, always greater than a side 
of the cube, if made by cutting me opposite sides. 
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24. Shew how to draw a plane cuttinjE two adjacent sides of a cube, 
•0 that the section shall be equal and simuar to a side of the cube. 

26. The content of a regular parallelopipidon whose length is any 
multiple of the breadth, and breadth the same multiple of the depth, is 
the same as that of a cube whose edge is the breadth. 

26. If a, 6, c be the three dimensions, and v the yolume of a parallelo- 

piped, prove that the superficies is equal to — ^^ ' • 

27. How is it shown that the cube described with a given line as one 
of the edges, is eight times the cube described with half the line as one 
of its edges ? 

28. Shew how to transform a given cube into a paraUelopiped, whose 
three adjacent edges shall be in conlinual proportion. 

29. is every possible section of a parallelopiped which can be made, 
a parallelogram } 

30. Shew how to bisect a parallelopiped, so that the area of the 
section may be the greatest possible. 

31. There are two cylinders of equal altitudes, but the base of one 
of them is three times that of the other : compare the volimies of the 
cylind<>rs. 

82. How i^ a right cone generated } What is meant by the axis and 
by the base of a cone ? 

33. What is Euclid's definition of similar solid figures contained by 
planes } Is this definition liable to any objection ? 

34. Shew how a prism, pyramid, cylinder and cone may be gene* 
rated. In what respects does a prism differ from a pyramid ? 

35. Shew how a triangular prism may be divided into three equal 
triangular pyramids of the same base and altitude : and find into how 
many triangular pyramids a prism can be divided, the base of which is a 
polygon of n sides. 

36. Shew how to find the content of a pyramid, whatever be the figure 
of the base, the altitude and area of the base being given. 

37. What solid figure is that, which if cut in any direction whatever 
by planes, the sections shall be similar r 

38. If two triangular prisms have the same base and equal ends, they 
cannot have their upper edges not coincident. 

39. AVhat will be the form of the base of a pyramid whose sides 
consist of the greatest possible number of equilateral trianeles } 

40. Having given six straight lines of which each is less than the 
sum of any two ; determine how many tetrahedrons can be formedi 
of which these straight lines are the edges. 

41. Why cannot a sheet of paper be made to represent the vertex of 
a pyramid, without folding } 

42. Define the generation of a sphere. Can any reason be assfgned 
why Euclid has not defined a circle in a similar manner, as the figure 
generated in a plane by the revolution of a straight line about one of its 
•atremities which remain fixed ? 

43. Shew that the ratio of tiie diameter of a sphere, and the sidi of 
the inscribed cube, is as three to unity. 

44. Mention the names and define the five regular solidx 
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Prw€ thai if a itraipkt tine he perpendieular to a plans, its prqfection 
on any other pkme, produced if neceuary, UfiU out the common intersection 
of the two pUmee ai right anglee* 

Let AB be any plane and CEF another plane intersecting the 
former at any angle in the line EF\ and let the line GH be perpen* 
dicular to the plane CEF* 

H c 




Draw OKf HL perpendicular on the plane AB, and join LK, 

then LK\& the projection of the line GHon the plane AB-, 

poduce EFf to meet KL in the point Jb ; 

then EF, the intersection of the two planes, is perpendicular to ZK, 

the projection of the line GH on the plane AB» 

Because the line OH is perpendicular to the plane CEF, 

every plane passing through GH, and therefore the projecting 

plane GHKL is perpendicular to the plane CEF\ 
but the projecting plane GHLK is perpendicular to the plane AB\ 

(constr.) 
hence the planes CEF, and AB are each perpendicular to the third 

plane GHLK; 
therefore EF, the intersection of the planes AB, CEF, is perpen- 
dicular to that plane ; 
and conse(]uently, EF is perpendicular to every straight line which 
meets it m that planer 

but ^i^meeta LK in that plane. 
Wherefore, EF is perpendicular to XC, the projection of Off oa 
the pUne AB. 
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Ptom thai four tim$» th§ iguam described upon the diagonal of a reeiangular 
parallelopipedf it egwU to the eum of the squares described on the diagonals 
^ the parallelograms containing the parallelopiped. 

Let ^D be any rectangular parallelopiped ; and AD, SO two dia^ 
nals intersecting one another; also Av, BD^ the diagonals of the two 
opposite faces HF^ CE. 
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Then it may be shewn that the diagonals AD, BO, are e^ual ; as 
also the diagonals which join C^Fand JIEi and that the four diagonals 
of the paraUelopiped are equal to one another. 

The diagonals ^G^, BD of the two opposite faces HF, CEaie equal 
to one another: also the diagonals of tne remaining pairs of the oppo- 
site faces are respectively equal. 

And since AB is perpendicular to the plane CB, it is perpendicular 
to OTery straight line wnioh meets it in tnat plane, 

therefore AB is perpendicular to JBD, 

and consequently ABI) is a right-angled triangle. 

Similarly, ODB is a right-angled triangle. 

And the square on AJD is equal to the squares on AB, BD, (i. 47.) 

also the square on BD is equal to the squares on BC, CD, 
therefore the square on AD is equal to the squares on AB, BC, CD; 
similarly the square on ^6^ or on AD is equal to the squares on AB, 

BC, CD. 
Wherefore the squares on ^D and BO, or twice the square on AD, 
is equal to the squares on AB, BC, CD, AB, BC, CD; 

but the souares on BC, CD are equal to the square on BD, the 

diagonal of the face CB; 
rimilarly, the squares on AB, BC vee equal to the square on the 

diagonal of the face HB : 
also the squares on AB, CD, are equal to the square on the diagonal 

of the face BF; for CD is equal to BB. 
Hence, doublethe square on AD is equal to the sum of the squares ^ 
on the diagonals of the three faces HF, HB, BC. 

In a similar manner, it may be shewn, that double the square on the 
diagonal is equal to the sums of the squares on the diagonals of the 
three faces opposite to HF, HB, BC» 

Wherefore,four times the square on the diagonal of the paraUelopipedi 
is equal to the sum of the squares im the diagonals of the six faces.* 
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8. If two straight lines are parallel, the common section of any 
two planes passing through them is parallel to either. 

4. If two straight lines be parallel, and one of them be inclined 
at any angle to a plane ; the other also shall be inclined at the same 
angle to the same plane. 

5. If two straight lines in space be parallel, their projections on 
any plane will be parallel. 

6. Shew that if two planes which are not parallel be cut by two 
other parallel planes, the lines of section of the first by the last two 
will contain equal angles. 

7. If four straight lines in two parallel planes be drawn, two from 
one point and two from another, and making equal angles with 
another plane perpendicular to these two, then if the first and third be 
parallel, the second and fourth will be likewise. 

8. Draw a plane through a given straight line parallel to another 
given straight line. 

9. Through a given point it is required to draw a plane parallel 
to both of two straight lines which do not intersect. 

10. From a point above a plane two straight lines are drawn, th^ 
one at right angles to the plane, the other at right angles to a given 
line in that plane; shew that the straight line joining the feet of the 
perpendiculars is at right angles to the given line. 

1 1. AB, A C, AD are tmree given straight lines at right angles tc 
one another, ^^ is drawn perpendicular to CD, and BE is joined. 
Shew that BE is perpendicular to CD^ 

12. Two planes intersect each other, and from any point in one of 
them a line is drawn perpendicular to the other, and also another line 
perpendicular to the line of intersection of both; shew that the plane 
which passes through these two lines is perpendicular to the line of 
intersection of the planes. 

13. Pind the distance of a eiven point from a given line in space. 

14. Draw a line perpendiciuar to two lines which are not in the 
same plane. 

15. Two planes being given perpendicular to each other, draw a 
third perpendicular to both. 

16. Two perpendiculars are let fall from any point on two given 
planes, shew that the angle between the perpendiculars will be equal 
to the angle of inclination of the planes to one another. 

17. Two planes intersect, straight lines are drawn in one of the 
planes from a point in their common intersection making equal angles 
with it, shew that they are equally inclined to the other plane. 



n. 

18. Three straight lines not in the same plane, but parallel to and 
(Equidistant from each other, aro intersected by a plane, and the pointi 
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of intersection joined; shew when the triangle thus formed will be 
equilateral and when isosceles. 

19. Three straight lines, not in the same plane, intersect in a 
point, and through tneir point of intersection another straight line is 
drawn within the solid angle formed by them ; prove that the angles 
which this straight line makes with the first three are together less 
than the sum, but greater than half the sum, of the angles which the 
first three make with each other. 

20. If two solid angles bounded by any number of plane angles, 
and having a common vertex, be such that one lies wholly within the 
other, the sum of the plane angles bounding the latter will be greater 
than the sum of the plane angles bounding the former. 

21. Given the three plane angles which contain a solid angle. 
Find hj a plane construction, the angle between any two of the 
contaimng planes. 

22. Two of the three plane angles which form a solid ang^le, 
and also the inclination of Iheir planes being given, to find the third 
plane angle. 

23. Three lines not in the same plane meet in a point; if a plane 
cut these lines at equal distances from the point of intarsection, shew 
that the perpendicular from that point on tne plane will meet it in the 
center of the circle inscribed in tne triangle, formed by the portion of 
the plane intercepted by the planes passing through the lines. 

24. If two straight lines be cut by four parallel planes, the two 
segments intercepted by the first and second planes, have the same 
ratio to each other as the two segments intercepted by the third and 
fourth planes. 

m. 

25. If planes be drawn through the diagonal and two adjacent 
edges of a cube, the;^ will be inclined to each other at an angle equal 
to two-thirds of a right angle. 

26. A cube is cut by a plane perpendicular to a diagonal plane, 
and making a given angle with one of the faces of the cube. Find 
the angle which it makes with the other faces of the cube. 

27. Shew that a cube may be cut by a plane, so that the section 
shall be a square greater in area than the face of the cube in the pro- 
portion of 9 to 8. 

28. Shew that if a cube be raised on one of its angles so that the 
diagonal passing through tha.t angle shall be perpendicular to the 

Elane which it touches, its projection on that plane will 'he a regular 
exagon. 

29. K any point be taken within a given cube, the square described 
on its distance from the summit of any of the solid angles of the cube, 
is equal to the sum of the squares described on its several perpendi- 
cular distances from the three sides containing that angle. 

30. A rectangular parallelopiped is bisected by all the planet 
drawn through the axia of it. 
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31.. b ca dbKqamntalLdopintd the tarn a£ ttus mpaxm ok te 
iffig ii wh^ <yMto iitmmU^ wpi«» oa the tw€l-ye cdg»> 

IT, 
A 'Bsma^ t&ne pomtt gsrea. a • plu^ ind s poiat sb^vc^ lie 

3:^, Bueet » t7i«igalar pyamidhrt^ plane peaKBg tfano^ Gneef 
iCft smg^i^ dad esttuagr <)a^ ^ ^ i^>d<M in • givca direecioiu 

34, CKt^en the lei^the toid pe«£tiefie of tfroitiiig;kt Iwft wfaieh & 
AOt neet when prodo^d aad are sot pezaUel; iliocm » pvaileLopcped 
of trhieb these tivo £nee sbaU be two of the e^es^ 

3^^ * If a p^amid with ft poljgon for iu Base lie cot bf e plause 
perallel to €he Bcuiey the seetioa will be at poljgrai kbuUkt to the base. 

3^^ If ftttyaitfktHiiebe atfightaxigiestoepiaaeytheistaaecti^ 
of the perpendiewf» let laU from the iercsal jKKnts of tfasU Hae ob 
another plane^ k a itrsught line wkkk Kakce light asgici with the 
eommon aeetioii of the two flanee, 

37# ^^C^ the beie of a pyramid wiMMe Totcx is O, k aa c«{ie3»- 
teral triangle, and the angles 30C, COA^AOB are li^t ai^ks; 
^ew that three times the tqoare on the petpeiwKcular Ixool O on 
"ABC^ is tfysaX to the trntare on the perpendicular, fron aof of the 
&ik^i angular points of the pfzaaiidy on the ^mcs rc^'sctifeij o|»paaite 
t^ ikntssL, 

0S« Of ad toe an^esy which a straight IhieiDakes with ainrstni%fat 
lines drawn in a ifiren nlane to meet it, the least is that which mea- 
sures the inclination oi the line to the plane. 

Z^, I( roand a line which is drawn from a point in the common 
section of two planes at right angles to one of them, a thnrd plane be 
made to rtfchtf shew that the plane angle made bj the three phnes 
fs then the greatest, when the rerolring plane is perpendicular to each 
ol the two Bxedplanes. 

40« Two points are taken on a wall and jomed by a line which 
passes rotind a comer of the walL This line is the shortest when its 
parts make equal angles with the edge at which the parts of the wall 
meet* 

4L Find a point in a giren strai|:ht Hne such that the sums of its 
distances from two given points (not m the same plane with the given 
straight line) may be the least possible. 

42. If there be two straight lines which are not parallel, but 
which do not meet, though produced ever so far both ways, shew that 
two parallel planes may be oetermined so as to pass, the one through 
the one line, the other through the other ; and that the perpendicular 
distance of these planes U the shortest distance of any point that can 
fc taken in the one line from any point taken in the other. 



BOOK XIL 



LEMMA L 

If from th$ greater of two unequal magnihtdei, ihef9 he taken more 
than its half, and from the remainder more than its half; and so on : 
there shall at length remain a magnitudo lose than the least of the proposed 
magnitudes, (Book z. Prop, i.) 

Let ^^ and Cbe two unequal magnitudes, of which A Bis the greater. 

If from AB there be taken more than its half, 

and from the remainder more than its half, and so on; 

there shall at length remain a magnitudeiess than C 
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For C may be multiplied so as at length to become greater than AB» 
Let it be so multipbed, and let D£ its multiple be greater than AB, 
and let D£ be divided into DF, FO, QE, each equal to C 

From AB take BH greater than its half, 
and from the remainder ^ITtake JOT greater than its half, and 
so on, 

until there be as man^ divisions in AB as there are in DEx 

and let the divisions in AB be AK, KH, HB\ 

and the divisions in I>E be JDF, FQ, QE. 

And because DE is greater than AB, 

and that EQ taken from DE is not greater than its half, 

but Jf J? taken from AB is greater than its half; 

therefore the remainder QD is greater than the remainder 2L1. 

Again, because QD is greater than HA, 

and that QF\a not greater than the half of (7i>, 

but UK is greater than the half of MA ; 

therefore the remainder FD is greater than the remainder AKx 

and FD is equal to C, 
therefore C is greater than AK\ that is, AK is less than C ais.D* 
And if only the halves be taken away, the same thmg may in Ilia 
tame way be demonstrated* 
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PROPOSITION I. THEOREM. 

Similar polygmu inacribed in circles, ar$ to one another a$ the egiu^tsi 
on their diameters. 

Let ABCDEf FQHKL be two circles, and in them the similar 
polygons ABODE, FGHKL; 

and let BM, GN be the diameters of the circles : 
as the polygon ABCDE is to the polygon FGHKL^ so shall the 
square on JSMbe to the square on GN» 





Join BE, AM, GL, FN. 

And because the polygon ABODE is similar to the polygon FGHKL^ 

the angle BAE is equal to the angle GFL, 

and as BA to AE, so is GFXjq FL\ 

therefore the two triangles BAE, GFL having one angle in one equal 

to one angle in the other, and the sides about the equal angles proper* 

tionals, are equiangular : 

and therefore the angle AEB is equal to the angle FLGi 
but AEB Is equal to AMB, because they stand upon the same 
circumference : (III. 21.) 
and the angle FLG is, for the same reason, equal to the angle FNG : 

therefore also the angle AMB is equal to FNG : 

and the right angle BAM\% equal to the right angle GFN; (lli. 31.) 

wherefore the remaining angles m the triangles ABM, i^G'iV ar& equal, 

and they are equiangular to one another : 

therefore as ^Jlf to GN, so is BA to QF% (vi. 4.) 

and therefore the duplicate ratio of BM to GN, is the same with 

the duplicate ratio of BA to GF: (v. def. 10. and v. 22.) 
but the ratio of the square on BM to the square on GN, is the 

duplicate ratio of that which BM has to uN; (vi. 20.) 
and m ratio of the polygon ABODE to the polygon FGHKL is 

the duplicate of that which BA has to GF: (VI. 20.) 
therefore as the polygon ABCDE is to the polygon FGHKL^ so 
Si the square on BM to the square on GN, 

'Wherefore, similar polygonsi &e. qjs.ii. 

PROPOSITION n. THEOREM. 
drehe are to one another ae the eguaree on their diameten. 

Let ABCD, EFGHhe two circles, and BD, J*^ their diameters. 
As the square on BD to the square on FH, so shall the circle ^^ CD 
be to the circle EFQJS. 

Via, if it be not so, the square oa^Z) must he to the square on FB^ 
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•I the dtcieABCD it to some space either less than the oirole BFQSt 
or greater than it 









Firstt if possible, let it be to a spaee ^less than a circle EFOIl\ 
and in tne circle EFOH inscribe the square EFOH. (ly. 6.) 
This square is gpreater than half of the circle EFOH\ 
because, if through the points E^ F^ O, M, there be drawn tan- 
gents to the circle, 
the square EFOHIa half of the square described about the circle: (1.47.) 
and the circle u less than the square described about it ; 
therefore the square EFGHu greater than half the circle. 
Divide the circumferences EF, FOf GH, HE, each into two equal 

SarU in Hie pointo X, L, M, N, and join EK, KF, FZ, LG, GM, 
T3f,HN,NEi 
therefore each of the triangles EKF, FLG, GMH, HNE, is greater 

than half of the segment of the circle in which it stands ; 
because, if straight Hues touching the circle be drawn through the 
points JT, L, M^ iV, and the pandlelograms upon the straight lines 
EF, FG, GH, HE be completed, 

each of the triangles EKF, FLG, OMH, HNE is the half of the 
parallelogram in which it is : (l. 41.) 

but eyery segment is less than the parallelogram in which it is; 
wherefore each of the triangles EKF, FLG, GMH, HNE is greater 

than half the segment of the circle which contains it. 
Again, if the remaining circumferences be divided each into two 
equal parts, and their extremities be joined by straight lines, by con* 
tinning to do this, there will at length remain segments of the circle, 
which together are less than the excess of the circle EFGH aboye the 
space 8\ 

because, by the preceding Lemma, if from the greater of two unequal 
magnitudes there be taken more than its half, and from the remainder 
more than its half, and so on, there shall at length remain a magnitude 
less than the least of the proposed magnitudes. 

Let then the segments EK, EF, FL, LG, GM, MH, HN, NE be 
those that remain, and are together less than the excess of the circle 
^^G^-Br aboye iS': 

therefore the rest of the circle, yiz. the polygon EKFLGMHN is 
greater than the space 8. 
Describe likewise in the circle ABCD the polygon AXBOCPDB 
similar to the polygon EKFLGMHN: 

as therefore the square on BD is to the square on FH, so is the poly* 
fQuAXBOCFpB to the polygon EKFLGMHN i (xil. 1.) 
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but the square on BD is also to the square on FH^ as the ciiele 
ABCD is to the space 8\ (hyp.) 
therefore as the circle ABCD is to the space 8, so is the polygon 

AXBOCPDR to the polygon EKFLQMHNz (v. 11.) 
but the circle ABCD is greater than the polygon contained in it ; 
wherefore the space 8\a greater than the polygon EKFLOMHNt 
(V.14.) 
but it is likewise' less, as has been demonstrated; which is impossible. 
Therefore the square on BD is not to the square on FH^ as the circle 
ABCD is to any space less than the circle EFGH, 

In the same manner, it may be demonstrated, that neither is the 
square on FH to the square on j^D, as the circle EFOH is to any space 
less than the circle AJBCD, 

Nor is the square on BD to the square on FH^ as the circle ABCD 
is to any space greater than the circle EFOH, 
For, if possible, let it be so to 7, a space greater than the circle EFGHi 

° Q' o o 

- C r " 

therefore, inversely, as the square on FH to the square on BD, so 

is the space T to the circle ABCD ; 
but as the space Tis to the circle ABCD, so is the circle EFGHto 
some space, which must be less than the circle ABCD, (v. 14.) 
because the space T is greater, by hypothesis, Uian the circle EFGH; 
therefore as the square on FH is to the square on BD, so is the circle 
EFGH to a space less than the circle ABCD, which has been 
demonstrated to be impossible ; 

therefore the square on BD is not to the square on FH as the circle 

ABCDia to any space greater that the circle EFGH: 
and it has been demonstrated, that neither is the square on BD to 
the square on FH, as the circle ABCD to any space less than the circle 
EFGH: ' ^ 

wherefore, as the square on BD is to the square on FH, so is the 
circle ABCD to the circle EFGH 

Circles, therefore, axe, &o. Q.£.Bi 
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Ths first comparison of rectUinear areas is made in the first book oi£ 
the Elements by the principle of superposition, where two triangles are 
coincident in all respects ; next, comparison is made' between triangles 
and other rectilinear figures when they are not coincident. 

In the sixth book, similar triangles are compared by shewing that 
they are in the duplicate ratio of their homologous sides, and then by 
dividing similar polygons into the same number of similar triangles, ana 
shewing that the polygons are also in the dt^Ucate ratio of any of their 
homologous sides. 

In the eleventh book, similar rectilinear solids are. compared by 
shewing that their yolumes are to one another in the triplicate ratio of 
their homologous sides. « 

In the tw^th book a new principle is introduced, called ** the method 
of exhaustions," which is founded on the principfe of exhausting a mag- 
nitude or the difference of two magnitudes, by successively taking away 
a certain part of it. 

The method of exhaiistions was employed by the Ancient Geometen 
and was strictly rigorous in its principles ; but it was too tedious and 
operose in its application to be of extensive utility as an instrument of 
investigation. It is exemplified in £uc. xn. 2, where it is proved that 
the areas of circles are proportion^ to the squares on their diameters. 
In demonstrating this truth, it is first shewn by inscribing successively 
in one of the circles, regular polygons of four, eight, sixteen, &e. sidei^ 
and ^us tending to exhaust the difference between the areas of the 
circle and polygon, that a polygon may be found which shall differ from 
the circle by an area less than any magnitude that can be assigned : and 
then since similar polygons inscribed in circles are as the squares on 
their diameters (£uc. xii. 1), the truUi of the proposition is established 
by means of an indirect proof. 

"The method of exhaustions" may be applied to find the circum- 
ference and area of a circle. A rectilineal figure may be inscribed in 
the circle and a similar one circumscribed about it, and then by con- 
tinually doubling the number of sides of the inscribed and circumscribed 
polygons, by this principle, it may be demonstrated, that the area of the 
circle is less than the area of the circumscribed polygon, but greater 
than the area of the inscribed polygon ; and that as the number of sides 
of the polygon is increased, and consequently the magnitude of each 
diminished, the differences between the circle and the inscribed and 
circumscribed polygons are continually exhausted. 

In a similar way the principle is applied to the yolumes and surfaces 
of the sphere, cone, &c. 

The Second Proposition of the twelfth book is perhaps retained 
merely as an example of the method employed by the Ancient Geo- 
meters'. This method has been replaced by the method of prime and 
ultimate ratios, which is now employed in the proofs of such propositions 
as were formerly effected by the method of exhaustions. 

as 
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THEOBEH L 

1/ umieireiei ADB, BEC be duerOed on the §ide$ AB, BC of a righU 
angled triangle^ and on the hypotenuse another eemieircle APBGC he de- 
aoribed, paenng through the vertegBg the Umee AFBD and BGrOE are 
together efwU to the triangle ABC. 




It has been demonstrated (xn. 2) that the areas of circles are to on6 
another as the squares* on their diameters; it follows also that semi- 
circles will be to each other in the same proportion. 

Therefore the semicircle ADB is to the semicircle ABC, as the 

square^on AB is to the square on AC, 
and the semicircle CJEB is to the semicircle ABC, as the square on 

BC is to the square on A C, 
hence the semicircles ADB, CJEB, are to the semicircle ABC as 
the squares on ABf BCare to the souare on AC; 
but the squares on AB, BC are equal to tne square on A C, (l. 47.) 
therefore the semicircles ADB, CJ3B are equal to the semicircle 

ABC. (V. 14.) 
From these equals take the segments AFB, BGCoi the semicizdtt 
on A C, and the remainders are equal, 

that is. the lunes AFBD, BOCB are equal to the triangle BAC 

THEOREM n. 

If on any two segments of the diameter of a semietrcUf semicireles be 
described, all toioards the same parts, the area included between the three 
circumferences (called <it^/3q\o«) will be equal to the area of a circle, the 
diamettr of which is a mean proportional between the segments. 

Let ^^Cbe a semicircle whose diameter is AB, 
and let ^^ be divided into any two parts in D^ 
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and on A Df DC let two semieirelet be described on the same side; 
also let DB be drawn perpendicular to ^C 
Then the area contained between the three semicirclesy is equal to 
the area of the circle whose diameter is SD. 

. Since AP'ib divided into two parts in C, 
the square on AC i% equal to the squares on AD, DC, and twice 
the rectangle A D, DC; (II. 4.) 

and since 3D is a mean proportional between AD, DO; 
the rectangle AD, DC is equarto the square on DB, (vi. 17.) 
therefore the square on ^ C is equal to the squares on AD, DC, and 

twice the square on DB, 
But circles are to one another as the squares on their diameters or 
radii, (xil. 2.) ^ 

therefore the circle whose diameter is^ Cis equal to the circles whose 
diameters are AD, DC, and double the circle whose diameter is BD; 
wherefore the semicircle whose diameter is ^ C is equal to the circle 
whose diameter is BD, together with the two semicircles whose dia- 
meters are AD and DC: 

if the two semicircles ^hose diameters are AD and DC be taken 

from these equals, 
therefore the figure comprised between the three semi-circum- 
ferences is equal to the circle whose diameter is DB. 

THEOREM ni. 

Th&r6 can be only five regular toUds. 

If the faces be equilateral triangles. The angle of an equilateral tri- 
angle is one-third of two right angles ; and six angles, each equal to the 
angle of an equilateral triangle, are equal to four right angles : and 
therefore a number of such angles less than six, but not less than three 
are necessary to fonn a solid angle. Hence there cannot be more than 
three regular figures whose faces are equal and equilateral triangles. ^ 

If the faces be squares. Since four angles, each equal to-a right 
angle, can fill up space round a point in a plane. A solid angle may 
be formed with three right angles, but not with a number greater or 
less than three. Hence, there cannot be more than one regular solid 
figure whose faces are equal squares. 

If the faces be e^ual and regular pentagons. Since each angle of 
a regular pentagon is a right angle and a fifth of a right angle : the 
magnitude of three such angles being less than four right angles, may 
form a solid angle, but four, or more than four, cannot form a solid 
angle. Hence, there cannot be more than one regular figure whose 
faces are equal and regular pentagons. 

If the faces be eoual and regular hexagons, heptagons, octagons, 
or any other regular ngures; it may be shewn that no number of them 
can form a solid angle. 

Wherefore there cannot be more than five regular solid figures, of 
which, there are three, whose faces are equal and equilateral tnangles ; 
one, whose faces are equal squares ; and one, whose fapes fire equal 
find regular pentagpps. 
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PROBLEM IT. 
To eomlruel ih»fm^ r y uft i r mUia% 

The regular Tetrahedron. 

Each of the angles of an equilateral triangle ia one-third of two 
right angles; a solid angle may therefore be formed Inr three angles 
of three equal and equilateral triangles, and the figure formed by the 
three bases of the triangles is manirestly an equilateral triangle equal 
in magnitude to each of the three given equilateral triangles. The 
angles of inclination of eyery two of tUe four faces are also equaL 

The regular Octahedron. 

Through any point O draw three straight lines perpendicular to 
each other, take OA^ Oa^ OB, Ob, OC, Oe equal to one another, and 
join the extremities of these lines. The iiaces ABC, AbC, &c. are 
equilateral triangles equal to one another and eight in number % also 
the inclinations of every two contiguous fftces are equaL 

The regular Icosahedron. 

A solid angle may be formed with five angles, each equal to the 
angle of an equilateral triangle. At the point A of any equilateral 
triangle ABC, let a solid angle be formed with it and four other equal 
and equilateral triangles ABD, ADE, AEF, AFC, each equal to the 
triangle ABC, Next at the point B, let anoUier solid angle be 
formed with the triangle ABC and four others BCH, BHK, BKD, 
BDA, each equal to it. The solid angle at JS is equal to the solid 
angle at A, and the inclinations of every two contiguous faces are 
equal ; also the two solid angles have two faces ABC, ABD common. 
Next let a third solid angle be formed at C, by placing the two tri- 
angles CFG, CGH contiguous to the three CAB, CFA, CMB. The 
soHd angle at C is equal to that at A or B, and the inclinations pf 
the contiguous faces make equal angles. Tlius two equal and equi- 
lateral triangles are placed contiguous one to another, forming three 
solid angles at A, B, C, and havinc: everv two contiguous feces 
equally inclined : also the solid angl^ formed at 2), B, F, G, S, K, 
have alternately thre^ and two angUs of the equilateral triangles. In 
the same manner let another figure equal to this be formed with ten 
equal and equilateral triangles, each equal to the triangle ABC 

If these two figures be connected together, so that the points at 
which there are two angles of one figure, may coincide with the points 
which contain three angles of the other, there will be formed at the 
points D, JE, F, G, H, K, six equal solid angles, each contained by 
five angles of the equilateral triangles, and every two contiguous fiices 
will have the same inclination. 

Hence a figure of twenty faces is formed each equal to the equila- 
teral triangle ABC, and having the inclinations of cTcry two conti- 
guous faces equaL 

The regular Hexahedron. 

Since three right angles may form a solid angle, it Is therefore 
obvious that the solid angle formed by three equal squares, has every 
two of the faces equally inclined to one anoUier ; and with three other 
sqiiares, each equal to the former, a figure is formed, bounded by six 
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•qual squares, and haying eyeij two contigaoiu facet at right angles 
to one another. 

The regular Dodecahedron. 

Since three angles each equal to the angle of a regular pentagon 
may form a solid angle ; let ABODE be a regular pentagon, and with 
two others each equal to this, let a solid ancle at A be formed ; the 
inclinations of every two contiguous faces will be equal. At the points 
B, Ct Df JB successively, let solid angles be formed by pentagons 
equal to ABODE. The solid angles at B, (7, D, E, are each equal 
to the solid angle at A, and the inclination of every two contiguous 
faces is the same. Thus is formed a figure with six equal and regular 
pentagons, having the inclination of every two contiguous faces equal, 
and the angles at the linear boundary of the figure alternately consist- 
ing of an angle of a pentagon and of two angles of two pentagons 
equally inclined to each other. 

Next, let another figure equal to this be constructed with six pen- 
tagons, each equal to the pentagon ABODE, 

If these two figures be so placed that the angular points of the* 
plane angles in the linear boundary of one, may coincide with the 
points at which there are two ancles in the other figure; at each of 
these points will be formed ten solid angles, each equal to the angle 
at A, and having the inclination of every two contiguous faces equal 
to one another. Hence a regular figure is formed having twelve equal 
&ces, and the inclinations of every two contiguous faces equal to one 
another. 



6. Construct a circle the area of which shall have a given ratio to 
that of a j^ven circle. 

6. Divide a circle into any number of equal parts by means of 
concentric circles. 

7. To divide a circle into any number of equal parts, the perime- 
ters of which shall be equal to the circumference of the circle. 

8. Let AB and DO be two diameters of a given circle, at ri^ht 
angles to each other ; AEB a circular arc described with radius DB or 
DA ; prove that the area of the lune AEBO- area of triangle ADB. 

9. Two circles touch each other internally, and the area of the 
hine out out of the larger is eoual to twice the area of the smaller 
circle. Required the ratio of the diameters of these circles. 

10. ' The diameter of a circle is divided into two parts, upon each 
of which as diameters circles are described ; when the remaining area 
of the fnre&t circle is equal to that of one of these two circles, find the 
ratio which the parts of the diameter bear to one another. 

11. The diameter of a semicircle ADB is divided into two parts 
in O (so that the length of A O is twice that of BO), and upon them 
are described the semicircles AEO, OFB, Compare the areas of the 
circles which are described on each side of the common tangent OD so 
as to touch it and the two semicircles. 

12. The centers of three circles A, B, and are in the same right 
line, B and C touch A internally, and each other extemaUy; P, Q, 
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being the points vhere A is touched by B^ C respectively \ to find a 
point Ron A such that the portion of the lune PR intercepted be^ 
tween B and A may be equal to the portion of QR between C and A* 

13. On the chord of a quadrant a semicircle is described ; xe* 
quired the area of the crescent thus formed. 

14. Semicircles are described upon the radii CAj CB of a quad- 
rant, and intersect each other in a point D, shew that the area 
common to both semicircles is equal to the area without them, and 
that the remaining areas of the two semicircles are equal, each one- 
lourth of the square on A C. 

1 5. If on one of the radii of a quadrant a semicircle be described ; 
and on the other, another semicircle so described as to touch the former 
and the quadrantal arc ; compare the area of the quadrant with the 
area of the circle described in the figure bounded by the three curves. 

16. Any right-angled triangle BAQ is inscribed in a semicircle, 
A being the right angle, and AD 9. perpendicular on the base BO, 
if circles be described on the sides BAf AC m diameters, prove that 
the areas of these circles will always be to each other in the same ratio 
as the segments into which the base is divided by the line AD, 

17. If on the two sides of a right-*angled triangle, semicircles be 
described, and a circle be described touching them both, it will include 
the circle whose diameter is the hypotenuse ; and the space between 
the two circles will be to the outer circle as twice the rectangle of the 
sides of the triangle to the square on the sum of the sides. 

n. 

18. In different circles the radii which bound equal secton oeii« 
tain angles reciprocally proportional to their circles. 

19. Prove that the sectors of two different circles are equal, when 
their angles are inversely as the squares on the radii. 

20. If the aro of a semicircle be trisected, and from the points of 
section lines be drawn to either extremity of the diameter, the diffe* 
rence of the two segments ^us made will be equal to the sector which 
stands on either of the arcs. 

21. If AB be a circular arc, center O, and AD be drawn perpen- 
dicular to ^O, and the arc AC taken equal to AD, then the sector 
BOC equals the segment A CB, 

22. If two points B^ D, be taken at equal distances from the ends 
of the arc of a quadrant, and perpendiculars BO, DH be drawn to the 
extreme radius ; the space BOHD shall be equal to the sector .SOD. 

23. If circles be inscribed in the triangles formed by drawing the 
altitude of a triangle right-angled at the vertex, the circles and the 
triangles are propcrtional. 

24. If a semicircle be described on the hypotenuse .^^ of a right- 
angled triangle ABC, and from the center E^ the radius ED be drawn 
at right angles to AB, shew that the difference of the segments on the 
two sides equals twice the sector CED, 

26. If semicircles be described upon the sides of a right-angled 
triangle on the interior, the difference between the sum of the circular 



ON BOOK XII. S51 

segments tliiu standing upon the exterior of the sides and segments of 
the base, equals the space intercepted by the circumferences described 
on the sides. 

26. ABf BD are two radii of a circle at right angles to each 
other. Produce BD to C, and make If C equal to the arc AD. Join 
^C cutting the circumference in E. Then the area EDC'is equal to 
the area of the segment AE. 

27. ABC is an isosceles right-ang] ed triangle. On i? C is described 
a. semicircle BDEC, and BFC is a circle whose radius is AB and 
center A. The segment BCF is equal to the segments BAD^ A CE. 

28. The circle inscribed in a square is equal to four equal circles 
touching one another and the sides of that square internally. 

29. If the diagonals of a quadrilateral inscribed in a circle cut 
each other at right angles, and circles be described on the sides ; prove 
that the sum of two opposite circles will be equal to the sumi of the 
other two. 

30. If two chords of a circle intersect each other either within or 
without the circle at right angles ; and if on these segments as dia- 
meters, circles be described, the areas of these four circles are together 
equal to that of the original circle. 

31. Shew that the semicircles described on the diagonals of a 
right-angled parallelogram together equal the sum of the semicircles 
described on the sides. 

32. A quadrilateral inscribed in a circle has a diameter passing 
through the center ; or has its two diameters at ri^ht angles to one 
another; on the sides of the quadrilateral semicircles are described | 
the four crescents outside are together equal to the quadriiateraL 

HL 

33. Equal straight lines whose extremities are in the siuface of a 
sphere, are equally distant from the center of the sphere. 

34. The angle between the planes of two great circles of a sphere^ 
is measured by the arc of a great circle which joins their poles. 

35. Every section of a sphere made by a plane is a circle : and if 
two parallel planes cut a sphere so that the sections are equal, they 
are equidistant from the center. 

36. A straight line or a plane can only touch a sphere at one 
point ; and at that point the radius of the sphere will be perpendicular 
to the line or plane. 

37. Shew that all lines drawn from an external point to touch a 
sphere are equal to one another ; and thence prove that if a tetrahe- 
dron can have a sphere inscribed in it touching its six edges, the sum 
of every two opposite edges is the same. 

38. If two equal circles cut one another in the diameter, and a 
plane cut them perpendicularly to the same diameter, the points of 
section of this plane with the circumferences, are in a circle. 

39. If three straight lines intersect each other within a sphere 
at right angles, each at right angles to tiie plane of ^e other. twoi 
tbe sum of the squarea on the si^ ae^enta is equal to the square on 
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the diameter of the sphere, together with trtice the rectangle of the 
segments of the diameter made at the point of intersection. 

40. Having given an irregular fragment, which contains a portion 
of spherical surface ; shew how the radius of the sphere, to which the 
fragment belongs, may be practically determined. 

IV. 

41. All the sections of a tetrahedron made by planes parallel to 
the base are similar to the base. • 

42. Find the inclination of two contiguous faces of a tetrahedron 
to each other. 

43. If on the base of a regular tetrahedron lines be drawn from 
anv two angles to bisect the opposite sides ; the line joining their 
point of section with the vertex of the solid is at right angles with 
the base. 

44. ABCD is a regular tetrahedron ; from the vertex A^ a per* 
pendicular is drawn to uie plane BCD meeting it in O. Shew that 
three times thp square on ^O is equal to twice the square on AB, 

45. If the shortest distances between opposite edges of a tetra- 
hedron be mutually at right angles, they will bisect the edges. 

46. Prove that the shortest distance between two opposite edges 
of a regular tetrahedron is equal to half the diagonal of the square 
described on an edge. 

47. If in a tetrahedron the shortest distances between the opposite 
edges are mutually at right angles, prove that these distances meet in 
a point, that they bisect each other, and that the opposite edges of 
the tetrahedron are equal. 

48. If the line ioming the bisections of two edges of a tetrahedron 
which do not meet be bisected, the point so found is distant from the 
base one-fourth of the perpendicular altitude of the tetrahedron. 

49. If the angles of a re^^ar tetrahedron be joined to the centers 
of the circles inscribed in its faces, the joining lines will form the 
edges of a new tetrahedron parallel to those of the old. 

oO. The perpendicular drawn from any angle of a regular tetra- 
hedron upon the opposite face, will meet that face in the centre of 
the circle which circumscribes that face* 

V. 

51. The angles of inclination of the faces of a regular tetrahedron 
and of a regular octahedron are supplementary to each other. 

62. Given the side of a regular octahedbron, find the radius of 
the inscribed and circumscribed spheres. 

63. Draw three diameters of a sphere each at right angles to the 
other two; then the six points where the extremities of the diameters 
meet the surface of the sphere, will be the angles of a regular octa- 
hedron, and the lines joining the adjacent points will be the edges, 
also the three diameters of the sphere its diagonals. 
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8. This is a particular case of Euc. i. 22. The triangle however may 
bo described by means of Euc. i. 1. Let AB be the given base, produce 
A6 both wa3r8 to meet the circles in D, E (fig. Euc. i . L.) ; with center A« 
and radius AB, describe a circle, and with center B and radius BD, de- 
scribe another circle cutting the former in G. Join Q/L, OB. 

9. Apply Euc. I. 6, 8. 

10. lliis is proved by Euc. i. 32, 18, 5. 

11. Let fall also a perpendicular from the vertex on the bate. 

12. Apply Euc. I. 4. 

13. Let CAB be the trianele (fij. Euo. 1. 10.) CD the line bisecting 
the angle ACD and the base AB. r reduce CD, and make DE equal to 
CD, and join AE. Then CB may be proved equal to AE, also AE to ACL 

14. Let AB be the given line, and C, D the given points. From C 
draw CE perpendicular to AB, and produce it mwng Kf equal to CE, 
join FD, and produce it to meet the given line In O, wmch will be the 
point required. 

\5, Make the construction as the enunciation directs, then by Euc. 
[. 4, BH is proved equal to CK : and by Euc* z. 13» 6, OB la shewn 
to be equal to OC. 

18. Lefc Cy D be the two given p<^ts one on each tide of the given line 
AB, such that lines CE, DB drawn to any point E in the line are always 
equaU J<»n CD cutting AB in F, then FC is also equal to FD. Then by 

Euc L 8. 

1 7. The angle BCD may be shewn to be equal to the sum of the 
angles ABC, a£)C. 

18. The angles ADE, AED may be each proved to be equal to the 
complements of the angles at the base of the triangle. 

19. The angles CAB, CBA, being equal, the angles CAD, C6E are 
equal, Euc. i. 13. Then, by Euc. i. 4, CD is proved to be equal to CE. 
And by Euc. i. 5, 82, the angle at the vertex is shewn to be four times 
either of the angles at the base. 

20. Let AB, CD be two straight lines intersecting each other in 
E, and let P be the given point, within the angle AED. Draw EF 
bisecting the angle AED, and through P draw PGH pfirallel to EF, 
and cutting ED, EB in O, H. Then EG is equal to EH. And by 
bisecting the angle DEB and drawing through P a line parallel to this 
line, another solution is obtained. It will be found Uiat the two lines 
are at right angles to each other. 

21. Let the two given straight lines meet in A, and let P be the 
given point. Let PQR be the line required, meeting the lines AQ, AR 
in Q and R, so that PQ is equal to QR. Through P draw PS parallel 
to AR and join RS. Then APSR is a parallelogram and A3, FR the 
diagonals. Hence the construction. 

22. Let the two straight lines AB, AC meet in A. In AB take 
any point D, and from AC cut off AE equal to AD, and join DE. On 
DE» or DE produced, take DF equal to the given line, and through 
F draw FO parallel to AB meeting AC in G, and through G draw GH 
parallel to DE meeting AB in H. Then GH is the line required. 
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23. The two given points may be both on the same side, or one point 
may be on each side of the line. If the point required in the line be supposed 
to be found, and lines be drawn joining this point and the given points, 
an isosceles triangle is formed, and if a peipendicular be diSLwn on the 
base Irom the point in the line : the construction is obvious. 

24. The problem is simply this — to find a point in one side of a 
triangle from which the perpendiculars drawn to the other two sides 
shall bf equal. If a!I the positions of these lines be considered, it will 
readily be seen in what case the problem is impossible. 

25. If the isosceles triaugle be obtuse-angled, by Euc. i. 6, 32, the 
truth will be made evident. If the triangle be acute-angled, -the enun- 
ciation of the proposition requires -some modification. 

26.. Construct the figure and apply Euc. i. 5, 32, 15. 

If the isosceles triangle have its vertical angle less than two-thirds of 
a right -angle, the line EO produced, meets AB produced toward* the 
base, and then 3 . AEF = 4 right angles + AFE. If the vertical angle be 
greater than two-thirds of a right angle, ED produced meets AB produced 
towards the vertex, then 3 . AEF =s 2 right angles + AFE. 

27. Let ABC be an isosceles triangle, and from any point D in the 
base BC, and the extremity B, let three lines 0E, DF, BG be drawn to 
the sides and making equal angles with the base. Produce ED and make 
DH equal to DP and join BH. 

28. In the Isosceles triangle ABC, let the line DFE which, meets 
the side aO in D and AB produced in E, be bisected by the base 
in the point E. Then DC may be shewn to be equal to BE. 

29. If two equal straight lines be drawn terminated ■ by two lines 
which meet in a point, they will cut off triangles of equal are$. Hence 
the two triangles have a common vertical angle and their areas and bases 
equal. By Euc. i. 32 it is shewn that the angle contained by the bisecting 
lines is equal to the exterior angle at the base. 

30. (1) When the two lines are drawn perpendicular te the sides f 
apply Euc. i. 26, 4. (i;j The equal lines which bisect the sidc9 of the 
triangle may be shewn to make equal angles with the sides. (3) When the 
two lines make equal angles with the sides ; apply Euc. i. 26s 4. 

31. At C make the angle BCD equal to the angle ACB, and produce 
AB to meet CD in D. 

32. By bisQcting the hypotenuse, and drawing a Kne from the vertex 
to the point of bisection, it may be shewn that tiiis line forms withthe 
shorter side and half the hypotenuse an isosceles triangle. 

33. Let ABC be a triangle, having the right angle at A, and the angle 
at C greater than the angle at B, also let AD be perpendicular to the base* 
and AE be the line drawn to E the bisection of the base. Then A£ may 
be proved equal to BE or EC independently of Euc. in. 31. 

84. Produce EG, FG to meet the perpendiculars CE, BF, produced 
if necessary. The demonstration is obvious. 

35. If the given triangle have both of the angles at the base , acute 
angles ; the difference of Uie angles at the base is at once obvious from 
Buc. I. 32. If one of the angles at the base be obtuse, does the property 
hold good } 

.36. Let ABC be a triangle having the angle ACB double of the angle 
ABC, and let the perpendicular AD be drawn to the base BC. Take DE 
equal to DC and join AE. Then AE ma^ be proved to be equal to EB. 

If ACB be an obtuse angle, then AC is equal to the sum of the seg. 
ments of the base, made by the perx>endicular from the vertex A. 

37. Let the sides AB, AC of any triangle ABC be produced, the ex- 
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UKor angles bisected by two lines which meet in D, and let AD be Joined, 
then Ali bisects the angle BAG. For draw DE perpendicular on BC, 
also DF, DG perpendiculars on AB, AC produced, if necessary. Then DP 
may be proved equal to DG, and the squares on DF, DA are equal to the 
squares on DG, G A, of which thesquareon FD is equal to the square on DG; 
hence AF is equal to AG, and Euc. i. 8, the angle BAG is bisected by AD, 
3S. The line required will be found to be equal to half the sum 
of the two sides of the triangle. 

39. Ai>ply Emc. i. 1. 9. 

40. The angle Xct he trisected is" one-fotirth of a r'ght anf;l<3. If an 
equilateral trian<;le be described on one of the sides of a triangle which 
contains the i!:iveu anj;le, and a line be drawn to bisect that angle of the 
equilateral tri:ingle wh.ch is at the given angle, the angle containfed 
Leiweon this line and the other side of the triangle will be one-twelfth 
0^ a ri^ht angle, or equal to one-third of the given angle. 

It may be remarked, generalh', that any angle which is the half, foorthi 
eighth, &c. part of a right angle, may be trisected by Plane Geometry. 

41. Apply Euc. X. 20. 

42.^ Let ABC, DBC be two eqiial triangles on the same base, of #hifeb ' 
ABC is isosceles, fi^. Euc. i. 37. fey producing AB and making AG equal 
to AB or AC, and joming GD, the perimeter of the triangle a!BC may be 
shewn to be less than the perimeter of the triangle DBC, 

43. Apply Euc. i. 20,. 

44. For the first case, see Theo, S2, p. 76 : for the other two es«et, 
apply Euc. I. 19. 

45. .This is obvious from Euc. i, 26. 

46. By Euc. I, 29, 6, FC may be shewn equal to each of the lines 
EF. FG. 

47. Join GA and AF, and prove G-A and AF to.be in the saau 
straight line. 

48. Let the straight line drawn through D parallel to BC meet 
the side AB in E, and AC in F. Then in the triangle EBD, £B i» 
equal to ED, by Euc. i. 29, 6. Also, in the triangle EAD, the angle 
Bad may be shewn equal to the angle EDA, whence EA is equal 
to EP, and Uierefore AB is bisected in E. In a similar way it may 
be shewn, by bisecting the angle C, that AC is bisected in F. Or 
the bisection of AC in F may be proved when AB is shewn to ba 
bisected in E. 

49. Tlie triangle formed will be found to have its sides respectively 
parallel to the sides of the original triangle. 

60. If a line equal to the given line be drawn from the point where 
the t>vo lines meet, and parallel to the other given line; a parallelogram 
may be formed, and the construction effected. 

ol. Let ABC be the triangle ; AD perpendicular to BC, AE drawn 
to the bisection of BC, and AF bisecting the angle BAC; Produce AD 
and make DA' equal to AD : join FA', EA'. 

62. If the point in the base be supposed to be determined, and lines 
drawn from it parallel to the sides, it wiUbe found to be in the line which 
bisects the vertical angle of the triangle. 

63. Let ABC be the triangle, at C draw CD perpendicular to CB and 
equal to the sum of the required lines, through D draw DE parallel to CB 
meeting AC in E, and draw EF parallel to DC, meeting BC in F, Then 
EF is equal to DC. Next produce CB, making'CG equal to CE, and join 
EG cutting AB in H. From H draw HK perpendicidar to BAG, and 



S56 GEOMETRICAL EXERCISES^ &C. 

HL perpendicular to BC. Then HK and HL together are equal to DC. 
The proof depends on Theorem 27» p. 75. 

54. Let C' be the intersection or the circles on the other side of the 
base, and ioin AC , BC. Then the angles CB A, C'BA being equal, the 
angles CBP, CBP are also equal, Euc. i. 13 : next by Euc. i. 4, CP, PC 
are proved equal ; lastly prove CC to be equal to CP or PC, 

65, In the fig. Euc. i. 1, produce AB both ways to meet the circles 
in D and E, join CD, CE, then CDE is an isosceles triangle, having each 
of the angles at the base one-fourth of the angle at the vertex. At E 
draw EG perpendicular to DB and meeting DC produced in O. Then 
GEO is an equilateral triangle. 

66. Join CC, and shew that the angles COT, CCG are equal to two 
right angles ; also that the line FC'G is equal to the diameter. 

57. Construct the figure and by Euc. i. 32. If the angle BAC -be 
a right angle, then the angle BDC is half a right angle. 

58. Let the lines which bisect the three exterior angles of the tri- 
angle ABC form a new triangle A'B'C. Then each of the angles at 
A', B', C may be shewn to be equal to half of the angles at A and B, 
B .and C, C and A respectively. And it will be found that half the 
sums of every two of tluree unequal numbers whose sum la constant^ 
have less differences than the three numbers themselves. 

59. The first case may be shewn by Euc. z. 4 : and the second by 
Euc. 1. 82, 6, 15. 

60. At D any point in a line EF, draw BC perpendicular to EF and 
equal to the given perpendicular on the hypotenuse. With centre C and 
radius equal to the given base describe a circle cutting EF in B. At C 
draw CA peipendicular to CB and meeting EF in A. Then ABC is the 
triangle required. 

61. Let ABC be the required triangle having the angle ACB a right 
angle. In BC produced, take CE equid to AC, and with center B and 
radius BA describe a circular arc cutting CE in D, and join AD. Then 
DB is the difference between the simi of the two sides AC, CB and th? 
hypotenuse AB ; also one side AC the perpendicular is given. Henc? 
the construction. On any line £B take EC equal to the given side. Ell 
equal to the given difference. At C, draw CA perpendicular to CB, ami 
equal to EC, join AD, at A in AD make the angle DAB equal to ADB, 
and let AB meet EB in B. Then ABC is the triangle required. 

62. (I) I^t ABC be the triangle required, having ACB the right 
angle. Produce AB to D making AD equal to AC or CB : then BD is 
tne sum of the sides. Join DC : then the angle ADC is one-fourth of a 
right anorle, and DBC is one-half of a right angle. Hence to construct : 
at B in BD make the angle DBM equal to half a right an^le, and at D 
the angle BDC equal to one-fourth of a right angle, and let DC meet BM 
in C. At C draw CA at right angles to BC meeting BD in A : and ABC 
is the triangle required. 

(2) Let ABC be the triangle, C the right angle : from AB cut. off 
AD equal to AC ; then BD is the difference of the hypotenuse and one 
side. Join CD ; then the ans:les ACD, ADC are equal, and each is half 
the supplement of DAC, which is half a right angle. Hence the con- 
struction. 

63. Take anv straight line terminated at A. Make AB equal to 
the difference of the sides, and AC equal to the hypotenuse. At B 
make the an^le CBD equal to half a right angle, and with center A 
and radius AC describe a circle cutting BD in D : join AD, and draw 
DE perpendicular to AC. Then ADE is the required triangle. 
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04. Let BC the giren base be bisected in D. At D draw D£ at 
right angles to BC and equal to the sum of one side of the triangle 
and the perpendicular from the vertex on the base : join BB, and at B 
in BE make the angle EBA equal to the angle BED» and let BA meet 
I)£ in A : join AC, and ABC is the isosceles triangle. 

65 This construction may be effected by means of Prob. 4, p. 7U 

66. The perpendicular from the vertex on the base of an equilateral 
triangle bisects the angle at the vertex» ^hich is two-thirds of one right 
angle. 

67. Let ABC be the equilateral triangle of which a side is required 
to be found, having given BD, CD the lines bisecting the angles at B, C. 
Since the angles DBC, DCB are equal, each being one- third of a right 
angle, the sides BD, DC are equal, and BDC is an isosceles triangle 
having the angle at the vertex the supplement of a third of two right 
angles. Hence the side l^C may be found. 

68. Let the given angle be taken, (I) as the included angle between 
the given sides ; and (2) as the opposite angle to one of the given sides. 
In the latter case, an ambiguity will arise if the angle be an acute angle^ 
and opposite to the less of the two given sides. 

69. Let ABC be the required triangle, BC the given base, CD the 
given difference of the sides AB, AC : join BD, then DBC by £uc. 1. 18, 
can be shewn to be half the difference of the angles at the base, and AB 
is equal to AD. Hence at B in the given base BC, make the angle C£D 
equal to half the difference of the angles at the base. On CB take CB 
equal to the difference of the sides, and with center C and radius CE, 
describe a circle cutting BD in D : join CD and produce it to A, making 
DA equtd to DB. Then ABC is the triangle required. 

70. On the line which is equal to the perimeter of the required tri* 
angle describe a triangle having its angles equal to the given angles. 
Then bisect the angles at the base ; and from the point where these Unes 
meet, draw lines parallel to the sides and meeting the base. 

71. Let ABC be the required triangle, BC Sie given base, and the 
side AB greater than AC. Make AD equal to AC, and draw CD, 
Then the angle BCD may be shewn to be equal to half the difference^ 
and the angle DC A equal to half the sum of the angles at the base. 
Hence ABC, ACB the angles at the base of the triangle are known. 

72. Let the two given lines meet in A, and let B be the given point. 
If BC, BD be supposed to be drawn making equal angles with AC, 

and if AD and DC be joined, BCD is the triangle required, and the figure 
ACBD may be shewn to be a parallelogram. Whence the construction. 

73. It can be shewn that lines drawn from the angles of a triangle to 
bisect the opposite sides, intersect each other at a point which is two- 
thirds of their lengths from the angular points from which they are drawn. 
'I/Ct ABC be the triangle required, AD, BE, CF the given lines firom the 
angles drawn to the bisections of the opposite sides and intersecting in Gr. 
Produce GD, making DH equal to DO, and join BH, CH : the figure 
GBHC is a parallelogram. Hence the construction. 

74. Let ABC (fig. to Euc. i. 20.) be the required triangle, having 
the base BC equal to the given base, the angle ABC equal to the given 
anple, and the two sides BA, AC together equal to the given line BD. 
Jom DC, then since AD is equal to AC, the triangle A CD is isosceles, 
and therefore the angle ADC is equal to the angle ACD. Hence the 
construction. 

76. Let ABC be the required triangle (fig. to Euc. 1. 18), having the 
angle ACB equal to the given angle, and the base BC equal to the given 
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line, abo CD equal to the diilerenee of the two tides AB, AC. If BD 
be joined, then ABD is an bosceles triangle. Hence the synthesis. 
Docs this construction hold good in all oases f 

76. Let ABC be the required triangle, (fig. Cue. 1. 18), of which the 
side BC is eiven and the angle BAC, also CD the difference between the 
sidos AB, AC. Join BD ; then AB is equal to AD, because CD is their 
difference, and the triangle ABD is isosceles, whence the angle ABD is 
equal to the angle Al)B; and since BAD and twice the angle ABD 
are equal to two r ght angles, it follows that ABD is half the supplement 
of the given angle B AC. Hence the construction of the triangle. 

77. Let AB be the given base : at A draw the line AD to which 
the line bisecting the vertical angle is to be parallel. At B draw BB 
parallel to AD ; frcm A draw A£ equal to the given sum of the two 
sides to meet BE in E. At B make the -angle EBC equal to the angle 
BEA, and draw CF parallel to AD. I'hen ACB is the triangle required. 

78. Take any point hi the given line, and apply Euc. i. 23, 31. 

79. On one of the parallel lines take £F equal to the given line, a;nd 
wiUi center £ and radius £F describe a circle cutting the other in Q. 
Join EG, and through A draw ABC parallel to EG. 

80. This will appear from Euc. i. 29, 15, 26. 

81. Let AB, AC, AD, be the three lines. Take any point E in AC, 
and on EC make EF equal to £A. through F draw FG parallel to AB, 
join GE and produoe It to meet AB in U. Then GE is equal to GH. 

82. Apply Buc. i. 82, 29. 

83. From E dnaw EG perpendicular on the base of the triangle, 
ihen ED and SF may each be proved equal to EG, and the figure sheWil 
to be equilateral. Ttaee of the angles ot the figure are right angles. 

84. The greatest parallelogram which can be constructed with giveii 
iddes can be proved to be rectangular. 

85. Let AB be one of the diagonals : at A in AB make the angle 
BAC less than the required angle, and at A in AC make the angle CAD 
equal to the required angle. Bisect AB in E atad with center E and 
radius equal to half the other diap:onal describe a circle cutting AC, AD 
Sn F, G. Join FB, BG : then AFBG is the parallelogram required. 

86. This problem is the same as the fallowing; having given the 
base of a triangle, the vertical angle and the sum of the sides, to construct 
the triang4e. This triangle is one half oi the required parallelogram. 

87. Draw a line AB equal to the given diagonal, and at the point A 
-make an angle BAC equal to the given angle. Bisect AB in D, and 
through D draw a line parallel to the given line and meeting AC in 0. 
This will be the position of the other diagonal. Through B draw BS 
parallel to CA, meeting CD produced in £; join A£,,and BC. Then 
ACBE is the parallelogram required. 

88. Construct the figures and by Euc. i. 24. 

89. By Euc. i. 4, the opposite sides may be proved to be equal. 

90. l^t ABCD be the given parallelogram ; construct the other 
parallelogram A'B'C'D' by drawing the lines required, also the dia- 
gonals AC, AC, and shew that the triangles ABC, A'B C are eqiii- 
angular. 

91. A'D' and B'C may be proved to be parallel. 

92. Apply Euc. i. 29, 32. 

93. The points D, D', are the intersections of the diagonals of two 
rectangles : if the rectangles be completed, and the lines OD, OD' be 
produced, they will be the other two diagonals. 

94. Let the line drawn trom A fall without the parallelogram, and 
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Ifli CCr» BB', DD', be the perpendiculars from C, B, D, on the line drmwa 
from A; from B draw BE parallel to AC, and the truth is manifest. 
Next, let the line from A be drawn so as to fall within the parallelogram. 

95. Let the diagonals intersect in £. In the triangles DCB, CD A, 
two angles in each are respectively equal and one side i)£ : wherefore 
the diagonals DB» AC are equal : also since DE, EC Ure equal, it follows 
that EA, EB are equal. Hence DEC, AEB are two isosceles triangles 
having their vertical angles equal, wherefore the angles at their bases 
are equal respectively, and therefore the angle CDB is equal to DBA. 

96. (1 ) By supposing the point P found in the side AB of the paral- 
lelogram ABCD, such that the angle contained by AP, PC may be bisected 
by the line PD ; CP may be proved equal to CD ; -hence the solution. 

(2) By supposing the point P found in the side AB produced, so that 
PD may bisect the angle contained by ABP and PC ; it may be shewn 
that the side AB must be produced, so that BP is equal to BD. 
' 97. This may be shewn by Euc. i. 35. 

98. Let D, e; P be the bisections of the sides AB, BC, CA of the 
triangle ABC : draw DE, EF, FD ; the triangle DEF is one-fourth of the 
triangle ABC. The triangles DBE, FBE are equal, each being one-fourth 
of the triangle ABC : DF is therefore parallel to BE, and DBEF is & 
parallelogram of which DE is a diagonal. 

99. This may be proved by applying Etic.i. 38. 

100. Apply Euc. I. 37, 38. 

101. On any side BC of the given triangle ABC, take BD equal to the 
givmt bate ; join AD, through C draw CE parallel to AD, meeting BA pro* 
duced if necessary in £, join ED ; then BDE is the triangle required. 
By a process somewhat ^similar the triangle may be formed when the o^ 
liiude is given. 

102. Apply the preceding problem (101) to make a triangle equal to 
one of the given triangles and of the same altitude as the other given tri« 
angle, llien the sum or difference can be readily found. 

103. First construct a triangle on the given base equal to the given ^ 
triangle ; next form an isosceles triangle on the same base equal to this \ 
trianole. 

104. Through* A draw AD parallel to BC the base of the trianglei 
from B draw BD at right angles to BC to meet AD and join DC. 

105. Make a triangle equal to the given parallelogram upon the 
given line, and then a triangle equal to this triangle, having an angle 
equal to the given angle. 

106. If the figure ABCD be one of four sides; join the opposite 
angles A, C of the figure, through D draw DE parallel to AC meeting 
BC produced in E, join AE:— the triangle ABE is equal to the four- 
sided figure ABCD. 

If the figure ABODE be one of five sides, produce the base both ways, 
and the figure may be transformed into a triangle, by two constructions 
similar to that employed for a figure of four sides. If the figure consists 
of six, seven, or any number of sides, the same process must be repeated, 

107. Draw two lines from the bisection of the base parallel to the 
two sides of the triangle. 

108. This may be shev^Ti ex absurdo. 

1 09. On the same base AB, and on the same side of it, let two triangles 
ABC, ABD be constructed, having the side BD equal to BC, the angle 
ABC a right angle, but the angle ABD not a right angle ; then the triangle 
ABC is greater than ABD, whether the angle ABD be acute or obtuse. 

1 10. Let ABC be a triangle whose vertical angle is A, and whoee 
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hase BO is bisected in D : let any' line EDG be drawn throa^h D, meet- 
ing AG the greater side in 6 and AB produced in E, and formiug a triangle 
AEG having the same vertical angle A. Draw BH parallel to AC, and 
the triangles BDH, GDC are eqnal. Eno. i. 26. 

111. Let two triangles be constructed on the same base with equal 
perimeters, of which^one is isosceles. Through the vertex of that which 
is not isosceles draw a line parallel to the base, and intersecting the 
perpendicular drawn from the vertex of the isosceles triangle upon the 
common base. Join this point of intersection and the extremities of the base. 

112. (1) DP bisects the triangle ABC (fig. Prop. 6, p. 73.) On each 
side of the point F in the line BC, take FG, FH, each equal to one-third 
of BF, the lines DG, DH shall trisect the triangle. Or, 

Let ABC be any triangle, D the given point in BC. Trisect BC in £, 
F. Join AD, and draw EG, FQ parallel to AD. Join DG, DH ; these 
lines trisect the triangle. Draw AE, AF and the proof is manifest. 

(2) Let ABC be any triangle ; trisect the base BC in D, E, and join 
AD, AE. From D, E, draw DP, EP parallel to AB, AC and meeting 
in P. Join AP, BP, CP ; these three lines trisect the triangle. 

(3) Let P be the given point within the triangle ABC. Trisect the 
base BC in D, E. From the vertex A draw AD, AE, AP. Join PD, 
draw AG parallel to PD and join PG. Then BGPA is one-third of the 
triangle. The problem may be solved by trisecting either of the other 
two sides and making a similar construction. 

113. The base may be divided into nine equal parts, and lines may 
be drawn from the vertex to the points of division. Or, the sides of the 
triangle may be trisected, and the points of trisection joined. 

114. It is proved, Euc. i. S^, that each of the diagonals of a parallelo- 
gram bisects the figure, and it may be shewn that they also bisect each 
other. It is hence manifest that any straight line, wbEttever may be its 
position, which bisects a parallelogram, nvust pass through the interseo- 
tion of the diagonals. ' 

115. 8ee the remark on the preceding problem 114. 

116. Trisect the side AB in E, F, and draw EG, FH parallel to AD 
or BC, meeting DC in G and H. If the given point' P be in EF, the two 
lines drawn from P through the bisections of EG and FH will trisect the 
parallelogram. If P be in FB, a line from P through the bisection of 
FH will cut off one-third of the parallelogram, and the remaining trape- 
pum is to be bisected by a line from P, one of its angles. If P coincide 
with E or F, the solution is obvious. 

117. Construct a right-angled parallelogram by Euc. i. 44, equal to 
the g^ven quadrilateral figure, and from one of the angles, draw a line 
to meet the opposite side and equal to the base of the rectangle, and a 
line from the adjacent angle parallel to this line will complete the rhombus. 

118. Bisect BC in D, and through the vertex A, draw AE parallel to 
BC, with center t> and radius equal to half the sum of AB, AC, describe 
a circle cutting AE in E. 

119. Produce one side of the square till it becomes equal to the di- 
agonal, the line drawn from the extremity of this produced side and pa- 
ralld to the adjacent side of the square, and meeting the diagonal producd, 
determines the point required. 

120. Let fall upon the diagonal perpendiculars from the opposite angles 
of the parallelogram. These perpendiculars are equal, and each pair of 
triangles is situated on different sides of the same base and has equal al- 
titudes. If the point be not on the diagonal, draw through the given 
point, a line parallel to a side of the parallelogram. 
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121. One case ia included in Theo. 120. The other case, when the 
point is in the diagonal produced, is obyious from the same principle. 

122. The triangles DCF, ABF may be proved to be eqyitl to hall 
of the parallelogram by Euc. i. 41. 

123. Apply Euc. i. 41, 38. 

124. If a line be drawn parallel to AD through the point of intersec- 
tion of the diagonal, and the line drawn through O parallel to AB ; then 
by Euc. I. 43, 41, the truth of the theorem is manifest. 

125. It may be remarked that parallelograms are divided into paira 
of equal triangles by the diagonals, and therefore by taking the trirtngle 
AB£> equal to the triangle ABC, the property may be easily shewn. 

126. The triangle ABD is one half of the parallelogram ABCD, 
Euc. I. 34. And the triangle DKC is one halt of the parallelogram 
CDHG, Euc. I. 41, also for the same reason the triangle AKB is one 
half of the parallelogram AUQB : therefore the two triangles I>KC, 
AKB are together one half of the whole parallelogram ABCD. Hence 
the two triangles DKC, AKB are equal to the triangle ABD : take from 
these equals the equal parts which are common, therefore the triangle 
CKF is equal to the triangles AHK, KBD : wherefore also taking AHK 
fiom these equals, then the difference of the triangles CKF, AHK is 
equal to the triangle KBC : and the doubles of these are equal, or the 
difference of the parallelograms CFKG, AUK£ is equal to twice the 
triangle KBD. 

127. First prove that the perimeter of a square is less than the peri- 
meter of an equal rectangle : next, that the perimeter of the rectangle is 
less than the perimeter of any other equal parallelogram. 

128. This may be proved by shewing that the area o£the isosceles 
triangle is greater than the area of any other triangle which has the same 
vertical angle, and the sum of the sides containing that angle is equal to 
the sum of the equal sides of the isosceles triangle. 

129. Let ABC be an isosceles triangle (fig. Euc. i. 42), A£ perpen- 
dicular to the base BC, and AECQ the equivalent rectangle. Then AC 
is greater than A£, &c.. 

130. Let the diagonal AC bisect the quadrilateral figure ABCD. 
Bisect AC in E, join BE, ED, and prove BB, £D in the same straight 
line and equal to one another. 

131. Apply Euc. 1. 15. 

132. Apply Euc. i. 20. 

133. This may be she\ni by Sue. i. 20. 

134. Let AB be the longest and CD the shortest side of the rectangulas 
figure. Produce AD, BC to meet in £. Then by Euc. i. 32. 

135. Let ABCD be the quadrilateral figure, and E, F, two points irt 
the opposite sides AB, CD, Win £F and bisect it in G; and througb 
G draw a straight Une HGK. terminated by the sides AD, BC; and 
bisected in the point G, Then EF, HK are the diagonals of the required 
parallelogram. 

1 36. After constructing the figure, the proof offers no difliculty. 

137. If any line be assumed as a diagonal, if the four given lines 
taken two and two be always greater than this diagonal, a four-sided 
figure may be constructed having the assumed line as one of its diagonals : 
and it may be shewn that when the quadrilateral is possible, the sum 
of every three given sides is greater than the fourth. 

138. Draw the two diagonals, then four triangles are formed, two oa 
one 8ide of each diagonal. Then two of the lines.drawn through the points 
of bisection of two sides may be proved parallel to one diagonal, and two* 

B 
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parallel to the other diagonal, in the same way as Theo. 97* supra. The 
4>iiter property is manifest from the relation of the areas of the triangles 
made by the Unea drawn through the bisections of the sides. 

139. It is sufficient to suggest, that triangles on equal bases, and of 
equal altitudes, are equal. 

140. Let the side AB be parallel to CD, and let AB be bisected in E 
and CD in F, and let EF be drawn. Join AF, BF, then Euc. i. 38. 

141. Let BC£D be a trapezium of which DC, BE are the dir.gonala 
intersecting each other in G-. If the triangle DBG be equal to the triangle 
EGrC, the side D£ may be proved parallel to the side BC, by Euc. i. 39. 

142. Let ABCD be the quadrilateral figure hairing the sides AB, 
CD, parallel to one another, and AD, BC equal. Through B draw BB 
parallel to AD, then ABED is a parallelogram. 

143. Let ABCD be the quadrilateral having the side AB parallel 
to CD. Let E, F be the points of bisection of the diagonals BD, AC, 
jmd join EF and produce it to meet the sides AD, BC in G and H.. 
Through H draw LHK parallel to DA meeting DC in L and AB pro« 
>duced in K. Then BK is half the difference ot DC and AB. 

144. (1) Reduce the trapezium ABCD to a triangle BAE by ProK 
106, supra, and bisect the triangle BAE by a line AF from the vertex. 
If F fall without BC, through F*draw Fu parallel to AC or DE, and 
join AG. 

Or thuB. Draw the diagonals AG, BD : bisect BD in E, and join AK, 
EC. Draw FEG parallel to AC the other diagonal, meeting AD in F, 
and DC in G. AG being joined, bisects the trapezium. 

(2) Let £ be the given point in the side AD. Join EB. Bisect the 
quadrilateral EBCD by EF. Make the triangle EFG equal to the tri- 
angle EAB, on the same side of EF as the triangle EAB. Bisect the tzi- 
angle EFG by EH. EH bisects the figure. 

145. If a straight line be drami from the given point through the in- 
tersection of the diagonals and meeting the opposite side of the square ; 
the problem is then reduced to the bisection of a trapezium by a line drawn 
ftom one of its angles. 

1 46. If the four sides of the figure be of different lengths, the truth of 
the theorem may be shewn. If, however, two adjacent sides of the figure 
te equal to one another, as also the other two, the lines drawn from Uie 
angles to the bisection of the longer diagonal, wUl be found to divide the 
trapezium into four triangles which are equal in area to one another. 
Euc. I. 38. 

147. Apply Euc. I. 47> observing that the shortest side is one half 
of the longest. 

148. Find by Euc. I. 47, a line the square on which shall be seven 
times the square on the given line. Then the triangle which has these 
two lines containing the right angle shall be the triangle required. 

149. Apply Euc. I. 47. 

1 50. Let the base BC be bisected in D. and DE be dra^^n perpendicu* 
lar to the hypotenuse AC. Join AD : then Euc. i. 47. 

151. Construct the figure, and the truth is obvious from Euc. i. 47. 

152. See Theo. 32, p. 76, and apply Euc. i. 47. 

153. Draw the lines required and apply Euc. i. 47 

154. Apply Euc. i. 47. 

155. Apply Euc. i. 47. 

156 Apply Euc. i. 47, observing that the square on any line is fotir 
times the square on half the line. 
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157. Apply Kac. i. 47, to express the squares en the three sides m 
terms of the squares on the perpendiculars and on the segments ot AB. 

158. By Euc. i. 47. bearing in mind that the square described on any 
line is four times the square described upon half the line. 

159. The former part is at once manifest by Euc. i. 47. Let the dia* 
gonals of the square be drawn, and the given point be supposed to coincide 
with the intersection of the dii^nals, the minimum isobyious. Find its 
value in terms < f the side. 

160. (a) This is obvious from £ac. I. 13. 
(5) Apply Euc. I. 32, 29, 

(c) Apply Euc. 1. 5, 29. 

(a) Let AL meet the base BC in P, and let the perpendiculars from 
F, K meet BC produced in M and N respectively ; then the triangles 
Al'B, FMB may be proved to be equal in all respects, as also APC, CKX. 

(e) Let fall DQ perpendicular on FB produced. Then the triangle 
D()B may be proved equal to each of the triangles ABC, DBF*; whence 
the triangle DBF is equal to the triangle ABC. 

Perhaps however the better method is to prove at once that the tri- 
angles ABC, FBD are equal, by shewing that they have two aides equal 
in each tnan<i;le» and the included angles, one the supplement of the other. 

(/) If I) Q be drawn perpendicular on FB produced, FQ may be 
proved to be bisected in the point B, and BQ equal to AC. Then the 
square on FD is found by the ri);ht-angled triangle FQD. Similarly, the 
square on K£ is found, and the sum of the squares on FD, £K, GH will be 
found to be six times the square on the hypotenuse. 

{a) Through A draw PAQ parallel to BC and meeting DB, £0 
proouced in P, Q. Then by the right angled tf iangles. 

161. Let any parallelograms be described on any two sides AB, AC 
of a triangle ABC, and the sides parallel to AB, AC be produced to meet 
in a point P. Jobi PA. Then on either side of the base BC, let a paral- 
lelogram be described having two sides equal and parnllel to A P. Pro- 
duce AP and it will divide the parallelop;ram on BC into two parts re- 
spectively equal to the parallelograms on the sides. Euc. i. 35, 36, 

162. Let the equilateral triunglcs ABD, BCE, CAF be described on. 
AB, BC, CA, the sides of the triangle ABC having the right angle at A* 

Join DC, AK: then the tiian^U>8 DBC, ABE are equal. Next draw 
DG perpendicular to AB and join CG : then the triangles BDO, DAG, 
DGU are equal to one another. " Also draw AH, EK perpendicular to 
BO ; the triangles EKH, EKA are equal. Whence may be shewn that 
the triangle ABD is equal to the triangle BlIE, and ia a similar way may 
be shewn that CAF is equal to CtlE. 

The restriction is uimecessary : it only brings AD, AE into the same 
line. 
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■ HINTS, &c. 

6. ■ See the figure Euc. ii. 6. 

7. This Problem is equivalent to the following : construct an isosceles 
right-angled triangle, having given one of the sides which contains the 
right angle. 

8u Construct the square on AB, and the property is obvious. 

R 2 
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9. The sum of the squares on the two parts of any line it least 
when tJie two parts are eqnaL 

10. A line may he found the sqnxre on which is double the square 
on the given line. The problem is then reduced to : — shaving given the 
hypotenuse and the 8i:tm of the sides of a li^ht-angled tnangie, con- 
struct the triangle. 

11. This follows from Euc. n. 5, Cor. * 

12. This problem is, in other words, Given the smn of two lines and 
the sum of their squares, to find the lines. Let AB be the given strai,^ht 
line, at B draw BC at right ajjgles to AB, bisect the angle ABC by JJD. 
On AB take AE equal to the side of the given square, aud with center A 
and radius AE describe a circle cuttii^ oD in D, from D draw DF per- 
pendicular to AB, the line AB is divided in F as was required. 

18. Let AB be the given line. Pioiuce AB to C making 6C egual 
to three times the square on AB. From BA cut off BD equal to BC ; 
&en D is the point ra section such that the squares on AB and BD ua 
double of the square on AD. 

14. In the jig. Euc. ii. 7. Jam BF, and draw FL perpendicular on 
GD. Half the rectangle DB, BG, may be proved equal to the rectangle 
AB, BC. 

Or, joiB KA, CD, KD, CK. Then CK is^ perpendicular to BD. And 
the triangles CBD, EBD are each equal to' the triangle ABE. Eenee, 
twice the triangle ABE is equal to the figure CBED ; but twice the 
triangle ABK is equal to the rectansle AB, BC ; and the figure CBKD 
IB equal to half the rectangle DB, CE, the diagonals of the squares o& 
A3, BC. Wherefore, &c 

15. Hie diSerenoe between the two unequal parts may be shewn to 
Ik equal to twioe the line between the points of section. 

16. This proportion is only another form of stating Euc. IL 7. 

17. In Hie figure, Theo. 7, p. 74 draw FQ, PB, PS pezpendicolais on. 
ABi, AD, AC respectively : then since the triangle PAC is equal to the 
two triangles PAS^ PAD, it follows that the rectangle contained by 
I^, AC, is equal to the twm of the rectangles PQ, A£^ and PR, AD. 
When is the rectangle PS, AC equal to the differesyoB of the other two 
rectangles ? 

18. Through E draw EG parall*! to AB, and through F draw FHK 
parallel to BC and cutting EG in H. Then the area of the rectan;;;le ia 
made up of the areas of four triangles ; whence it may be readily shewn, 
that twioe Ove area of the triangle J^£^ and the figure AGHK is equal ta 
the area ABCD. 

19. Apply Euc. n. 11. 

20. The vertical angles at L may be proved to be equal, and eadi dt 
them a right angle. 

21. Apply Euc. n. 4, 11. I. 47. 

22. Pioduoe FG, DB to meet in L, and draw the other dia^jOBal. 
LHG, which passes throxi^h H, because the complements AG, BK az«- 
•quaL Tbsa LH mav be Siewn to be equal to Ff^ and to Dd. 

2S. The common intersection c^ the three lines divides eadi into two 
parts, one of which is double of the other, and this point is the veitex of 
three triangles which have lines diawn from it to the bisectioa of tha 
kaaes. Appy Eoc u. 12, 13. 

24. Aj^y Theorem 3, p. 114, and Enc L 47. 

25. Tka will be found to be that particular case of Euc n. 12, a 
whkh. ti^ digtanoB of the obtuse aBjg^ frwa the loot of the ferpax^JcakUp 



ON BOOK II. 365 

is half of the side subtended by the right angle made by the perpendicular 
^md the base produced. 

26. (1) Let the triangle be acute-angled, (Euo. n. 13, fig. 1.) 

Let AC be bisected in E, and BE be Joined ; also EF be drawn per- 
pendicular to BC. £F is equal to FC. Then the square on BE may be 
j>roTed to be equal to the square on BC and the rectangle BD, BC. 

(2) If the triangle be obtuse-angled, the perpendicular EF falls withm 
or tnithout the base according as the bisecting line is drawn from the oUum 
or the acute angle at the base. 

27. This may be shewn from theorem 8. p. 114. 

28. Let the perpendicular AD be drawn from A on the base BC. It 
may be shewn that the base BC must be produced to a point £, sadi 
that CE is equal to the difference of the segments of the base made by 
the perpendicular. 

29. Since the base and area are giren, the altitude of the triangle is 
luiown. H«nce the problem is reduced to ;— Given the base and altitude 
of a triangle, and the line drawn from the rertez to the bisection of the 
base, conntruct the triangle. 

30. This follows immediately from Euc. i. 47* 

31. Apply Euc. IT. 13. 

32. The truth of this property depends on the fiict that the rectaagle 
contained by AC, CB is equal to that contained by AB, CD. 

33. Let F the required point in the base AB be supposed to be known. 
Join CP. It may then be shewn that the property stated in the Prob- 
lem is contained in Theorem 3. p. 114. 

34. This may be shewn from Euc. i. 47 ; it 5. Cor. 

35. From C let fall CF perpendicular on AB. llien ACE is an ob- 
tuse-angled, and BEC an acute-angled triangle. Apply Euc. ii. 12, 13, 
and by Euc i. 47, the squares on AC and CB are equal to the square 
on AB. 

36. Apply Euc. I. 47, n. 4 ; and the note p. 102, on Euc. ii. 4. 

37* Draw a perpendicular from the vertex to the base, and apply 
Euc. I. 47 ;' II. 5, Cor. Enunciate and prove the proposition when tKe 
straight line drawn from the vertex meets the base produced. 

38. This follows directly from Euc. ii. 13, Case 1. 

39. The truth of this proposition may be Shewn from Euc. i. 47; n. 4. 

40. Let the square on the base of the isosceles triangle be described. 
Draw the diagonals of the square, and the proof is obvious. 

41. Let ABC be the triangle required, such that the square on AB 
is three times the square on AC or BC. Produce BC and draw AD per- 
pendicular to BC. Then by Euc. ii. 12, CD may be shewn to be equal 
to one half of BC. Hence the construction. 

42. Apply Euc. ii. 12, and Theorem 38, p. 118. 

43. Draw EF parallel to AB and meeting the base in F ; draw alse 
EG perpendicular to the base. Then by Euc. i. 47 ; ii. 6, Cor. 

44. Bisect the angle B by BD meeting the opposite side in D, and 
draw BE perpendicular to AC. Then by Euc. i. 47 ; ii, 6, Cor. 

46. This follows directly from Theorem 3, p. 114. 

46. Draw the diagonals intersecting each other in P, and join OP. 
ByTheo. 3, p. 114. 

47. Draw from any two opposite angles, straight lines to meet in the 
bisection of the diagonal joining the other angles. Then by Euc. ii. 12, .13. 

48. Draw two lines from the point of bisection of either of the f>i- 
sected sides to the extremities of the opposite side ; and three triangles 
will be formed, two on one of the bisected sides and one on the other, in 
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each of which is a line drawn from the vertex to the bisection of the basa^ 
Then by Theo. 3, p, 114. 

49. If the extremities of the two lines which bisect the opposite sides 
of the trapezium ue joined, the figure formed is a parallelogram which 
has its sides respectively parallel to, and equal to, half the dia«j;onal8 of 
the trape/ium. The sum of the squares on the two diagonals of the tra- 
pezium may be easily shewn to be equal to the sum of the squares on 
the tour sides of the parallelogram. 

60. Draw perpen^licular:* from the extremities of one of the .parallel 
sides, meetirii» the <»ther side produced, if necessary. Then from the fo:ir 
right angled triangles thus formed, may be shewn the truth of the pro- 
position. 

61. Let AD be parallel to BC in the figure ABCD. Draw the diagonal 
ACi then the anim of the triangles ABC, aDc may be shewn to be equal ta 
tjie rt'Ciangle contained by the altitude and jialf the sum of AD >jnd BC. 

52, Let ABUD be the tripeziuiu, having the sides AB, CD, parallel 
and AD. BC equal. Join AC and draw AE perpendicular to DC. Then, 
by Euc. II. 13. 

63. Let ABC be any triangle; AHKB. AGFC, BDEC, the squarea; 
upon their sides; £F, Gil, KL the lines joining the angles of the squares.. 
Produce GA, KB, EC. and draw UN, DQ, FH perpendiculars upon them 
respectively: also draw AP, BM, CS perpendiculars on the sides of the 
triangle. Then AN may be proved to be equal to AM ; CR to CF; and 
BQ to BS; and by Euc. ii. 12, 13. 

64. Convert the triangle into a rectangle, then Euc. n. 14» 

65. Find a rectangle equal to the two figures, and apply Euc. ii. 14. 

, 65. Find the side of a square which shall be equal to the given 
7«ctangle. See Prob. i. p. 113. 

67. On any line FQ take AB equal to the given difference of the 
sides of the rectangle, at A draw AC at right angles to AB, and equal to 
the side of the given square ; bisect AB in O and join OC ; with center 
O and radius OC describe a semicircle meeting FQ in D and E. Then 
the lines AD, AE have AB for their difference, and the rectangld con- 
tained by them is equal to the square on AC. 

6S. Apply £ac. ii. 14. 
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HINTS, &c. 

7. Euc. in. 3, suggests the construction. 

8.- The given point may be either within or without the circle. Find 
the center of the circle, and join the given point and the center, aild upon 
this line describe a semicircle, a line equal to the given distance may be 
drawn from the given point to meet the arc of the semicircle. Avhen 
the point is without the circle, the given distance may meet the diameter 
produced. 

9. This may be easily shewn to be a straight line passing through 
the center of the circle, 

10, The two chords form by their intersections the sides of two ii 
mUs triangles, of which the parallel chords in the circle are the bases 
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II. The angles in equal segmento are^toial, and by Eae. i. 29. If 
the chords are equally distant from the cRter^ the lines intersect the 
diameter in the center of the circle. 

If^. Construct the figure and the arc BC may be proved equal to the 
arc BC. 

1 3. The point determined by the lines drawn from the bisections of 
the chords and at right angles to them respectively, will be the center of 
the required circle. 

14. Construct the fij(ures : the proof offers no difficulty. 

15. From the ceutre O of the circle, draw CA, CU at right anpfles to- 
eaei other meeting the circumference; join AB, and draw- CD perpendicular 
toAB. 

16. Join the extremities of the chords, then Euc. i. 27 ; iii. 2S. 

17. Take the center O, and join AP, AO, &c. and apply Euc. i. 20. 

18. Draw any straight line intersecting two parallel chords and meet- 
ing the circumference. 

19. Produce the rarlii to meet the circumference. 

20. Join AD, and the first equality follows directly from Euc. in. 
20, I. 32. Also by joining AC, the second equality may be proved in a 
similar way. If however the line AD do not fall on the same side of the 
center O as £, it will be found that the difference^ not the sun of the two 
angles, is equal to 2 . A ED. See note to Euc. in. 20, p. 155. 

21. Let DKE, DBO (fig. Euc. in. 8) be two lines equally inclined 
to DA, then KE may be proved to be equal to BO, and the segments cut 
off by equal straight lines in the same circle, as well as in equal circles, 
are equal to one another. 

22. Apply Euc. 1. 15, and ni, 21. 

23. This is the same as Euc iii. 34, with the condition, that the line 
must pass through a given point. 

24. Let the segments AHB, AKC be externally described on the 
given lines AB, AC, to contain angles equal to BAC. Then by the con> 
verse to Euc. in. 32, AB touches the circle AKC, and AC the circle AHB. 

25. Let ABC be a triangle of which the base or longest side is BC, 
and let a segment of a circle be described on BC. Produce BA, CA to 
meet the arc of the segment in D, E, and join BD, CE. If circles be de- 
scribed about the triangles ABD, ACE, the sides AB, AC shall cut oS^ 
seg«aents similar to the segment described upon the base BC. 

26. This is obvious from the note to Euc. in. 26, p. 156. 

27. The segment must be described on the opposite side of the prcK 
£dced chord. By converse of Euc. in. 32. 

28. If a cirole be described upon the side AC as a diameter, the cir- 
cumference will pass through the points D, £. Then Euc. in. 21. 

29. Let A B, AC be the bounding radii, and D any point in the arc - 
BC, and DE» DF, peqiendiculars from D on AB, AC. The circle de- 
scribed on AD will always be of the same magnitude, and the angle EAF 
in it, is constant :~- whence the are EDF is constant, and therefore its 
chord £F. 

30. Construct the ^gure, and let the circle with center O, described 
on Ad as a diameter, intersect the given circle in P, Q, join OP, PE, and 
prove EP at right angles to OP. 

31. If the tangent be required to be perpendicular to a given line: 
draw the diameter parallel to this line, and the tangent drawn at the ex- 
tremity of this diameter will be perpendicular to the given line. 

32. The straight line which joins the center and passes through the 
intersection of two tangents to a circle, bisects the angle contained by - 
thje tangents. 
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88. Draw two radii cctt^ining an angle equal' to the supplement of 
4lie given angle ; the tang JM drawn at the extremitiea of these radii will 
contain the given angle. 

34. Since the circle is to touch two parallel lines drawn from two 
given points in a third line, the radius of the circle is determined by the 
distance between the two given points. 

35. It is sufficient to suggest that the angle between a chord and a 
tangent is equal to the angle in the alternate segment of the circle. Euc 
m. 32. 

36. Let AB be the given chord of the circle whose center is O. Draw 
I)E touching th^ circle at any point £ and equal to the given line ; join 
DO, and with center O and radius DO describe a circle : produce the 
ahord AB to meet the circumference of this circle in F : then F is the 
point required. 

37. Let D be the point required in the diameter BA produced, such 
that the tangent DP is half of DB. Join CP, C being the center. Then 
CPD is a right-angled triangle, having the sum of the base PC and hypo- 
tenuse CD double of the perpendicular PD. 

38. If BE intersect DF in K (fig. Euc. iii. 37). Join FB, FE, theii 
by means of the triangles, BE is shewn to be bisected in K at right angles. 

39. Xiet AB, CD be any two diameters of a circle, O the center, and 
let the tangents at their extremities form the quadrilateral figure EFGH. 
Join £0, OF, then £0 and OF may be proved to be in the same straight 
line, and similarly HO, OK. 

XoTE. — This Proposition is equally true if AB, CD be any two chords 
whatever. It then becomes equivalent to the following proposition : — 
The diagonals of the circumscribed and inscribed quadrilaterals, intersect 
in the same point, the points of contact of the former being the angles of 
the latter figure. 

40. Let C be the point without the circle from which the tangents 
CA, CB are drawn, and let DE be any diameter, also let AE, BD be 
joined, intersecting in P, then if CP be joined and produced to meet DE 
in G : CO is perpendicular to DE. Join DA, £B, and produce them to 
mdst in F. 

Then the angles DAE, EBD being angles in a semicircle, are right 
angles; or DB, EA are drawn perpendicular to the sides of the triangle 
DEF : whence the line drawn from F through P is perpendicular to the 
third side DE. 

41. Let the chord AB, of which V is its middle point, be produced 
both ways to C, D, so that AC is equal to BD. From C, D, draw the 
tangents to the circle forming the tangential quadrilatoral CKDR, the 
points of contact of the ?ides, being E, H, F, G. Let O be the center of 
.the circle. Join EH, GF, CO, GO, FO, DO. Then EH and GF may 
be proved each parallel to CD, they are therefore parallel to one another. 
Whence is proved that both EF and DG bisect AB. 

42. This is obvious from Euc. i. 29, and the note to iii. 22. p. 156, 

43. From any point A in the circumference, let any chord AB and 
tangent AC be drawn. Bisect the arc AB in D, and from D draw DE, 
DC perpendiculars on the chord AB and tangent AC. Join AD, the 
triangles ADE, ADC may be shewn to be equal. 

44. Let A, B, be the given points. Join AB, and upon it describe a 
segment of a circle which shall contain an angle equal to the given angle. 
If the circle cut the given line, there will be two points; if it only touch 
^he line, there will be one ; and if it neither cut nor touch Uie line, the 
problem is impossible. 
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45. It may be thewn that the point required is determined by a per- 
pendicular drawn from the center of the circle on the given Hne. 

46. Let two lines AP, BP be drawn from the given points A, B, 
making equal angles with the tangent to the circle at the point of contact 
P, take anv other point Q in the convex circumference, and join QA, 
QB : then by Prob. 4, p. 71, and Euc. i. 21. 

47. Let C be the center of the circle, and B the point of contact of 
DF with the circle. Join DC, CE, CF. 

48. liCt the tangents at £, F meet in a point B. Produce HE, R^ 
to meet the diameter AB produced in S, T. Then RST is a triangle, 
and the quadrilateral RFOE mavbe circumscribed by a circle, and RrO 
may be proved to be one of the diagonals. 

49. Let C be the middle point of the chord of contact : produce AC, 
BC to meet the circumference in B', A\ and join AA', BB'. 

60. Let A be the given point, and B the given point in the given line 
CD. At B draw BE at right angles to CD, join AB and bisect it in F, 
and from F draw F£ perpendicular to AB and meeting BE in £. E is 
tiie center of the required circle. 

6 1 . Let O be the center of the given circle. Draw O A perpendicular 
to the given straight line ; at O in O A make the angle AOP equal to the 

S'ven angle, produce PO to meet the circumference again in Q. llien P, 
are two points from which tangents may be drawn fulfilling the re- 
quired condition. 

62. Let C be tl^e center of the given circle, B the given point in the 
circumference, and A the other given point through which the required 
circle is. to be made to pass. Join CB, the center of the circle is a point 
in CB produced. The center itself may be found in three ways. 

63. Euc. III. 11 suggests the construction. 

64. Let AB, AC be the two given lines which meet at A, and let D 
be the given point. Bisect the angle B AC by AE, the center of the circle 
is in AE. ITirough D draw DF perpendicular to AE, and produce DF 
to G, making FG equal to FD. Then DG is a chord of the circle, and 
the circle which passes through D and touches AB, will also pass through 
G and touch AC. 

65. As the center is given, the line joining this point and center of 
the given circle, is perpendicular to that diameter, through the extremi' 
ties of which the required circle is to pass. 

66. Let AB be the given line and D the given point in it, through 
which the circle is required to pass, and AC the line which the circle is 
to touch. From D draw DE perpendicular to AB and meeting AC in C. 
Suppose O a point in AD to be the centre of the required circle. Draw 
OE perpendicular to AC, and join OC, then it may be shown that CO 
bisects the angle ACD. 

57. Let the given circle be described. Draw a line through the 
center and intersection of the two lines. Next draw a chord perpendi- 
cular to this line, cutting off a segment containing the given angle. The 
circle described passins through one extremity of the chord and touch- 
ing one of the straight lines, shall also pass through the other extremity 
of the chord and touch the other line. 

68. The line drawn through the point of intersection of the two 
cirdes parallel to theiine which joins their centers, may be shewn to be 
double of the line which joins their centers, and greater than any other 
straight line drawn through the same point and terminated by tKe cxr* 
cumfercnces. The greatest line therefore depends on the distance be* 
tween the centers ot the two circles. 
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69. Apply Euc. ni. 27» i. 6. 

60. Let two unequal circles cut one another, and let the line ABC 
drawn through B, one of the points of intersection, be the line required, 
such that AB is equal to BC. Join O, O' the centers of the circleb, and 
draw OP, OP' perpendiculars on ABC, then PB is equal to BP' ; through 
O' draw O D parallel tp PP ; then ODO' is a right-angled triangle, and 
a semicircle described on OO' as a diameter will pass through the point 
D. Hence the synthesis. If the line ABC be supposed to more round 
the point B and its extremities A, C to be in the extremities of the two 
circles, it is manifest that ABC admits of a maximum. 

61. Suppose the thing dune, then it will appear that the line joining 
the points ot intersection of the two circles is bisected at right angles by 
the Une joining the centers of the circles. Since the radii are known^ 
the centers of the two circles may be determined. 

62. Let the circles intersect in A, B ; and let CAD, EBF be any 
parallels passing through A, B and intercepted by the circles. Join 
C£, AB, DF. 'i'hen the figure CEPD may be proved to be a parallelo- 
gram. Whence CAD is equal to EBF. 

63. Complete the circle whose segment is ADB ; AHB being the 
other part. Then since the angle ACB is constant, being in a eiven 
segment, the sum of the arcs D£ and AHB is constant. But AHB la 
given, hence ED is also given and therefore constant. 

• 64. From A suppose ACD drawn, so that when BD, BC are joined, 
AD and DB shidl together be double of AC and CB together. Then 
the angles ACD, ADB are supplementary, and hence the angles BCD» 
BDC are equal, and the triangle BCD is isoscelest Also the angles 
BCD, BDC are given, hence the triangle BDC is given in species. 

Aeain AD +T)B = 2.AC + 2.BC, or CD = AC + BC. 

Whence, make the triangle bJe having its angled at d, e equal to that 
in the segment BDA ; and make cass ed — eb, and join ab. At A make 
the angle BAD equal to bad, and AD is the line re<^uired. 

66. The line drawn from the point of intersection of the two Unes 
to the center of the given circle ^ay be shewn to be constant, and the 
cetiter of the p;iven circle is a lilted point. 

66. This IS at once obvious from Euc. ni. .86. . 

67. This follows directly from Euc. in. 8&. 

68. Each of the lines C£, DF may be proved paralfel to the ooamioii 
chord AB. 

69. By constructing the figure and Joining AC and AD, by Eiie. 
in. 27, It may be proved that the line BC falls on BD. 

70. By constructing the figure and applying Euo i. 8, 4, the truth 
!• manifest. 

7 1 . The bisecting line ia a common chord to the two cirdea ; join the 
other -extremities of the chord and the diameter in eadi circle, and the 
angles in the two segments may be proved to be eqtial. 

72. Apply Euc. m. 27 ; i. 32, 6. 

78. Draw a common tangent at C the point of contact of the eircles^ 
•Bd prove AC and CB to be m the same straight line. 

f 4. Let A, B, be the centers, and C the point of contact of the two 
eirolea t D, £ the points of contact of the circles with the common tangens 
BE, and CF a tangent common to the two circles at 0, meeting DF in E. 
Join DC, CE. I'hen DP, FC, FE may be shewn to be equfd, and FQ 
to be at right angles to AB. 

76. The line must be drawn to the extremities of the diameten which 
ate on opposite sides of the &ie joinim; the centers. 
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76. The •um of the dittances of the center of the third circle frcna 
the centers of the two given circlee, in equal to the som of the radii of 
the giyen circles, which is constant. 

77. Let the circles touch at C either externally at intemidly, and 
their diameters AC, fiC through the point of contact will either ccincide 
or be in the. same straight line. CDB any line through C will cut off- 
timilar segments from the two circles. For joining AD, BJB, the angles 
in the segments DAC, £BC are proved to be equaL 

The remaining segments are also similar, since they contain angles 
which are supplementary to the angles DAC, £B0. 

78. Let the line which joins the centers of the two circles be pro«^ 
duced to meet the circumferences, and let the extremities of thislnne 
and any other line from the point of contaict be joined. Ttom thi center 
of the larger circle draw perpendiculars on the aides of the right-angled 
triangle inscribed within it. 

79. Li general, the locus of a point in the efireumference of a circle 
frhioh rolls within the circumference of another, is a curve eaQed the 
Bypoeyeloid; but to this there is one exception, in which the radius of 
one of the circles is doulde that of the oth^: in this case^ the.loeUB is; 
••straight line, as may be easily shewn from the figure. 

80. Let A, B be the centers of the circles. Draw AB- catting the 
eircnmferences in C, D. On AB take C£, DF each equal to the radius 
of, the required circle : the two circles described with centers A, B, and 
radii A£, £F, respectively, will cut one fOiother, and the point of inter* 
sectionrwill bethe center of die xequired circle'. . . 

81. Apply Buo. III. 31. 
82.. ApplvSuo. Tii.. 21. 

83» m when the tangent is oir the same side fd the two drdet; 
Join C, Cr their centers, and on CO describe a semicirde. With centec 
C and radius equal to the tUffermw of the radii of the two circles; deseiiba' 
another circle cutting the semicircle in D : join DC and produce it tor 
meet the circumference of the given circle in B. Hurough G draw CA.^ 
parallel to DB and join BA ; this line touches the two circles. 

(2) "When the tangent iron the alternate aides. Having joined C, 
C ; on CC describe a semicircle ; with center C^ and radius equal to the 
MMi of the radii of the two circles describe another circle cutting the 
semicircle in D, join CD- cutting the circumlerence in A« through 'C 
draw CBparailel to CA and join AB< 

84. The possibility Lb obvious. The point of bisection of ihe segment 
intercepted between the convex circumferences will be the center of one 
of the circles : and the center of a second circle will be found to be the 
point of intersection of two circles described from the centers of the 
jgyen circles with their radii increased by the radius of the second cirele. 
The line passing through the centers of these two circles will be theloous 
of the centers of all the circles which touch' the two gi\en drcles. 

85. At any points P, R in the circumferences of the circles, whose 
centers are A, B, draw FQ« RS, tangents equiil to the eiven lines> Mid 
ioin AQ, BS. These being made the sides of a trisngle of irhich AB 
is the base, the vertex of the triangle is the foinX required. 

86. In each circle draw a chord of the given length, desdHbe cfrblei 
concentric with the piven circles touching' these diords, and then draw 
e straight line touching these circles. 

87. Within one of the circles draw a chord cutting 6ff a segment 
equal to 'the given segment, and describe a concentric circle touching 
the chord : then draw a straight line touching this latter circle and the 
other given circle. 
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88. The tangent may intersect the line joining the centers, or the line 
produced. ProTe that. the angle in the segment of one circle is equal ta 
the angle in the corresponding segment of the other circle. 

89. Join the centers A, B ; at G the point of contact draw a tangent^ 
and at A draw AF cutting the tangent in F, and making with CF an 
angle e^ual to one-fourth of the given angle. From F draw tangenta 
to the circles. 

90. Let C be the center of the given circle, and D the given point in 
the given line AB. At D draw an^ line DE at right angles to AB, then 
the center of the circle reouired is in the line A£. TnrdUgh C draw a 
diameter FG parallel to DE, the circle described passing through the 
points £, F, O will be the circle required. 

91. Apply Eue. iii. 18. 

92. Let A, B, be the two given points, and G the center of the giveH 
drcle. Join AC, and at G draw the diameter DG£ perpendicular to AG, 
and through the points A, D, £ desqibe a circle, and produce AG to 
meet the circumference in F. Bisect AF in O, and AB in H, and draw 
OK, HK, perpendiculars to AF, AB respectively and intersecting in E. 
Then K is the center of the circle which passes through the points A« B^ 
and bisects the circumference of the circle whose center is G. 

98. Let D be the dveo point ftnd £F the given straight line. (fig. 
Euc. in. 82.) Draw DB to make the an^le DBF equal to that contain^ 
in the alternate segment. Draw BA at right angles to £F, and DA at 
right angles to DB and meeting BA in A« Then AB is the diameter of 
the circle. 

94. Let A, B be the given points, and GD the given line. Vnm £ 
the middle of the line AB, draw EM perpendicular to AB, meeting GD 
in M, and draw MA. In EM take any point F ; draw FH to make the 
given angle with CD; and draw FG equal to FH, and meeting MA 
produced in O. Through A draw AP parallel to FG, and GPK parallel 
to FH. Then P is the center, and C the third defining point of the 
circle required: and AP may be proved equal to CP by means of the 
triangles GMP, AMP ; and HMF,. CMP, Euc. vi. 2. Also CPK the 
diameter makes with CD the angle ECD equal to FHD, that is, to tho 
given angle. 

95. lit A, B be the two given points, join AB and bisect AB in C, 
and draw CD perpendicular to AB, tnen the center of the required circle 
will be in CD. From the center of the given circle draw CFG parallel 
to CD, and meeting the circle in F and AB produced in G. At F draw 
a chord FF* equal to the given chord. Then the circle which, passes 
through the points at B and F, passes also through F. 

96. Let the straight line joining the centers of the* two circles be 
produced both ways to meet the circumference of the exterior circle. 

' 97. Let A be the common center of two circles, and BCDE the chord 
fitich that BE is double of CD. From A, B draw AF, BG perpendicular 
to BE. Join AC, and produce it to meet BQ in G. Then AC may be 
shewn to be equal to CG, and the angle CBG being a right angle, is tbe 
an^le in the semicircle described on CG as its diameter. 

* 98. The lines joining tlie common center and the extremities of the 
chords of the circles, nwy be shewn to contain unequal angles, and the 
atigles at the centers of the circles are double the angles at the circum- 
feVences, it follows that the s^ments containing these unequal angles 
ore not similar. 

99. Let AB, AC be the straigbt lines drawn from A« a point in 
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the outer circle to touch, the inner circle in the points B, E, and meet 
the outer circle again at B, C. Join BC, BE. Prove BC double of BE. 
Let O be the center, and draw the common diameter AOG inter- 
secting BC in F, and join £E. Then the figure BBFE may be proTed 
to be a parallelogram. 

100. This a^ipears &om Euc. iii. 14. 

101. The given point may be either within or without the circle. 
Pmw a chord in the circle eoual to the given chord, and describe a 
concentric circle touching the chord, and though the given point draw 
a line touching this latter circle. 

102. The diameter of the inner circle must not be less than one- third 
of the diameter of the exterior circle. 

103. Suppose AB, BB to be the tangents JLo the circle AEB contain-: 
ing the given angle. Braw BC to Sie center C and join CA, CB. 
llien the triangles ACB, BCB are always equal : BC bisects the given 
angle at B and the angle ACB. The angles CAB, CBB, being right 
angles, are constant, and the angles ABC, BBC are constant, as also the 
angles ACB, BCB ; also AC, CB the radii of the given circle. Hence 
the locus of B is a circle whose center is C and radius CB. . v 

104. Let C be the center of the inner circle ; draw any radius CB, 
iAB draw a tangent CE equal to CB, join CE, and with center C and 
xadius CE describe a circle and produce EB to meet the circle again in F.' 

105. Take C the center of the given circle, and draw any radius CB, 
at B draw BE perpendicular to BC and equal to the length of the re- 
guired tangent ; with center C and radius UE describe a circle. 

106. This is manifest from Euc. iii. 36. 

107. Let AB, AC be the sides of a triangle ABC. From A draw 
the perpendicular AB on the opposite side, or opposite side produced. 
The semicircles described on AB, BC both pass through B. Euc. iii. 31. 

108. Let A be the right angle of the triangle ABC, the first proper^ 
Ibllowa from the preceding Theorem 107. Let BE, BF be drawn to £, 
F the centers of the circles on AB, AC and join £F. Then EB may 
be proved to be perpendicular to the radius BF of the circle on AC at 
the point B. 

109. Let ABC be a triangle, and let the arcs be described on the 
ftides externally containing angles, whose sum is equal to two right angles. 
It ia obvious that the sum of the angles in the remaining segments ia 
equal to four ri^ht angles. These arcs may be shewn to mtersect each, 
otner in one point B. Let a, 6, c be the centers of the circles on BC, 
AC, AB. Join ah, be, ca ; Ab, bC, Ca ; aB, Be, cA ; &B, cB, aB. Then. 
the angle cba may be proved equal to one-half of the angle AbO, 
Similarly, the other two angles of abc, 

110. It may be remarked, that generally, the mode of proof by which, 
in pure geometry, three lines must, under specified conditions, pass 
through the tame point, is that by reductio ad absurdum. This vim for 
the most part require the conyerse theorem to be first preyed or taken 
for granted. 

I'he conyerse theorem in this instance is, *'If two perpendiculars 
dravm from two angles of a triangle upon the opposite sides, intersect 
in a point, the line dravm from the third angle through this point 
iriU be perpendicular to the third side." __ 

The proof will be formally thus : Let EHD be the triangle, AC, 
BB two perpendiculars intersecting in F. If the third perpendicular 
EG do not pass through F, let it tfuke some other position as EH ; and 
through F draw EFG to meet AB in G. Then it has been proyed that 
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EG Ifl perpendicular to AD : whence the two angles EHQ, EGH of tha 
triangle £GH are equal tr two right an^es : — which is absurd. 

111. The dircle described on AB as a diamettf will past Unoagli 
Band D. Then £uc. ui. 36. 

112. Since all the triangles are on the same base and ha^e eqnid 
Tertical angles, these angles are in the same segment of a given circl& 

The lines bisecting the vertical angles mav be shewn to pass through 
the extremity of that diameter which bisects the base. 

113. Let AC be the common base of the triangles, ABC the isosoelea 
triangle, and ADC any other triangle on the same base AC and be» 
tween the same paraUclH AC, BD. Describe a circle about ABC, and 
let it cut AD in E and loin EC. Then, Euc i. 17, m. 21. 

114. Let AUC be the ^ven isosceles triangle having the iFertieal 
angle at 0, and let FG be any given line. Required to find a point P 
in FG such that the distance PA shall be doable of PC. Divide AC 
in D SQ that AD is double of DC, produce AC to B and make A£ donbla 
Qf AC. On DB describe a circle cutting FG in P, then PA ia dxMbU 
Qf PC. This is found by shewing that AP* = 4 . PC. 

115. On any two sides of the triansrle, describe segments of circle* 
e^teh containing an angle equal to two -thirds o**' a right angle, the point 
9f intersection of the arcs within the triangle will be the point required, 
such that three lines drawn from it to the angles of the triangle shall 
contain equaj angles* Buc. iii. 22. 

110. JMet A be the base of the tower* AB lt» altitude^ BG the height 
of the fla^;atafl^ AD 4 horizontal line drawn from A, If a circle be <&»• 
cribed passing through the points B, C, and touching the Una ADin 
the point JS : -^ will he the point required. Give the analgia. 

1 17. If the ladder be supposed to be raised in a vertical plane, the 
locus of t^e middle point may be shewn to be a quadrantal arc of ndiklt 
the radius ia half the length of the ladder. 

118. The line drawn perpendicular to the diameter from the other 
extremity of the tangent is parallel to the tangent drawn at the eztrimitf 
ef the diameter. 

119. Apply Euc. in. 21. 

1^0. Let A, B, C, be the centers of the three ajual circles, and let 
them intersect one another in the point D : and let the circles whose 
centers are Ai B intersect each other again in E ; the circles whose een* 
ters are B, C in F ; and the circles whose centers are C, A in G. Then 
FG is perpendicular to DE j DO tcj FC ; and DF to GE. Since the 
circles are equal, and all pass through the same point D, the centers A, 
B, C are in a circle about D who^e radius is the same as the radius of 
the given circles. Join AB, BC, CA ; then these will be perpendicular 
te &e chords DE, DF, DG. Again, the figures DAGC, DBFC, are 
emnlateral, and hence FG is parallel to AB ; that is, perpendicular to 
iWS. Similarly for the other two cases. , 

1^1. Let E be the center of the circle which touches (he two equal 
circles whose centers are A, B. Join AE, BE which pass through the 
points of contact F, G. Whence AE is equal to EB. Also CD the 
common chord bisects AB at right angles, and therefore the perpen- 
dicular from E on AB coincides with CD, 

122. Let three circles touch each other at the point A, and from A 
let a line ABCD be drawn cutting the circumferences in B, C, D. Lat 
0, O', O" be the centers of the circles, join BO, 00', DO", theae lines 
are parallel to one another. Euc. i. 6. 28. 

1^3. prpceed as in Theorem 1 10» supra. 



^ 
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124. Hie three tangents will belbnnd to be perpendicular to the 
Aides of the triangle formed by joining the centers of the three circles. 

126. With center A and any radius leas than the radius of either oi 
the equal circles, describe the third circle intersecting them in G and D* 
Join BC, CD, and prove BC and CD to be in the same straight line. 

126. Let ABC be the triangle required ; BC the given base, BD the 
giTen difference of the sides, and BAC the given vertical angle. Join 
CD and draw AM perpendicular to CD. Then MAD is half the vertical 
angle and AMD a right angle : the angle BDC is therefore given, and 
henee D is a point in the arc of a given segment on BC. Also since BD 
is given, the point D is given, and therefore the aides BA, AC are given. 
Henee the synthesis. 

127. liCt ABC be the required triangle, AD the line bisecting the 
vertical angle and dividing the base .fiC into the segments BD, DO. 
About the triangle ABC describe a circle and produce AD to meet the 
circumfierence in £, then the arcs BE, £C are equal. 

128. Analysis. Let ABC be the triangle, and let the oirde ABO be 
described nbout it : draw AF to bisect the vcstical angle BAC and mee( 
the circle in F, make AV equal to AC, and draw CV to meet the cirel^ 
in T.; join TB and TF, cutting AB in I> ; draw the diameter FS cutting 
BC in K, DR cuttuig AF in £ ; join AS» and draw AK, AH perpen- 
dicular to FSand BC. Then shew that AD is hall the sum» and DB 
half the difference of the sides AB. AC. Ne](t» thait thi^ point F in which 
AF meets the circumscribing circle is giveUt also the point £ whero DB 
meets AF is given. 1 he pomts A» K, H, £ are in « circle, lluc. m. 22« 

Hence, EF^FRs AF.F£. a ffiven rectangle; end the segment. K3> 
which is equal to the perpendicular AHt being given, BF itself is given. 
Whence the construction* 

129. On AB the given base describe a circle such that the segment 
A£B shall contain an angle equal to the ffiven vertical angle of the tri- 
angle. Draw the diameter £MD cutting AB in M at risht angles. At 
P m ED, make the angle EDC equal to half the given difference of the 
angles at the base, and let DC meet the circumference of the circle in C 
Jom CA, CB ; ABC is the triangle required. For, make CF equal to 
CB, and join FB cutting CD in G. 

130. Let ABC be the triangle, AD the perpendicular on BC. With 
center A, and AC the less side as radius, describe a circle cutting the 
base BC in E, and the longer side AB in O, and BA produced in F, and 
join AE, EG, FC. Then the angle OFC being half the given angle, 
BAC is given, and the angle BEG equal to GFC is also given. Lulc- 
wise BE the difference .of the segments of the base, and BG the difference 
of the sides, are given by the problem. Wherefore the triangle BEG is . 
given (with two solutions). Again, the angle EGB being given* the 
angle AGE, and hence its equal AEG is given ; and hence the vertex A 
is given, and likewise the line A£ equal to AC the shortest side is given. 
Hence the construction. 

131. Let ABC be the triangle, D, E the bisections of the sides AC, 
AB. Join CE. BD intersecting in F. Bisect BD in G and join EG. Then 
EF, one-third of EC is given, and BG one-half of BD is also given. 
Kow EG is parallel to AC ; and the angle BAC being given, its equal 
opposite angle BEG is also given. Whence the segment of the cirehs> 
containing the angle BEG is also given. Hence F is a given pointf and 
Ffi a given Une, whence E is in the circumference of the given circle ^ 
about F whose radius is FE. V/heretore £ being in two given circles, it . 
is itself their given intersection. 
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182. Of ftll triangles on the same base and having eqaal veriiosi 
angles, that triangle will be the greatest whose perpendicular from the 
rertex on the base is a maximum, and the greatest perpendicular is th%t 
which bisects the base. Whence the triangle is isosceles. 

133. Let AB be the given base and ABC the sum of the other two 
sides ; at B draw BD at right angles to AB and equal to the given alti- 
tude, produce BD to E making DE equal to BD. With center A and 
with radius AG describe the circle CFG, draw FO at right angles to BE 
and find in it the center of the circle which passes through B and E 
and touches the > former circle in the point F. The centers A, O being 
joined and the line produced, will pass through F. Join OB. Then 
AOB is the triangle required. 

13i>. Since the area and bases of the triangle are given, the altitude 
is given. Hence tlie problem is — ^g^ven the base, the vertic^ angle and 
the altitude, describe the triangle. 

135. Apply Euo. iii. 27. 

136. The fixed point may be proved to be the center of the circle. 

137. Let the line which bisects any angle BAD of the quadrilateral, 
meet the circumference in E, join £0, and prove that the angle made by 
producing DC is bisected by EC. 

188. Draw the diagonals of the quadrilateral, and by Euo. in. 21, i. 29. 

139. From the center draw lines to the angles : then Euo. iii. 27. 

140. The centers of the four circles are determined by the intersec- 
tion of the lines i^hich bisect the four angles of the given quadrilateral. 
Join these four points, and the opposite angles of the quadrilateral so 
iformed are respectively equal to two right angles. 

141 . Let ABCD be the required trapezium inscribed in the given circle 
yj(fig. Euo. III. 22.) of which AB is given, also the sum of the remaining 
three sides and the angle ADC. Since the anglo ADC is given, the 
opposite angle ABC is known, and therefore the point C and the side 
3C. Produce AD and make DE equal to DC and join EC. Since the 
' sum of AD, DC, CB is given, and DC is known, therefore the sum of 

AD, DC is given, and likewise AC, and the angle ADC. Also the angle 
< DEC being half of t^he angle ADC is given. Whence the segment of the 
circle which contains AEC is given, also AE is given, and hence the 
point E, and consequently the point D. Whence the construction. 
' 142. Let ADBC be the inscribed quadrilateral ; let AC, BD pro- 
duced meet in 0, and AB, CD produced meet in P, also let the tangents 
from 0, P meet the circles in K, H respectively. Join OP, and about 
the triangle PAC describe a circle cutting PO in G and join AG. Then 
' A, B, G, O may be shewn to be points in the circumference of a circle. 
'Whence the sum of the squares on OH and PK may be found by Eua 
m. 86, and shewn to be equal to the square on OP. 
,• 143. This will be manifest from the equality of the two tangent* 
^drawn to a circle from the same point» 
144. Apply Euc. in. 22. 

; 145. A circle can be described about the figure AECBF. 
1 146. Apply Euo. iii. 22, 82. 
]l4>7. Apply Euo. ui. 21, 22, 82. 

148. Apply Euc. in. 20, and the angle BAD will be found to be 
double of ihe angles CBD and CDB together. 

i, 149. Let ABCD be the given quadrilateral figure, and let the angles 
jtbk A, B, C, D be bisected W four lines, so that the lines which bisect the 
I augles A and B, B and 0, G and D, D and A, meet in the points a, (, e, d| 
^respectively. Prove that the angles at a and ^ or at b and d, are to* 
> gether equal to two right angtos. 
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150. Apply Euc. ni. 22. 

161 . Join the center of the circle with the other extremity of the line 
perpendicular to the diameter. 

152. Let AB be a chord parallel to the diameter PG of the circle, 
fig. Theo. 1, p. 160, and U any point in the diameter. Let HA and HB 
be joined. Bisect FG in O, draw OL perpendicular to FG cutting AB 
in K, and join HK, UL, OA. Then the square on HA and HF may be 
proYed equal to the squares oa FH, HG by Theo. 3, p. 114 ; Euc. i. 47; 
£uc. II. 9. 

153. Let A be the given point (fig. Euo. iii. 36, Ck>r.) and suppose 
AFC meeting the circle in F, C, to be bisected in F, and let AD be a 
tangent drawn from A. Then 2. AF* = AF. AC « ADS but AD is 
given, hence also AF is ^iven. To construct.^ Draw the tangent AD. 
On AD describe a semicircle AGD, bisect it in G ; with center A and 
radius AG, describe a circle cutting the given circle in F. Join AF and 
produce it to meet the circumference again in C. 

154. Let the chords AB, CD intersect each other in £ at right 
angles. Find F the center, and draw the diameters U£FG, AFK and 
join AC, CK, BD. Then by Euc. ii. 4. 6 ; in. 35. 

155. Let £, F be the points in the diameter AB equidistant from the 
center O ; CED any chord; draw OG perpendicular to CED, and join 
FG, OC. The sum of the squares on DF and FC may be shewn to be 
equal to twice the square on FB and the rectangle contained by AE, EB 
by Euc. I. 47 ;iu 6; in. 35. 

156. . Let the chords AB, AC be drawn from the point A, and let a 
chord FG parallel to the tangent at A be drawn intersecting the chords 

AB, AC in D and E, and join BC. Then the opposite angles oi the 
quadrilateral BDEC are equal to two right angles, and a circle would 
circumscribe the figure. Hence by Euc. i. 36. 

167. Let the lines be drawn as directed in the enunciation. Draw 
the diameter A£ and join CE, DB, BE; then AC*+AD« and 2. AB^ 
may be each shewn to be equal to the square on the diameter. 

158. Let QOP cut the diameter AB in O. From C the center draw 
CH perpendicular to QP. Then CH is equal to OH, and by Euc. ii. 9, 
the squares on P0| OQ are readily shewn to be equal to twice the square 
onCP. 

169. From P draw PQ perpendicular on AB meeting it in Q. Join 

AC, CD, DB. Then circles would circumscribe the quadrilaterals ACPQ 
and BDPQ, and then by Euc. iit. 36. 

160. Describe the figure according to the enunciation ; draw AE the 
diameter of the circle, and let P be the intersection of the diagonals of the 
parallelogram. Draw EB, EP, EC. EF, EG^, EU. Since AE is a 
diameter of the circle, the angles at F, G, H, are right angles, and EF, 
EG, EH are perpendiculars from the vertex upon the bases of the tri-* 
angles EAB, EAC, EAP. Whence by Euc. ii. 13, and theorem 3, page 
114, the truth of the property mav be shewn. 

161 . If FA be the given line (fig. Eiic. ii. 11), and if FA be produced 
to C ; AC is the part produced which satisfies the required conditions. 

162. Let AD meet the circle in G, H, and join BG, GC. Then BGC 
is a right-angled triangle and GD is perpendicular to the hypotenuse, 
and the rectangles may be each shewn to be equal to the square on BG. 
Euc. III. 35 ; II. 5 ; i. 47. Or, if EC be joined, the quadnlateral 
figure ADCE may be circumscribed by a circle. Euc. in. 31, 22, 36, Cor* 

163. On PC describe a semicircle cutting the given one in £, and 
draw EF perpendicular to AD ; then F is the point required. 
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164. Let AB be the given straight line. Bisect AB in C and on AB 
«s a diameter describe a circle ; and at any point D in the circumference, 
draw a tangent DE equal to a side of the given square ; join DC, EC, 
and with center C and radius CB describe a circle cutting AB produced 
in F. From F draw FQ to touch the circle whose center is G ia 
Che point G. 

165. Let AD, DP be two lines at right angles to each other, O the 
centre of the circle BFQ ; A any point in AD from which tangents AB« 
AC «u-e drawn; then the chord BC shall always eut FD in the same 
point P, wherever the point A is taken in AD. Join AP ; then BAC is 
«n isosceles triiingle, 

widFD.DB + AD« =. AB« «BP.PC + AP« «BP .PC + AD» + DP», 

wherefore BP . PC = FD . DE - DP'. 
The point P, therefore, is independent of the position of the point A ; and 
U consequently the same for aU positions of A in the line AD. 

d66. The point E will be found to be that point in BC, from whi6K 
two tangents to the circles described on AB and CD as diameteiSy are 
equal, Euc. in. 86. 

167. If AQ, A'F be produced to meet, these lines with AA' foim a 
cight*angled triangle, then Euc. x^ 47* 
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HINTS, &0. 

il. Lm ABbe tiie ^ven line. Draw through C the center of ttie 
l^ven cirde the diameter DOE. Bisect AB in F and join FC. Through 
A, B draw AG, BH parallel to FC and meeting the diameter in G, H : 
at G, H draw G&, HL perpendicular to DE and meeting the circumfer- 
enee in the points K, L ; join KL; then KL is equa^ and parallel to AB« 

2. Trisect the circum&reaoe and join the center with the points of 
trisection. 

8. See Bue. it. 4, 5. 

4. Let a line be drawn from the third angle to the point of interseo- 
tion of the two lines ; and the three distances of this point from the anglee 
may be shewn to be equied. 

5. Let the line AD drawn from the Tertex A of the equilateral tri« 
angle, cut the base BC, and meet the circumference of the circle in D. 
Let DB, DC be joined : AD is equal to DB and DC. If on DA, DE be 
taken equal to DB, and BE be joined ; BDE may be proved to be aa 
equilateral triangle, also the triangle ABE may be proved eeuid to the 
tnangleCBD. 

• The other case is when the line does not eut the base. 

6. Let a circle be described upon the base of the equilateral triangle, 
and let an equilateral triangle be inscribed in the circle. Draw a diameter 
from one of the vertices of the inscribed triangle, and join the other ex- 
tremity of the diameter with one of the other extremities of the sides of 
the inscribed triangle. The side of the inscribed triangle may then be 
proved to be equal to the perpendicular in the other triangle. 

7. The line joining the points of bisection, is parallel to the base of 
.the triangle and therefore cuts off an equilateral triangle from tlie given 
triangle. By Euc. iii. 21 ; i. 6, the truth of the theorem may be shewn. 

B« Let a diameter be drawn frdm any angle of an equilateral tri« 
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«Qgle iateribed in a «irdle to meet the ciroumfbrencne. It may be piOTeA 
tliat the radius in bisected by the opposite side of t)^ triangle. 

9. Let ABC be an eqoilateral triangle inscribed in a cirele* and 1^ 
AB'C be an isosceles triangle inscribed in the same circle, haying the 
same vertex A. Draw the diameter AD intersecting BO in E, and-B'C 
in K, and let BXT foil below BC. Then AB, BE, and AB\ WE', a«e 
respeetiyelr the semi-perimeters of the triangles. Draw B'¥ perpendi- 
cular to BC, and cut off AH equal to AB, and ioin BH. If BF can be 
proTed to be greater than B'H, the perimeter of ABC is greater than the 
perimeter of ABO. Next let BC fall above BC. 

10. The angles contained in the two segments of the oirole, may be 
shewn to be equal, then by joining the extremities of the «rc8» the tim 
remaining sides may be shewn to be parallel. 

11. It may be shewn that four equal and equilateral triangles iHtt 
form an equilateral triangle of the same perimeter as the kezegon, whiDk 
IB formed by six equal and equilateral triangles. 

12. Let the figure be construeted. By drawing the diagonals of the 
hexagon, the proof is obvious. 

13. By Bug. i. 47« the perpendietdar distance ttom. the oenter of the 
circle upon the side of the mscribed hexagon may be found. 

14. The alternate sides of the hexagon will fall upon the sides of the 
4riangle, and each side will be found to be equal to one-third of the side 
of the equilateral trianelc. 

15. A regular duodeeason may be inscribed in a circle by means' ef 
the equilateral triangle and square, or by means of the hexagon. The 
area of the duodeoagon is three times the square on the radhieof theoitcle^ 
which is the SQ]'|me on the side of an equilateral triangle inscribed ini the 
eame circle. Theorem 1, p. 196. 

16* In general, three straight lines when produced will meet an^l 
ibxm a triangle, except when all three are parallel or two parsdlel ate 
intersected by the third. This Problem includes Buo. ly. 6, and all the 
cases which arise from producing the sides of the triangle. The circlea 
described touching a side of a triangle and the other two sides prodace^r 
lure called the escribed circles. 

17. This is manifest from Euc. nr. 21. 

18. The point required is the center of the circle which ctreumscrtbiBi 
die triangle. See the notes on Euc. in. 20, p. 155. 

19. u the perpendiculars meet the three sides of the triangle, the 
point ia within tiie triangle, Euc. ly. 4. If the perpendiculars meet th^ 
base and the two aides produced, the point is the center of the eecriM 
circle. 

20. This is manifest from Euc. m. 11, 18. 

21. The base BC is intersected by the perpendicular AD, and the 
side AC is intersected by the perpendicular BE. From Theorem i. p. 
160 ; the arc AF is proved equal to AE, or the arc FE is bisected in A. 
In the same manner the arcs FD, DE, may be shewn to be bisected in BC; 

22. Let ABC be a triangle, and let D, E be the points where the in* 
scribed circle touches the sides AB, AC. Draw BE, CD intersecting 
each other in O. Join AO, and produce it to meet BC in F. Then F is 
the point where the inscribed circle touches the third side BC. If F be 
not the point of contact, let some other point G be the point of contact. 
Through D draw DH parallel to AC, and DK parallel to BC. By the 
similar triangles, CQ may be proved equal to CF, or Q- the point of con« 
tact coincides with F, the point where the line drawn from A through O 
neeU BC. 
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33. In the figpire, Euc. it. 5. Let AF bisect the ano;le at A, and be 
produced to meet the circumference in G. Join QB, GC and find the 
center II of the circle inscribed in the triangle ABC. The lines GH, GB, 
QC are equal to one another. 

24i. Let ABC be any triangle inscribed in a circle, and let the per« 
pendiculars AD, BE, CF intersect in G. Produce AD to meet the cir^ 
cumference in H, and join BH, CH. Then the triangle BIIC may be- 
shewn to be equal in all respects to the triangle BGC, and the circle 
which circumscribes one of the triangles will also circumscribe the other. 
Similarly may be shewn by producing BE and CF, &c. 

25. First. Prove that the perpendiculars Aa, B6, Cc pass through 
•the same point O, as Theo. 112, p. 171. Secondly. That the triangles 
Ac6, Bca, Cab are equiangular to ABC. Euc, iii. 21. Thirdly. That the 
Angles of the triangle abe are bisected by the perpendiculars ; and lastly, 
^y means of Prob. 4, p. 71, that ab -{- be + ca ^ a. minimum. 

26. The equilateral triangle can be proved to be the least triangle 
which can be circumscribed about a circle. 

27. Through C draw CH parallel to AB and join AH. Then HAG 
the difference of the angles at the base is equal to the angle HFC. Euc. 
III. 21, and HFC is bisected by FG. 

2S. Let F, G, (figure, Euc.iv. 5,) be the centers of the circumscribed 
imd inscribed circles ; join GF, GA, then the angle GAF which is equal to 
the difference of the angles GAD, FAD, may be shewn to be equal te 
inBiif the difference of the angles ABC and ACB. 

29. This Theorem may be stated more generally, as follows : 

. Let AB be the base of a triangle, AEB the locus of the vertex ; D the 
bisection of the remaining arc ADB of the circumscribing circle ; then the 
locus of the center of the inscribed circle is another circle whose center is 
D and radius DB. For join CD : then P the center of the inscribed 
circle is in CD. Join AP, PB ; then these lines bisect the angles CAB, 
CBA, and DB, DP, DA may be proved to be equal to one another. 

30. Let ABC be a triangle, having C a right angle, and upon AC, BC, 
let semicircles be described : bisect the hypotenuse in D, and let fall D£, 
1)F perpendiculars on AC, BC respectively, and produce them to meet 
the circumferences of the semicircles in P, Q ; then DP may be proved 
to be equal to DQ. 

31. Let the angle BAC be a right angle, fig. Euc. it. 4. Join AD; 
Then Euc. iii. 17, note p. 165. 

. 32. Suppose the triangle constructed, then it may be shewn that the 
difference between the hypotenuse and the sum of the two sides is equal 
to the diameter of the inscribed circle. 

33. Let P, Q be the middle points of the arcs AB, AC, and let PQ 
be joined, cutting AB, AC in DE ; then AD is equal to AE. Find the 
•enter O and join OP, QO. 

34. With the given radius of the circumscribed circle, describe a 
circle. Draw BC cutting off the segment BAC containing an angle 
equal to the given vertical angle. Bisect BC in D, and draw the diame- 
ter EDF : join FB, and with center F and radius FB describe a circle t 
this will be the locus of the centers of the inscribed circle (see Theorem 
33, supra.) On DE take DG equal to the given radius of the inscribed 
circle, and through G draw GH parallel to BC, and meeting the locus ot 
the centers in II. H is the center of the inscribed circle. 

85. Tliis may readily be effected in almost a similar way to the pre- 
ceding Problem. 

86. With the given radius describe a circle, then by Euc. iir. 34. 
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37. Let ABC be a triangle on the given base BC ana naring its verr 
deal angle A equal to the given angle. Then since the angle at A is 
constant, A is a point in the arc of a segment of a circle described on BC. 
Let D be the center of the circle inscribed in the triangle ABC. Join 
DA, DB, DC: then the angles at B, C, A, are bisected. £uc. it. 4. 
Also since the angles of each of the triangles ABC, DBC are equal to tw» 
right angles, it follows that the angle BDC is equal to the angle A an4 
half the sum of the angles B and C. But the sum of the angles B and C 
can be found, because A U given. Hence the angle BDC is known, and 
therefore D is the locus of the vertf'z of a triangle described on the base. 
BC and having its vertical angle at D double of the angle at A. 

38* Suppose the parallelogram to be rectangular and inscribed in tke 
given triangle and to be equu in area to half the triangle : it may be 
shewn that the parallelogram is equal to half the altitude of the triangle^ 
and that there is a restriction to the magnitude of the angle which tW9 
adjacent sides of the parallelogram make with one another. 

39. Let ABC be the given triangle, and A'B'C the other triangle, to 
the sides of which the inscribed triangle is required to be partdldL. 
Through any point a in AB draw ab parallel to A'B' one side of the givem 
triangle and tnrough a, b draw ae, be respectively parallel to AC, BC. 
Join Ac and produce it to meet BC in D ; through D draw D£, DP^ 
parallcd to m, cbp respectively, and join £F. Then I)£F is the triangle 
required. 

40. This point will be found to be the intersection of the diagonak 
of the given parallelogram. 

41. The difference of the two squares is obviously the sum of the fow 
triangles at the comers of the exterior square. 

42. (1) Let ABCD be the given square: join AC, at A in AC, 
make the angles CAB, CAF, each equal to one-tlurd of aright angle, and 
join £F. 

(2) Bisect AB any side in P, and draw PQ parallel to AB or BC. 
then at P make the angles as in the former case. 

43. Bach of the interior angles of a regular octagon may be shewn to 
be equal to three-fourths of two right angles, and the exterior angles 
made by producing the sides, are each equ^ to one fourth of two right 
angles, or one -half of a right angle. 

44. Let the diagonals of the rhombus be drawn ; the center of the 
inscribed circle may be shewn to be the point of their intersection. 

46. Let ABCD be the required square. Join O, O' the centers of the 
circles and draw the diagonal ABC cutting 00' in £. Then £ is the 
middle point of 00' and the angle AEO is half a right angle. 

46. Let the squares be inscribed in, and circumscribed about a circle, 
and let the diameters be drawn, the relation of the two squares is manifest. 

47. Let one of the diagonals of the square be drawn, then the isos- 
celes right-angled triangle which is half the square, may be proved to be 
greater than any other right-angled triangle upon the same hypotenuse. 

48. Take half of the side of the square inscribed in the given circle^ 
this will be equal to a side of the required octagon. At the extremities 
on the same side of this line make two angles each equal to three-fourths 
of two right angles, bisect these angles by two straight lines, the point 
at wludi they meet will be the center of the circle which circumscribes 
(he octagon, and either of the bisecting lines is the radius of the circle. 

49. First shew the possibility of a circle circumscribing such a figurOi 
and then determine the center of the circle. 

50. By constructing the figures and drawing lines from the center ol 
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the circle to the angles of the octagon, the areas of the eight triangles 
may De easily shewn to be eqaal to eight times the rectangle contained 
by the radius of the circle, and half the side of the inscribed square. 
' 51. Let AB, AC, AD, be the sides of a square, a regular hexagon and 
an octagon respectively inscribed in the circle whose center is O. Pro- 
duce AC to E making AE equal to AB ;' from £ draw EF touching the 
eircle in F, and prove EF to be equal to AD. 

62. Let the circle required touch the given circle in P, and the given 
Kne in Q. Let C be the center of the given circle and C that of the re- 
quired circle. Join CC, C Q, QP ; and let QP produced meet the given 
circle in R, join RC and produce it to meet the given line in V. Then 
HCV is perpendicular to VQ. Hence the construction. 

'53. Let A, B be the centers of the ^ven circles and CD the ^ven 
straight line. On the side of CD opposite to that on which the circles 
are situated, draw a line EF parallel to CD at a distance equal to the 
radius of the smaller circle. From A the center of the larger circle de- 
scribe a concentric circle GH with radius equal to the difference of the 
radii of the two circles. Then the center of the circle touching the 
eircle GH, the line EF, and passing through the center of the pmaUer 
eircle B, may be shewn to be the center of the circle which touches tli9 
tircies whose centers are A, B, and the Hne CD. 

54r, Let AB, CD be the two lines given in position asid E'the center 
^f the given circle. Draw two lines FG,.HI parallel to AB, CD respec- 
tively and external to them. Describe a circle passing through E and 
touching FG, HI. Join the centers E, O, and with center O and radius 
e(^ual to the difference of the radii of these circles describe a circle; this 
will be the circle required. 

55. Let the circle ACF having the center G, be the required circle 
fouchiiig the given circle whose center is B, in the point A,' and cutting 
the other given circle in the point C. Join BG, and throu^ A draw a 
Mne perpendicular to BG ; then this line is a common tangent to the 
circles whose centers are B, G. Join AC, GO. Hence the constntction. 

56. Let be the given point in the given straight line AB, and D 
five center of the given circle. Through C draw a line CE perpendicular 
to AB ; on-the other side of AB, take CE equal to the radius of the given 
circle* Draw ED, and at D make the angle EDF equal to the angle 
B&O, and produce EC to meet DF. This gives the construction for one 
tape, when the given line does not cut or touch the other circle. 

67. This is a particular case of the general problem ; To describe a 
sirele passing through a given point and- touching two straight lines 
giyen m position. 

Let A be the given point between the two given lines whibh when 
produced meet in the point B. Bisect the angle at B by BD and through 
A 'draw AD perpendicular to BD and produce it to meet the two given 
Unes in C, E. Take DF equal to DA, and on CB take CG such that the 
re9tangle contained by CF, CA is equal to the square on CG. The circle 
deseribed through the points F, A, G, will be the circle required. I>e»> 
duce the particulai case when the given lines are at right angles to One 
another, and the eiven point in the line which bisects the angle at B. If 
Ihe lines are parallel, when is the solution possible ? 

58. Let A, B, be the centers of the given circles^ which touch 
externally in E ; and let C be the given point in Uiat whose center is B. 
Make CD equal to AB and draw AD ; make the angle DAG equal to 
the an^le ADG : then G is the center of the circle required^ and QO 
its radius. 
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€9* n the three points be such as when joined by straight lines a 
triangle is formed ;, the points at which the inscribed circle touches the 
sides of the triangle, are the points at which the three circles touch one 
another. £uc. iv. 4. Different cases arise from the relative positioo 
of the three points. 

60. Bisect the angle contained by the two lines at the point where 
the bisecting li9e meets the circumference, draw a tangent to the circle 
and produce the two straight lines to meet it. In this triangle inscribe 
a circle. 

61. From the given angle draw a line through the center of the circle*,, 
and at the point where the line intersects the circumference, draw a 
tangent to the circle, meeting two sides of the triangle. The circle 
inscribed within this triangle will be the circle required. 

62. Let the diagonal Ai) cut the arc in P, and let O be the center of 
the inscribed circle. Draw OQ perpendicular to AB. Draw PE a 
tangent at P meeting AB produced in a : then BE is equal to PD. Join 
PQ, PB. Then AB may be proved equal to Q£. Hence AQ is equal 
to BE or DP. 

63. Suppose the center of the required circle to be found, let fall 
two perpendiculars from this point upon the radii of the quadrant* 
and join the center of the circle with the center of the quadrant and 
produce the line to meet the arc of the quadrant. If three tangents be 
drawn at the three points thus determined in the two seniicircles and 
the arc of the quadrant, they form a right-angled triangle which 
circumscribes the required circle. 

64. Let AB be the base of the given segment, C its middle point. 
Let DCE be the required triangle having the sum of the base D£ and 
perpendicular CF equal to the given line. Produce CF to H making 
f U equal to DE. Join HD and produce it, if necessary, to meet AB 
produced in K. Then CK is double of DF. Draw DL perpendicular 
toCK. 

65. From the vertex of the isosceles tritogle let fall a perpendieulas 
on the base. Then, in each of the triangles so formed, inscribe a circle, 
Buo. IV. 4 ; next inscribe a circle so as to touch the two circles and th« 
two equal sides of the triangle. This gives one solution : the problem 
IS indeterminate. 

66. If BD be shewn to subtend an arc of the larger circle equal ta 
one- tenth of the whole circumference : — ^then BD is a side of the decagon 
in the larger circle. And if the triangle ABD can be shewn to bo 
inscriptible in the smaller circle, BD wul be the side of the inambed 
pentagon. 

67. It may be shewn that the angles ABF, BFD stand on two aroi^ 
one of which is three times as large as the other. 

68. It may be proved that the diagonals bisect the angles of tho 
pentagon , and the fi'VO'-sided figure formed by their intersection, may bo 
shewn to be both equiangular and equilateral. 

69. The figure AB CD£ is an irregular pentagon inscribed in a eiindo | 
It may be shewn that the five angles at the circumference stand upon 
arc6 whose sum is equal to the whole drcwnierence of the circle; auo« 
III. 30. 

tOw If a side CD (figure, Euc. rv. 11) of a regular pentagon bo 

J reduced to K,.the exterior angle ADK of the inscribed quadnlateni 
gure ABCD is equal to the angle ABC, one of the interior angles, of tho 
pentagon. From this a constnietian may be made fos the method ol 
tolding the ribbon. 
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71. In the figure, Euc. it. 1 0, let DC be produced to meet tlie circum- 
ference in F, and join FR. Then FB is the side of a regular pentagon 
inscribed in the larger circle, D is the middle of the arc subtended by 
the adjacent side of the pentagon. Then the difference of FI> and BD 
is equal to the radius AB. Next, it may be shewn, that FD is divided 
in the same manner in C as AB, and by Euc. ii. 4, 11, the squares on 
FD and DB are three times the square on AB, and the rectangle of FD 
end DB is equal to the square on AB. 

72. If one of the diagonals be drawn, this line with three sides of the 
pentagon forms a quadruateral figure of which three consecutive sides 
are equal. The problem is reduced to the iiyscription of a quadrilateral 
in a square. 

73. This may be deduced from Euc. iv. 11. 

74. I'he angle at A the center of the circle (fig. Euc. it. 10 ) is one- 
tenth of four right angles, the arc BD is therefore one- tenth of the 
circumference, and the chord BD is the side of a regular decagon 
inscribed in the larger circle. Produce DC to meet the circumference 
in F and join BF, then BF is the side of the inscribed pentagon, and AB ■ 
is the side of the inscribed hexagon. Join FA. Then FCA may be 
proTed to be an isosceles triangle and FB is a line drawn from the 
Tertex meeting the base produced. If a perpendicular be drawn from 
F on BC, the difference of the squares on FB, FC may be shewn to be 
equal to the rectangle AB, BC, (Euc. i. 47 ; ii. 5. Cor.) ; or the square 
«n AC. 

75. Divide the circle into three equal sectors, and draw tangents t9 
the middle points of the arcs, the problem is then reduced to the 
inscription of a circle in a triangle. 

76. Let the inscribed circles whose centers are A, B touch each 
other in G, and the circle whose center is C, in the points D, E ; join 
A, D ; A, E ; at D, draw DF perpendicular to DA, and EF to £B, 
meeting in F. Let F, G be joined, and FG be proved to touch the two 
circles m G whose centers are A and B. 

77. The problem is the same as to find how many equal circles may 
be placed round a circle of the same radius, touching this circle and 
each other. The number is six. 

78. This is obvious from Euc. rv. 7, the side of a squarecircum-. 
■cribing a circle being equal to the diameter of the circle. 

79. Each of the vertical angles of the triangles so formed, may be. 
proved to be equal to the difference between the exterior and interior 
angle of the heptagon. 

80. Every regular polygon can be divided into equal isosceles tri- 
angles by drawing lines from the center of the inscribed or circumscribed' 
circle to the angular points of the figure, and the number of triangles 
will be equal to the number of sides of the polygon. If a perpendicular 
FG be let fall from F (figure, Euc. iv. 14) the center on the base CD of 
FCD, one of these triangles, and if GF be produced to H till FH be 
equal to FG, and HC> HD be joined, an isosceles triangle is formed, 
such that the angle at H is half the angle at F. Bisect HC, HD in. K, 
L, and join KL; then the triangle UKL may be placed round the 
vertex H, twice as many times as the triangle CFD round the Tertex F. 

81. The sum of tiie arcs on which stand the 1st, 3rd, 5th, &c. angles, 
is equal to the sum of the arcs on which stand the 2nd, 4th, 6th, &c* 
angles. 

. 82* The proof of this property depends on the fact, that an isosceies 
triangle has a greater area than any scalene triangle of the same perimeter* 
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HINTS, &o. 

6. In the figure Enc. ti* 23| let the parallelogxaiiu be supposed to be 

lectangular. 

Then the rectangle AC ; the rectangle DG :: BO : CO, Euc. ti. 1. 
and the rectangle DG : the rectangle CF :: CD : EC, 

whence the rectangle AC : the rectangle CF : : BC . CD : CG . EC. 

In a similar wa^ it may be shewn that the ratio of any two parallelo- 
grams is as the ratio compounded of the ratios of their bases and altitudes* 

7. Let two sides intersect in O, throuch O draw POQ parallel to 
the base AB. Then by similar trittigles, PO may be proyea equal to 
OQ : and POFA, QOBB, aM pttafielograms : whenoe AB is equal 
loFB. 

8. Apphr Euc. TX. 4, t. 7. 

9. Let ABC be a scalene triansle, haying the Tertical angle A, and 
suppose ADB an equiyalent isoscelies tiianffle, of which the side AD is 
equal to AB. Then Euc. ti. 16, 16, AC.AB»AD.AE, or ADV 
Henoe AD is a mean proportional between AC, AB. Euc. ti. 8. 

10. The lines drawn making equal angles with homologous sides, 
diyide the trianeles into two corresponding pairs of equiangular triangles ; 
by Euc. TI. 4, the proportions are CTident. 

11. By constructing the figure, the angles of the two triangles may 
easily be shewn to be respectiTcly equal. 

12. A circle may be described about the four-sided figure ABDC. 
By Euc. I. 13; Euc. ni. 21, 22. The triangles ABC, ACE may be 
shewn to be equiangular. 

13. Apply Euc. I. 48 ; ii. 5. Cor., ti. 16. 

14. This property follows as a corollary to Euo. ti. 23 : for the two 
triansles are respecuvely the halTes of the parallelograms, and are 
therefore in the ratio compounded of the ratios of the sides which contain 
the same or equal angles : and this ratio is the same as the ratio of the 
rectangles by the sides. 

15. Let ABC be the giyen triangle, and let the line EOF cut the 
ba«e BC in G. Join AG. Then by Euc. ti. 1, and the preceding 
theorem (14) it may be proTcd that AC is to AB as GE is to GF. 

16. The two means and the two extremes form an arithmetic series 
of four lines whose successive differences are equal; the difference therefore 
between the first and the fourth, or the extremes, is treble the difference 
between the first and the second. 

17. This may be effected in different ways, one of which is the 
following. At one extremity A of the given line AB draw AC making 
any acute angle with AB and join BC ; at any point D in BC draw DEF 
parallel to AC cutting AB in E and such that IlF is equal to ED, draw 
FC cutting AB in G. Then AB ia harmonically divided in E, G. 

18. In the figure Euc. vi. 13. If E be the middle point of AC ; then 
AE or EC is the arithmetic mean, and DB is the geometric mean, between 
AB and BC. If DE be joined and BF be drawn perpendicular on BE ; 
then DF may be proved to be the harmonic mean between AB and BC. 

19. In the fig. Euc. ti. 13. DB is the geometric mean between AB 
and BC, and if AC be bisected in E, AE or EC is the Arithmetic mean. 

The next ^'s the same as — To find the segments of the hypotenuse of a 
rihgt^angled triangle made by a perpendicular from the right angle, 
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haying given the difference between half the hypotenuse and the 
perpendicular. 

20. Let the line DF drawn from D the bisection of the base of the 
triangle ABC, meet AB in £, and OA produced in F. Also let AOt 
drawn parallel to BC from the vertex A, meet DF in G. Then by means 
of the similar triangles ; DF, F£, FG, may be shewn to be in harmonic 
progression, 

21. If a triangle be constructed on AB so that the vertical angle is 
bisected by the line drawn to the point C< By £uc. vi. A, the point 
required may be determined. 

22. Let DB, D£, DCA be the three straight lines, fig. £uc. iir. 37 ; 
let the points of contact B, £ be joined by the straight Ime BC cutting 
DA in G. Then BD£ is an isosceles triangle, and DG is a line from the 
vertex to a point G in the base. And two values of the square on BD 
may be found, one from Theo. 37, p. 118: £uc. in. 35; ii. 2; and 
another from £uc. iii. 36; n. 1. Iirom these may be deduced, that 
the rectangle DC, GA, is equal to the rectangle AD, CG. Whence 
the, &c. 

23. Let ABCD be a square and AC its diagonal. On AC take AE 
equal to the side BC or AB : join B£ and at £ draw £F perpendicular 
to AC and meeting BC in F. Then £C, the differenee between the 
diagonal AC and the side AB of the square, is less than AB ; and C£, 
£F, FB may be proved to be equal to one another : idso C£, £F are the 
adjacent sides of a square whose diagonal is FC. On FC take FG equal 
to C£ and join EG. Then, as in the first square, the difference CG 
between the diagonal FC and the side £C or £F, is less than the sideEC. 
Hence EC, the difference between the diagonal and the side of the siven 
square, is •entained twice in the side BC with a remainder CG : and CG 
is the difference between the side CE and the diagonal CF of another 
sqtuare. By proceeding in a similar way, CG, the £fference between tiie 
diagonal CF and the side CE, is contained twice in the side CE with a 
remainder : and the same relations may be shewn to exist between the 
differenoe of the diagonal and the side of every square of the series which 
is 80 constructed. Hence, therefore, as the difference of the side and 
diagonal of every square of the series is contained twice in the side with 
a remainder, it follows that there is no line which exactly measures the 
side and the diagonal of a square. 

24. Let the given line AB be divided in C, D. On AD describe a 
semicircle, and on CB describe another semicircle intersecting the former 
in P ; draw PE perpendicular to AB ; then £ is the point required. 

25. Let AB be equal to a side of the given square. On AB describe 
a semicircle ; at A draw AC perpendicular to AB and equal to a fourth 
proportional to AB and the two sides of the gi^en rectangle. Draw CD 
parallel to AB meeting the circumference in D. Join AD, BD, which 
are the required lines. 

26. Let the two given lines meet when produced in A. At A draw 
AD perpendicular to AB, and A£ to AC, and such that AD is to AE in 
the given ratio. Through D, £, draw DF, EF, respectively parallel to 
AB, AC and meeting each other in F. Join AF and produce it, and 
the perpendiculars drawn from any point of this line on the two given 
lines will always be in the given ratio. 

27. The angles made by the four lines at the point of their divergence, 
remain constant. See Note on Euc. vi. A, p. 295. 

28. Let AB be the given line from which it is required to cut off a 
part BC such that BC shall be a mean proportional between the 
remainder AC and another given line. Produce AB to D, maldng BD 
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eonal to the other given line. On AD describe a semicirde* at B draw 
BE perpendicular to AD. Bisect BD in O, and with center O and 
radius OB describe a semicircle, join OE cutting the semicircle on BD 
in F, at F draw FC perpendicular to OB and meeting AB in C. C is 
the point of division, suck that BC ia a mean proportional between 
AC and BD. 

29. Find two squares in the given ratio, and if BF be the given line 
(figure, £uc. vi. 4), draw BE at right angles to BF, and take BC, CB 
respectively equal to the sides of the squares which are in the given ratio» 
Join £F, and draw CA parallel to EF : then BF is divided in A as 
required. 

30. Produce one side of the triangle through the vertex and make 
the part produced equal to the other side. Bisect this line, and with 
the vertex of the triangle as center and radius equal to half the sam of 
the sides, describe a circle cutting the base of the triangle. 

31. If a circle be described about the given triangle, and another 
circle upon the radius drawn from the vertex of the triangle to the center 
of the circle, as a diameter, this circle will cut the base in two points, and 
give two sblutions of the problem. Give the Analysis. 

32. This Problem is analogous to the preceding. 

33. Apply Euo. vi. 8, Cor. ; 17. 

34. Describe a oirde about the triangle, and draw the diametec 
through the vertex A, draw a line touching the Circle at A, and meeting 
the bfue BC produced in D. Then AD shall be a mean proportional 
betweien DC and DB. Euc. ni. 36. 

35. In BC produced take CE a third proportional to BC and AC; 
on CE describe a cirde,' the center being O ; draw the tangent EF at 
B equal to AC ; draw FO eatting the cirde in T and T" ; and lastly 
draw tangents at T.T meeting BC in P and F. These points fulfil the 
conditiona of the problem. 

By combining the proportion in the eonstniction with that from the 
rimiiar triangles ABC, DBP, and Euo. iii. 86, 87 : it may be proved 
that CA, PD - CP*. The demonstration is similar for PD'. 

86. This property may be immediately deduced from Euc. vi. 8, Cor. 

87. Let ABC be the triangle, right-angled at C, and let A£ on AB 
be equal to ^C, also let the line bisecting the angle A, meet BC in D. 
Join DK Then the triangles ACD, A£D are equal, and the triangles 
ACB, DEB equiangular. 

88. The segments cut off from the sides are to be measured from the 
right angle, and by similar triangles are proved to be equal ; also by 
similar triangles, either of them is proved to be a mean proportional 
between the remaining segments of the two sides. 

89. FirstproveAC»:AD*:tBCi2. BD : then2.AC:AD*::BC:BD, 
whence 2. AC* - AD": AD»:: BC - BD : BD, 

and since 2. AC« - AD« = 2. AC* - (AC* + DC) - AC* - CD*, 
the property is immediately deduced. 

40. The construction is suggested by Euc. i. 47, and Euo. vi. 81. 

41. See Note Euo. vi. A. p. 295. The bases of the triangles CBD, 
ACD, ABC, CDE may be shewn to be respectivdy equal to DB, 2,BDf 
3.BD, 4.BD. 

42. (1) Let ABC be the triangle which is to be bisected by a lin« 
drawn parallel to the base BC. Describe a semicircle on AB, from the 
center D draw DE perpendicular to AB meeting the circumference in 
£, join EA, and with center A and radius AE describe a drcle cutting 
AB in F, the line drawn fron F paralld to BC, bisects Uie triangle. The 

S 2 
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proof depends on Euc. yi. 19 ; 20, Cor. 2. (2) Let ABC be the triangle, 
uC beins the base. Draw AD at right anglefl to BA meeting the base 

Sroduoed in D. Bisect BC in £, and on ED describe a semicircle, from 
\ draw BP to touch the semicircle in P. From BA cut off BF equal 
to BP, and from F draw FO perpendicular to BC. The line FG bisects 
the triangle. Then it may be proved that BFG : BAD :: BB : BD, 
and that BAD : BAC :: BD : BC ; whence it follows that BFQ : BAC 
;:BE:BCorasl :2. 

43. Let ABC be the given triangle wluch is to be divided into two 
parts having a given ratio, by a line parallel to BC. Describe a semi- 
circle on AB and divide AB in D in the given ratio ; at D draw D£ 
perpendicular to AB and meeting the circumference in £ ; with center 
A aad radius AE describe a circle cutting AB in F : the line drawn 
through F parallel to BC is the line required. In the same manner 
a txiaogle may be divided into three or more parts having any given ratio 
to one another by lines drawn parallel to one of the sides of the triangle. 
44k Let these points be taken, one on each side, and straight lines be 
drawn, to them ; it may then be proved that these points severally bisect 
tiie sides of the triangle. 

45. Let ABC be anv triangle and D bd the given point in BC, from 
which lines are to be arawn which shall divide the triangle into any 
number (suppose five) equal parts. Divide BC into five equal parts in 
B, F, a,' H, and draw AE« AF, AG, AH, AD, and through E, F, G, H 
draw £t, FM, GN, HO parallel to AD, and join DL, DM, DX, DO ; 
these linei divide the tnaogle into five equal parts. 

By a similar process, a triangle may be divided into any number of 
parts which have a given ratio to one anoliier. 

46. Let ABC be the larger, abe the smaUer triangle, it it required to 
draw a line D£ parallel to AC cutting off the triangle DBS equal to the 
triangle abe» On BC take BG equS to be, and on BG describe tha 
triangle BGH equal to the triangle abe. Draw HK parallel to BC, join 
KG ; then the triangle BGK is equal to the triangle abe. On BA, BC 
take BD to BE in the ratio of BA to BC, and such that the rectangle 
contained by BD, BE shall be equal to the rectangle contained by BIC, 
BG. Join DE, then DE is parallel to AC, and the triangle BDE is 
equal to abe, 

47. Let ABCD be any rectangle, contained by AB, BC, 

Then AB« : A3.BC : : AB : BC, 

and AB.BC : BC» : : AB : BC, 

whence AB* : AB.BC :: AB.BC : BC«, 

or the rectangle contained by two adjacent sides of a rectangle, is a mean 

proportional between their squares. 

48. In a straight line at any point A, make Ac equal to Ad in. the 
given ratio. At A draw AB perpendicular to eAd, and equal to a side 
of the given square. On cd describe a semicircle cutting AB in 6 ; and 
join be, bd ; from B draw BC parallel to be, and BD paraBel to bd : then 
AC, AD are the adjacent sides of the rectangle. For, CA is to AD 
as cA to Ji4, Euc. vi. 2 ; and CA.AD = AB', CBD being a right-angled 
triangle. 

49. From one of the given points two straight lines are to be drawn 
perpendicular, one to each o^any two adjacent sides of the parallelogram ; 
and from the other point, two lines perpendicular in the same manner to 
each of the two remaining sides. When these four lines are drawn to 
intersect one another, the figure so formed may be shewn to be equi- 
angular to the given parallelogram. 
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M. It is manifest that this is the general case of Prop. 4, p. 197. 

If the rectangle to be cut off be two-Uilrds of the given rectangle ABCD. 

Produce BC to E so that BG may be equal to a side of that square 
which is equal to the rectangle required to be cut off; in this case, equal 
to two- thirds of the rectangle ABCD. On AB take AP equal to AD or 
BC; bisect FB in G, and with center G and radius G£, describe a 
semicircle meeting AUi and AB produced, in H and K. .On CB take' 
CL equal to All and draw IIM, LM parallel to the sides, and HBLH 
is two- thirds of the rectangle ABCD. 

61; Let ABCD be the parallelogram, and CD be cut in P and BO 
produced in Q. By means of the similar triangles formed, the property 
may be proyed. 

62, The intersection of the diagonals is the common vertex of two 
triangles which have the parallel sides of the trapezium for their bases. 

63. Let AB be the given straight line, and U the center of the given 
circle ; through C draw the diameter DC£ perpendicular to AB. Place 
in the circle a line PG which has to AB the given ratio ; bisect. PG in 
H, join CH, and on the diameter DC£, take CK, CL each equal to 
CH; either of the lines drawn through K,'Ly and parallel to AB is 
the line required « 

61. Let C be the center of the circle, CA, CB two radii at right angles 
to each other ; and let DEFG be tho line required which is trisected in 
the points E, P. Draw CG perpendicular to DH and produce it to meet 
the circumference in K ; draw a tangent to the circle at K : draw CG, 
and produce CB, CG to meet the tangent in L, M, then MK may bo 
shevm to be treble of LK. 

65. The triangles ACD, BCE are similar, and CP is a mean propor- 
tional between AC and CB. 

66. Let any tangent to the circle at £ be terminated by AD, BC 
tangents at the extremity of the diameter AB. Take O the center of the 
circle and join 00, OD, OE ; then ODC is a right-angled triangle and 
OE is the perpendicular from the right angle upon the hypotenuse. 

67. This problem only differs from problem 69, infra, in having the 
given point without the given circle. 

68. Let A be the given point in the circumference of the circle, C its 
center. Draw the diameter ACB, and produce AB to D, taking AB to 
BD in the given ratio : from D draw a line to touch the circle in E, 
which is the point required. Prom A draw AP perpendicular to DE, 
and cutting the circle in G. 

69. Let A be the given point within the circle whose center is C, and 
let BAD be the line required, so that B A is to AD in the given ratio. 
Join AC and produce it to meet the circumference in E, P. Then EP 
is a diameter. Draw BG, DH perpendicular on EF : then the triangles 
BGA, DIL\ are equiangular, llei^ce the construction. 

60. Through E one extremity of the chord EF, let a line be drawn 
parallel to one diameter, and intersecting the other. Then the three 
angles of the two triangles may be shewn to be respectively equal to oae 
another. 

6 1 , Let AB be that diameter of the given^circle which when produced 
is perpendicular to the given line CD, and let it meet that line in C ; and 
let P be the given point: it is required to find D in CD, so that DB 
may be equal to the tangent DF. Make BfC : CQ :: CQ : CA, and join 
PQ ; bisect PQ in E, and draw ED perpendicular to PQ meeting CD in. 
D ; then D is the point required. Let O be the center of the circle, draw 
the tangent DP ; and join OF, OD, QD, PD. Then QD may be shewn 
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to be equal to DF and to DP. When P coincides with Q, any point B 
in CD ^Ifils the conditions of the problem ; that is, there are innnme-' 
rable solutions. 

62. It may be proved that the vertices of the two triangles which are 
similar in the same segment of a circle, are in the extremities of a chord 
parallel to tiie chord of the given segment. 

63. For let the circle be described about the triangle £AC, then by 
the converse to Euc. iii. 32 ; the truth of the proposition is manifest. 

64. Let the figure be constructed, and the similarity of the two. tea- 
angles will be at once obvious from Euc in. 32. ; Euc. i. 29. 

65. In the arc AB (fig. Euc. iv. 2) let any point E be taken, and 
from K let KL, KM, KN be drawn perpendicular to AB, AC, BC respec- 
tively, produced if necessary, also let LM, LN be joined, then MLK may 
be shewn to be a straight line. Draw AK, BK, CK, and by £uo« iiL 81, 
22, 21 ; Euc. i. 14. 

66. Let AB a chord in a circle be bisected in C, and DE, FG two 
chords drawn through C ; also let their extremities DO, F£ be joined 
intersecting CB in H, and AC in K ; then AE is equal to HB. Through 
H draw MHL parallel to Ef meeting FG in M, and DE produced in L. 
Then by means of the equiangular triangles, HC may be proved to be 
equal to CK, and hence AK is equal to HB. 

67. Let A, B be the two given points, and let F be a point in the 
locus 80 that PA, PB being joined, PA is to PB in the given ratio. Join 
AB and divide it in C in the given ratio, and join PC. Then PC bisects 
the angle APB. Euc. vi. 3. Again, in AB produced, take AD to AB 
in the given ratio, join PD and produce AP to E, then PD bisects the 
uigle BPE. Euc. VI. A. Whence CPD is a right angle, and the point P 
lies in the circumference of a circle whose diameter is CD. 

68. Let ABC be a triangle, and let the line AD bisecting the vertical 
angle A be divided in E, so that BC : BA+ AC : : AE : ED. By Euc. 
VI. 3, may be deduced BC : BA+AC :: AC : AD. Whence may be 
proved that CE bisects the angle ACD, and by Euc. iv. 4, that E is the 
center of the inscribed circle. 

69. By means of Euc. rv. 4, and Euc. vi. C. this theorem may be 
■hewn to be true. 

70. Divide the given base BC in D, so that BD may be to DC in the 
ratio of the sides. At B, D draw BB', DD' perpendicular to BC and 
equal to BD, DC respectively. Join B'D' and produce it to meet BC 
produced in 0. With center O and radius OD, describe a circle. .From 
A any point in the circumference loin AB, AC, AO. Prove that AB is 
to AC as BD to DC. Or thus. If ABC be one of the triangles. Divide 
the base BC in D so that BA is to AC as BD to DC. Produce BC and 
take DO to OC as BA to AC : then O is the center of the circle. 

71. Let ABC be any triangle, and from A, B let the perpendicidars 
AD, BE on the opposite sides intersect in P : and let AF, BO drawn to 
F, 6 the bisections of the opposite sides, intersect in Q. Also let FR, 
OR be drawn perpendicular to BC, AC, and meet in R : then R is the 
center of the circumscribed circle. Join PQ, QR ; these are in the 
same line. 

Join FO, and by the equiangular triangles, GRF, APB, AP is 
proved double of FR. And AQ is double of QF, and the alternate 
angles PAQ, QFR are equal. Hence the triangles APQ, RFQ are 
equiangular. 

72. Let C, (y be the centers of the two circles, and let CC the line 
joining the centers intersect the conmion tangent PP' in T. Let the 
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line Joining the centers cut tlie circles in Q, Q', and let PQ, P'Q' be 
joined ; then PQ is parallel to P Q'. Join CP, CT'» and then the angle 
QPT may be proTcd to be equal to the alternate angle Q'PT. 

73. Let ABC be the triangle, and BC its base ; let the circles AFB, 
APC be described intersecting the base in the point F, and their 
diameters AD» AE, be drawn ; then DA : AE : : ^A : AC. For join 
DB, DF, EF, EC, the triangles DAB, EAC may be proved to be similar. 

74. If the extremities of the diameters of the two circles be joined 
by two straight lines, these lines may be proved to intersect at the 
point of contact of the two circles ; and the two right-angled triangles 
thus formed may be shewn to be similar by Euc. in. 34. ^ 

75. This follows directly from the simuar triangles. 

76. Let the figure be constructed as in Theorem 4, p. 162, the tri- 
angle EAD being right-angled at A, and let the circle inscribed in the 
triangle ADE touch AD, AE, DE in the points K, L, M respectivdy. 
Then AK is eoual to AL, each beins equal to the radius of the inscribed 
circle. Also AB is equal to GC, and AB is half the perimeter of the tri- 
angle-AED. 

Also if OA be joined, the triangle ADB is obvioudjf equal to the 
difference of AQDE and the triangle GDE, and this difference may be 
proved equal to the rectangle contained by the radii of the other two 
circles. 

77. From the centers of the two circles let straight lines be drawn 
to the extremities of the sides which are opposite to the risht angles 
in eacR triangle, and to the points where the circlet touch tJ^ese sides. 
Euc. VI. 4. 

78. Let A, B be the two given points, and C a point in the circum- 
ference of the given circle. Let a circle be described through the points 
A, B, C and cutting tbe circle in another point D. Join CD, AB, and 
produce them to meet in E. Let EF be drawn touching the ^ven 
circle in F ; the circle described through the points A, B, F, will be 
the circle required. Joining AD and CB, bv Euo. in. 21, the tri- 
angles CEB, AED are equiangular, and by Euc. vi. 4, 16, in. 86, 37» 
the given circle and the required circle each touch the Une EF in the 
same point, and therefore toudi one another. When does this solution 
fail? 

Various cases will arise according to the relative pontum of the two 
points and the circle. 

79. Let A be the given point, BC the given straight line, and D the 
center of the given circle. Through D draw CD perpendicular to BC, 
meeting the cireumference in E, F. Join AF, and take FG to the 
diameter F£, as FCis to FA. The circle described passing through the 
two points A, G and touching the line BC in B is the circle required. 
Let H be the center of this circle ; join HB, and BF cutting the 
circumference of the ffiven circle in K, and join EK. Then the tri- 
angles FBC, FKE bemg equiangular, by Euc. vi. 4, 16, and the con- 
struction, K is proved to be a point in the circumference of the circle 
passing through the points A, G, B. And if DE, KH be joined, DEH 
may be proved to be a straight line : — the straight line which joins the 
centers of the two circles, and passes through a common point in their 
dzcumferences. 

80. Let A be the given point, B, C the centers of the two given. 
circles. Let a line drawn tnrough B, C meet the circumferences of 
the circles in G, F; E, D, respectively. In GD produced, take the 
point H, so that BH is to CH as the radius of the circle whose center 
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is. B to the radius of the circle whose center is C. Join AH, and take 
KH to DH as GH to AH. Through A, K describe a circle ALK touch- 
ing the circle whose center is B, in L. Then M may be proved to be a 
point in ttie circumference of the circle whose center is C. For by join- 
ing HL and producing it to meet the circumference of the circle whose 
center is B in N ; and joining BN", BL, and drawing CO parallel to BL, 
and CM parallel to BN, the Une HN is proved to cut the circumference 
of the circle whose center isB in M, O ; and CO, CM are radii. By 
joining GL, DM, M may be proved to be a point in the circumfer/nce 
of the circle ALK. And by producing BL, CM to meet in P, r it? 
proved tabe the center of ALK, and BP joining the centers of the two 
circles passes through L the point of contact. Hence also is shewn that 
PMC passes through M, the point where the circles whose centers are P 
and C touch each other. 

Note. If the given point be in the circumference of one of the circles, 
the Construction may be more simply effected thus": 

Let A be in the circumference of the circle whose center is B. Join 
BA, and in AB produced, if necessary, take AD equal to the radius of the 
sircle whose center is C ; join DC, and at C make the angle DCE equal to 
the angle CDE, the point E determined by the intersection of DA pro- 
duced and CE, is the center of the circle. 

81. Let AB, AC be the given lines and P the given point. Then if 
O be the center of the required circle touching AB, AC, in R, S, the line 
AO will bisect the given angle BAC. Let the tangent from P meet the 
circle in Q, and draw OQ, OS, OP, AP. Then there are given AP and 
the angle OAP. Also since OQP is a right angle, we have OP'-QO* 
= 0P* — OS*=PQ' a given magnitude. Moreover the right-angled tri- 
angle AOS is given in species, or OS to OA is a given ratio. Whence 
in the triangle AOP there \3 given, the angle AOP, the side AP, 
and the excess of OP* above the square of a line having a given 
ratio to OA, to determine OA. Whence the construction is obvious. 

82. Let the two given lines AB, BD meet in B, and let C be the cen- 
ter of the given circle, and let the required circle touch the line AB, and 
have its center in BD. Draw CFE perpendicular to HB intersecting the 
circumference of the given circle in F, and produce CE, making EF 
equal to the radius CP. Through G draw GK parallel to AB, and 
meeting DB in K. Join CK, and through B, draw BL parallel to KC, 
meeting the circumference of the circle whose center is C in L ; join 
CL and produce CL to meet BD in O. Then O is the center of tho 
circle required. Draw OM perpendicular to AB, and produce EC to 
meet BD in N. Then by the similar triangles, OL may be proved 
equal to OM. 

83. (1) In every right-angled triangle when its three sides are in 
Arithmetical progression, they may be shewn to be as' the numbers 5, 4, 
3. On the given line AC describe a triangle having its ^ides AC, AD, 
DC in this proportion, bisect the angles at A, C by AE, CE meeting in E, 
and through E draw EF, EG parallel to AD, DC meeting in F and G. 

(2) Let AC be the sum of the sides of the triangle, tig. Euc. vi. 13. 
Upon AC describe a triangle ADC whose sides shall be in continued 
proportion. Bisect the angles at A and C by two lines meeting in 
E. From E draw EF, EG parallel to DA, DC respectively. 

84. Describe a circle with any radius, and draw within it the straight 
line MN cutting off a segment containing an angle equal to the given 
angle, Euc. iii. 34. Divide MN in the given ratio in P, and at P draw 
PA perpendicular to MN and meeting the circumff^rcnce in A. Join 
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AM, AN, and on AP or AP produced, take AD equal to the given per- 
pendicular, and through D draw BC parallel to MN meeting AM, AN, 
or these lines produced. Then ABC shall be the triangle required. 

85. Let PAQ be the given an^Ie, bisect the angle A by AB, in 
AB find D the center of the inscribed circle, and draw DC perpen- 
dicular to AP. In DB take DE such that the rectani^le DK, DC is 
equal to the given rectangle. Describe a circle on DE as diameter 
meeting AP in F, G; and AQ in F', G'. Join FG', and AFG' will 
be the triangle. Draw DII perpendicular to FG' and join G D. 
By Euc. VI. C, the rectangle FD, DG' is equal to the rectangle £D, 
DK or CD, DE. 

86. On any base BC describe a segment of a circle BAC containing 
an angle equal to the given angle. From D the middle point of BC draw 
DA to make the given angle ADC i^'ith the base. Produce AD to E so 
that A£ is equal to the given bisecting line, and through £ draw FG 
parallel to BC. Join AB, AC and produce them to meet FG in F and G. 

87. Employ Theorem 70, p. 310, and the construction becomes 
obvious. 

88. Let AB be the ^vcn base, ACB the segment containing the 
vertical angle ; draw the diameter AB of the circle, and divide it in E, 
in the given ratio ; on AE as a diameter, describe a circle AFE ; and with 
center B and a radius equal to the given line, describe a circle cutting 
AFE in F. Then AF being drawn and produced to meet the circum- 
scribing circle in C, and CB being joined, ABC is the triangle required. 
For AF is to FC in the given ratio. 

- 89. The line CD is not necessarily parallel to AB. Divide the base 
AB in C, so that AC is to CB in the ratio of the sides of the triangle. 

Then if a point £ in CD can be determined such that when AE, CE, 
EB, are joined, the angle AEB is bisected bv CE, the problem is solved. 

90. Let ABC be any triangle having tne base BC. On the same 
base describe an isosceles triangle DBG equtd to the given triangle. 
Bisect BC in E, and join DE, also upon BC describe an equilateral 
triangle. On FD, FB. take EG to EH as EF to FB : also take EK 
equal to EH and join GH, GK; then GHK is an equilateral triangle 
equal to the triangle ABC. 

91. Let ABC be the required triangle, BC the hypotenuse, and 
FHKG the inscribed square : the side IIK being on BC. Then BC may 
be proved to be divided in II and K, so that IIK is a moan proportional 
between BH and KC. 

92. Let ABC be the given triangle. On BC take BD equal to one 
of the given lines, through A draw AE parallel to BC. From B draw 
BE to meet AE in E, and such that BE is a fourth proportional to BC, 
BD, and the other given line. Join EC, produce BE to F, making BF 
equal to the other given line, and join FD : then FBD is the triangle 
required. 

93. By means of Euc. vi. C, the ratio of the diagonals AC to BD 
may be found to be as AB . AD -f BC.CD to AB .Bli) + AD .DC, 
figure, Euc. vi. D. 

94. This property follows directly from Euc, vi. C. 

95. Let ABC be any triangle, and DEF the given triangle to which 
the inscribed triangle is required to be similar. Draw any line de 
terminated by AB, AC, and on de towards AC describe the triangle def 
similar to DEF, loin B/, and produce it to meet AC in F'. Through F 
draw FT)' parallel to fd, F'E' parallel to fe, and join D'E', then th« 
triangle D'E'F' is similar to DEF. 

s 5 
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96. The square inscribed in a right-angled triangle which has one 
of its sides coinciding with the hypotenuse, may be shewn to be less than 
that which has two of its sides coinciding with the base and perpendicular. 

97. Let BCDE be the square on the side BC of the isosceles triangle 
ABC. Then bv Euc. vi. 2» FG is proved parallel to ED or BC. 

98. Let Ab be the base of the sesrment ABD, fig. Euc. iii. 30. 
Bisect AB in C, take any point E in AC and make CF equal to CE: 
upon EF describe a square EFGH : from C draw CG and produce it to 
tneet the arc of the segment in K. 

99. Take two points on the radii equidistant from the center, and 
on the line joining these points, describe a square ; the lines drawn from 
the center through the opposite angles of the square to meet the circular 
arc, will determine two points of the square inscribed in the sector. 

100. Let ABODE be the given pentagon. On AB, AE take equal 
distances AF, AG, join FG, and on FG describe a square FGKH. 
Join AH and produce it to meet a side of the pentagon in L. Draw 
LM parallel to FH meeting AE in M. Then LM is a side of the 
inscribed square. 

101. Let ABC be the given triangle. Draw AD making with the 
base BC an angle equal to one of the given angles of the parallelogram. 
Draw AE parallel to BC and take AD to AE in the given ratio of the 
sides. Join BE cutting AC in F. 

102. The locus of the intersections of the diagonals of all the 
rectangles inscribed in a scalene triangle, is a straight line drawn from the 
bisection of the base to the bisection of the shorter side of the triangle. 

103. This parallelogram is one half of the sqoare in the circle. 

104. Analysis. Let ABCD be the given rectangle, and EFGH that 
to be constructed. Then the diagonals of EFGH are equal and bisect 
each other in P the center of the given rectangle. About EPF describe 
a circle meeting BD in K, and join KE, KF. Then since the rectangle 
EFGH is given in species, the angle EPF formed by its diagonals if 

g'ven ; and hence also the opposite an^ie EEF of the inscribed quadri- 
teral PEEF is given. Also since KP bisects that angle, the angle 
PKE is given, and its supplement BKE is given. And in the same way, 
KF is paralled to another given line ; and hence EF is parallel to a third 
given line. Again, the angle EPF of the isosceles triangle EPF is given ; 
and hence the quadrilateral EPFE is given in species. 

105. In the figure Euc. in. 30 ; from C draw CE, CF making with 
CD, the angles DCE, DCF each equal to the angle CDA or CDB, and 
meeting the arc AD6 in E and F. Join £F, the segment of the circle 
described upon EF and which passes through C, will be similar to ADB. 

106. The square inscribed in the circle may be shewn to be equal to 
twice the square on the radius ; and five times the square inscribed in 
the semicircle to four times the square on the radius. 

107. The three triangles formed by three sides of the square with 
segments of the sides of the given triangle, may be proved to be similar. 
Whence by Euc. vi. 4, the truth of the property. 

108. By constructing the figure, it may be shewn that twice the 
square inscribed m the quadrant is equal to the square on the radius, 
and that five times the square inscribed in the semicircle is equal to four 
times the square on the radius. Whence it follows that, &c. 

109. By Euc. i. 47, and Euc. vi. 4, it may be shewn, that four times 
the square on the radius is equal to fifteen times ike square on one of the 
equal sides of the triangle. 

110. Constructing the figure, the right-angled triangles SCT, ACB 
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may be proved to hare a certain ratio, and the triangles ACB, CFM in 
the same way, may be proved to have the same ratio. 

111. Let BA, AC be the bounding radii, and D a point in the arc of 
a quadrant. Bisect BAC by AS, and draw through D, the line HDGP 

Serpendicular t^AE at G, and meeting AB, AC, produced in H, P. 
'rom H draw HM to touch the circle of which BC is a quadrantal arc ; 
nroduce AH, making HL equal to HM, also on HA, take HK equal to 
HM. Then K, L, are the points of contact of two circles through D 
which touch the bounding radii, AB, AC. 

Join DA. Then, since BAC is a right an^le, AK is equal to the 
radius of the circle which touches B A, BC in K, K' ; and similarly, AL 
is the radius of the circle which touches them in L, L\ Also, HAP 
being an isosceles triangle, and AD drawn to the base, AD* is shewn 
to be equal to AK . KL. £uc. ni. 36 ; ii. 6, Cor. 

112. Let £, F, G be the centers of the circles inscribed in the triangles 
ABC, ADB, ACD. Draw EH, FK, GL perpendiculars on BC, BA, AC 
respectiyely, and join CE, EB ; BF, FA ; CG, GA. Then the relation 
between B, r, r', or EH, FK, GL may be found from the similar triangles, 
and the property of right-angled triangles. 

113. The two hexagons consist each of six equilateral triangles, and 
the ratio of the hexagons is the same as the ratio of their equilateral 
triangles. 

114. The area of the inscribed equilateral triangle may be proved to 
be eaual to half of the inscribed hexagon, and the circumscribed triangle 
equal to four times the inscribed triangle. 

115. The pentagons are similar figures, and can be divided into the 
same number of similar triangles. Euc. vi. 19. 

1 16. Let the sides AB, BC, CA of the equilateral triangle ABC touch 
the circle in the points D, E, F, respectively. Draw'AE cutting the 
circumference in G ; and take O the center of the circle and draw OD : 
draw also HGK touching the circle in G. The property may then be 
shewn by the similar triangles AHG, AOD. 
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S. Let AD, BE be two parallel straight lines, and let two planes 
ADFC, BEFC pass through AD, BE, and let CF be their common 
intersection, fig. Euc. xi, 10. Then CF may be proved parallel to BE 
and AD. 

4. Tliis theorem is analogous to Euc. xi. 8. Let two parallel lines 
AC, BD meet a plane in the points A, B. Take AC equal to BD 
and draw CE, DF, perpendiculars on the plane, and join AE, BF. Then 
the angles CAE, DBF, are the inclinations of AC, BD to the plane, 
Euc. XI. def. 5, and these angles may be proved to De equal. 

5. Let AB, CD be parallel straight lines, and let perpendiculars be 
drawn from the extremities of AB, CD on any plane, and meet it in 
the pointe A', B', C, Ty, Draw A'B', CD' ; these are the projections of 
AB, CD on the plane, and may be proved to be parallel. 

6. Draw the figure, the proof offers no difficulty. 

T J-et AB, AC drawn from the point A, and A'B', A'C drawn from 
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the point A', in two parallel planes, make equal angles with a plane EF 
passing through AA', and perpendicular to the planes BAG, B'A'C. 
tet AB in the plane ABC be parallel to A'B' in the plane A'B'C : then 
AC may be ptoved to be parallel to A'C. 

8. The plane must be drawn through the given line so that the 
plane and the other given line may be equally inclined to a third plane. 

9. The required plane must be drawn through the given point so as 
to have the same inclination to a third plane, as the plane which passes 
through the two given lines. 

10. From the point A let AB be drawn perpendicular to a plane, 
and AC perpendicular to a given line CD in a plane : join BC, then BC 
is at right angles to CD. For AB, BC, CD may be considered as three 
consecutive edges of a rectangular parallelepiped, and AC the diagonal of 
cne face. 

11. In the triangle BCD in which BE is drawn from the vertex to a 
point E in the base CD ; it may be proved that the difference of the 
squares on the sides BC, JBD is equal to the difference of the squares on 
the segments CE, ED of the base. By the converse of Theo. 149, p. 83. 

12. Let BC be the common intersection of the two planes ABCD, 
EFGH which are inclined to each other at any angle. From K at any 
point in the plane ABCD, let KL be drawn perpendicular to the plane 
EFGII, and KM perpendicular to BC, the line of intersection of the two 
planes. Join LM, and prove that the plane which passes through KL, 
KM is perpendicular to the line BC. 

13. About the given line let a plane be made to revolve, till it passes 
through the given point. The perpendicular drawn in this plane from 
the given point upon the given line is the distance required. 

24. Through any point in the first line draw a line parallel to the 
second ; the plane through these is parallel to the second line. Through 
the second line draw a plane perpendicular to the fore-named plane cut- 
ting the first line in a point. Through this point draw a perpendicular in 
the second plane to the first, and it will be perpendicular to both lines* 

1 5 . Thiough any point draw perpendiculars to both planes ; the plane 
passing through these two lines will fulfil the conditions required, 

16. From the points where the lines meet the planes, draw two lines 
perpendicular to the intersection of the planes. 

17. Let AB, AC in one of the planes make equal angles with BE the 
line of the intersection of the planes. Let AB be equal to AC. Draw 
BF, CG perpendiculars on the other plane, and draw FA, GA in that 
plane, and prove the angle BAF equal to the angle CAG. 

18. If the intersecting plane be perpendicular to the three straight 
lines ; by joining the points of their intersection with the plane, the figure 
formed will be an equilateral triangle. If the plane be not perpendicular, 
the triangle will be isosceles. 

19. Let the straight lines intersect in A, and let a plane be drawn 
cutting the three given lines in the points B, C, D, and the fourth in E. 

20. This will appear from Euc. i. 19. 

21; Let S be the proposed solid angle, in which the three plane angles 
ASB, ASC, BSC are known, it is required to find the angle contained by 
two of these planes, such as ASB, ASC. On a plane make the angles 
B'SA, ASC, B"SC equal to the angles BS A, ASC, BSC in the solid figure ; 
take B'S and B"S each equal to BS in the solid figure ; from the points 
B', and B" at right angles to SA and SC draw B'A and B"C, which wiU 
intersect each other at the point O. From as a center, with radius 
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A3' describe the ■emicircle B'6E ; at the point O, erect Ob perpendieulai 
to B'E and meeting the circumference in b ; ioin A6 : the angle EAfr will 
be the required inclination of the two planes ASC, ASB in the solid ansle. 
(Legendre's Geometry* translated by Sir David Brewster, pp. 126, &c!) 

22. Let ASC, ASB (same figure as in 21) be the two eiven planf 
angles ; and suppose for a moment that CSB^'is the third angle required; 
then employing the same construction as in the foregoing problem, the 
angle included between the planet of the two fiist, the inclination ol* 
these planes would be £A6. P«ow as £A6 can be determined by means 
of CSB", the other two being given, so likewise may CSB" be determined 
by means of £A6, which is just what the problem requli%s. 

Having taken SB' at pleasitre, upon SA let fall the indefinite perpen- 
dicular B'E ; make the angle £A6 equal to the inclination of the two 
given planet ; from the point 5, where the side A6 meets the circle det- 
cribed from the center A with Uie radiut AB', draw bO perpendicular to 
AE; fromthe point O, atrisht angles to SC draw the indefinite Une 
OCB'' ; make SB" eoual to SB' ; the angle CSB" wiU be Uie third plane 
angle required. (Legendre't Geometry, translated by Sir DaTid 
Brewster, pp. 127, &c.) 

23. Let the three linet meet in the point A, and let a plana intertect 
them in the p<^ts B, C, B, to that AB, AC, AD are equal to one 
another. Describe a circle about the triansle BCD« and let O be the 
center ; the line AC it perpendicular to the plane BCD. 

24. This may be readily proved by Euc. xi. 17. 

26, Conttruct the figure, and it will be found that the angle between 
the diagonal and one tide of the cube meaturet the inclination of the 
two planet. 

26. The diagonal plane of a cube it at right anglet to two of the &ces 
of the cube, and makes anglet, each equal to half a right angle with the 
other four facet. 

27. Let a rectangular parallelogram ABCD, be formed by four 
squares, each equal to a face of the given cube, and let £F, GH, &L, be 
the lines of division of the four souares. Let BD the diagonal of ABCD, 
cut £F in M : the square on UM to the square on AB is at 17 to 16. 
Let BG the diagonal of ABHG cut E^ in N ; the square on BN is to 
the square on AB, as 20 is to 16 ; hence there is some square between that 
on BM and BX which bears to the square on AB, the ratio of 18 to 16, 
oiT of 9 to 8. 

The following addition may be easily proved. If six edget of a cube 
taken in order round the figure, be bisected, and the points of bisection 
be joined in succession, these tix lines will form a regular hexagon. 

28. From the tix points out of the perpendicular, £*aw perpendiculars 
to the plane, and join the points where the perpendiculars meet the plane. 

29. This is to shew that the square on the diagonal of a rectangular 
parallelopiped is equal to the sum of the squares on its three edges. 

30. Ims theorem is analogous to the corresponding theorem respect- 
ing a rectangular parallelo|;ram. 

The axis of a parallelopiped must not be confounded with its diagonal. 

31. Let ^e figure be described in a similar manner to that of Theorem 
2, page 337: by employing Euc. n. 12, 13, instead of Euc. i. 47, the 
truth of the theorem may be proyed. 

82. Describe a circle passing through the three given points, and 
from the center draw a Une perpendicular to its plane. Then every 
point in this perpendicular fulmt the conditiont required. 
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33. Bisect the base by a line drawn in the given direction, whethet 
parallel to a given line, or tending to a given point. The plane drawn 
through the bisecting line and the vertex of the pyramid, gives the 
solution of the problem. 

34. Through each line draw a plane parallel to the other; these 
planes will be parallel, and obviously form two of the faces of the 
parallelepiped. Through each line and one extremity of the other^ 
draw a plane ; and a second plane parallel to it through .the remaining 
extremity. This will complete the figure; but there will be four 
varieties of cases according as the extremities are situated. 

35. From th#vertex A draw a line to any point B in the base of the 
pyramid, and meeting the given section in B'. From the angular points 
of the base draw lines to the point B ; also from the angular points of the 
given section to the point B'. Then any triangle in the section, may be 
shewn to be similar to the corresponding triangle in the base. Euc. vi. 20. 

36. Let AB be at right angles to the plane BCED, and let the per- 
pendiculars from AB intersect the plane OHKL in the line MN, and let 
HNK be the common intersection of the planes CBDE, GHKL. Join 
AM, BN, and prove MN to be a straight line perpendicular to UK. 

37. Draw the necessary lines, and by Euc. i. 47. 

38. Let AB meet the straight lines BE, DE, in the plane BED, 
fig. Euc. XI. 6, and let the dngle AEB measure the inclination of AE to 
the plane BDE; then the angle AEB is less than the angle AED. 
Draw AB perpendicular to the plane, make ED equal to £B and join 
BD, AD. Euc. 1. 18, 19. 

39. Let HMbetke common section of the two planes MN, MQ; 
and let AB be drawn from a point A in HM perpendicular to the plane 
MN : then, if planes be drawn through AB to cut the planes MN, MQ 
in lines which make the angles CAD, EAF with each other, and that 
the plane B ACD is perpendicular both to MN and MQ ; the angle CAD 
-will be greater than EAF. Shew that the angle BAD is less than the 
angle BAF, and it follows that CAD is greater uian EAF. 

40. Let GH be the edge of the wall. A, B the two points, and let 
the line joining A, B, meet the edge of the wall GH in E. If the points 
AE, BE make equal angles with GH, then AE, £B may be proved to 
be less than any other two lines drawn from A, B, to meet GH. in any 
other point E'. 

41. Let A, B, be the given points, and GH the given straight line ; 
draw AC, BD, perpendiciHar on GH, and in the plane AGH produced, 
draw DB' perpendicular to GH, and equal to DB ; join AB , meeting 
OH in £, and draw EB. Then AE + £B is the minimum. For the 
triangles EDB, EB'D are equal, being ris;ht-angled at D, and having one 
side common, and the others equal. Whence the angle BEH is equal 
to GEA, esM^h being equal to B'EH. The conclusion follows from the 
demonstration of the preceding theorem. 

42. Let AB, A'B' be any portions of the two straight lines. At B' 
draw B'C parallel to AB, ana B'C perpendicular to l^e plane passing 
through A'B'C. Let the plane passing through A'B'C intersect tiie line 
AB in the point A. In the plane A'B'C, from A draw AA' perpendicular 
to A'B', and AC perpendicular to AA'. Then the plane CAB passing 
through the line AB may be shewn to be parallel to the plane A'Ww 
passing through the line A'B', and that no other parallel planes can be 
drawn through AB, A'B'. Also AA' is the perpendicular distance 
between the two planes, and that AA' ig less than any other line which 
wn. be drawn between the two planes. 
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5. Apply Ettc. zii. 2. 

6. First, to bisect a circle by a concentric circle. Let C be its center, 
AC any radius. On AC describe a semicircle, bisect AC in B, draw BD 
perpendicular to AC, and meeting the semicircle in D ; join CD, and 
witn center C, and radius CD, describe a circle ; its circumference shall 
bisect the given circle. Join AD. Then by Euc. vi. 20, Cor. 2, the 
square on AC is to the square on CD as AC is to CB ; and Euc. xti. 2. 
In the same way, if the radius AC be trisected, and perpendiculars be 
drawn from the points of trisection to meet the semicircle in D, E, the 
two circles described from C with radii CD, C£ shall trisect the circle. 
And generally, a circle may be divided into any number of equal parts. 

NoTB. Bt a similar process a circle may be divided into any number 
of parts whicn shall have to each other any eiven ratios. 

7. To divide the circle into two equal parts. Let any diameter 
ACB be drawn, and two semicircles be described, one on each side of the 
two radii AC, CB : these semicircles divide the circle into two equal 
parts which have their perimeters equal. In a similar way a circle may 
oe divided into three equal parts, by dividing the diameter into three equal 
parts, AB, BC, CD, and describing semicircles upon AB, AC on one side 
of the diameter, and then semicircles upon DC, DB on the other side of 
the diameter. 

8. By Enc. zii. 2, the area of the quadrant ADBEA is equal to the 
area of the semicircle ABCA. 

9. By Euc. XII. 2. The squares on the radii of the two circles may 
be shewn to be in the ratio of 3 to 1. 

10. By reference to Theorem 2, p. 846 and Euc. xii. 2, the parts of 
the diameter may be proved to bear to each other the ratio of 1 to 2. 

11. Apply Euc. XII. 2. 

12. If the circles whose centers are B and C touch each other in S, 
the problem may mean :— to find the point R, so that the figure between 
the three circles (see fig. Theo. 2, p. 346} may be bisected by the line 
RS ; or it may mean, u two chords be drawn 'from P, Q, to R, the 
portions of the lunes bounded by parts of these chords and portions of 
the circles may be equal. 

13. This will be found by Theorem 1, p. 346. 

14. Produce CD to meet the arc of tne quadrant in E. Then the 
sector ACE is half of the quadrant : also the semicircle CD A may be 
shewn to be eoual to half the quadrant. The segments on CD and DA 
are similar and equal, if the figure bounded by DA, AC, and the arc CD 
be added to each, the remaining part of the semicircle on AC is equal to 
the trianffle ACD which is a right-angled isosceles triangle. 

16. The area of the cixtle of which the quadrant is given, is to the 
area of the circle which touches the three circles, as 36 is to 1. And the 
quadrant is one-fourth of the area of the circle. Hence the quadrant is 
to the circle as 9 to 1. 
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16. The circles on BA, AC are as the squares on BA, AC ; Euc. 
XII. 2. and the square on BA is equal to the rectansle BC, BD, also the 
square on AC is equal to the rectangle CB, CD ; ^ence it follows that 
the circles are as BD, CD. 

17. Let ABC be the right-angled triangle, BC being the hypotenuse, 
and let semicircles be described on AB, AC as diameters. Bisect AB, 
AC, BC, in E, F, ; from G draw perpendiculars on AB, AC, meeting 
the semicircles in H, K, and shew that QH is equal to GK. By £uc. 
XII. 2. the difference is found. 

1 8. Let AB, A'B' be arcs of concentric circles whose center is C and 
adii CA, CA', and such that the sector ACB is equal to the sector 

A CB'. Assuming that the area of a sector is equal to half the rectangle 
<;ontained by the radius and the included arc : the arc 4^ " to the arc 
A'B' as the radius A'C is to the radius AC. Let l^e radii AC, BC be 
«ut by the interior circle in A', D. Then the arc A'D is to the arc AB, 
as A'b itf to AC ; because the sectors A'CD, ACB 'are. similar : and the 
arc AB' is to the arc AD, as the angle ACB' is to the angle ACD, or the 
angle ACB. Euo. yi. 33. From these proportions may be deduced the 
proportion :— as the angle ACB is to uie angle A'CB', so is the square 
on the radius A'C to the square on the radius AC. And by Euo. xii. 2, 
the property is manifest. 

19. Let AB, A'B' be arcs of two concentric circles, whose center is' 
O. ACB, A'CB' two sectors such that the angle ACB is to the angle 
ACB', as A'C> is to AC*. If AC, BC be cut by the interior circle in A', 
D; then the arc A'B' is to the arc A 'D, as the angle A'CB' is to the angle 
A CD, or ACB. Euc. yi. 33. And the arc A'D is to the arc AB, as the 
radius A'C is to the radius AC, by similar sectors. By means of these 
two proportions and the giyen proportion, the rectangle contained by the 
arc AB and the radius AC, may be proyed equal to the rectangle con- 
tained by the arc AB' and the radius A'C. 

20. Let the arc of a semicircle on the diameter AB be trisected in 
the points D, E ; C being the center ; join AD, AE, CD, CE ; then the 
difference of the segments on AD and AE, may be proyed to be equal to 
the sector ACD or DCE. 

21. Assuming that the area of a sector of a circle is equal to half 
the rectangle contained by the radius and the arc, the sector AOC is 
shewn to be equal to AOB. 

22. Let POQ be any quadrant, being the center of the circle, and 
let BG, DH be drawn perpendicular to the radius PO, and OB, OD be 
joined. The triangle GBO is equal to DEI . 

23. The radii of the circles may be proyed to be proportional to the 
two sides of the original triangle. Then by Euc. xii. 2 ; vi. 19. 

24. The triangles CEA, CEB are equal, and the difference of the two 
seijments is equal to the difference of the parts of the semicircle made by 
CE. The difference of the same pares may also be shewn to be equal to 
double the sector DEC. 

25. Let AB be the hypotenuse of the right-angled triangle ABC, 
and let the semicircles described upon the sides AC, BC, intersect the 
hypotenuse in D. Join AD. AD is perpendicular to AB. The seg- 
ments on AC, AD, and on one side of CD are similar ; and the segments 
on AG may be shewn to be equal to the segments on AD, CD, Also 
the segment on BC may be shewn to be equal to the segments on BD, 
and the other side of CI). If Euc. yi* 31 be true for all $imilar figures^ 
the conclusions aboye stated follow at once. 
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26. The area of tha triangle ABC is equal to the quadrant ABD. 
From these equals take the figure AEDB. 

27. The segments on BC, B A, AC may be shewn to be similar. And 
similar segments of circles may be proved to be proportional to the 
squares on thi^ir radii, Buc. xii. 2, and to the squares on Uie chords on 
which they stand, Buc vi. 6. 

If Euc. Ti. 31 be extended to ixn^ nmilar Jlgure$f the equality follows 
directly. 

28. This is shewn from Euo. xii. 2 ; i. 47 ; t. 18. 

29. The siui of the squares on the segments of the diagonals, iaequal 
to the sum of the squares on each pair of opposite sides of the quadrila- 
teral figure. Hence by Euc. xii. 2 ; i. 47; v. 18, the property is proved. 

30. The squares on the four segments, are together equal to the 
square on the diameter. Theorem 6, p. 163. Then by Buc. xii. 2. 

31. This is shewn by Euo. i. 47 ; xii. 2 ; T. 18. 

32. Apply Theorem 1, p. 346. 
33'. Is analogous to Euc. iii. 14. 

34. The arc of a circle being considered as the measure of an angle 
which the arc subtends ; the angle between the planes of two great 
circles can be shewn to be equal to the angle between the two radii of 
that great circle which bisects the two planes at right angles. 

35. First, shew that all the lines drawn in the plane of the section, 
from that point where the diameter of the sphere meets the section, 
to the surface of the sphere, are equal. The second part is analogous to 
Euc. III. 14. 

36. This may be proved indirectly as in Euc. nr. 18. 

37. Let D be the given point, and from D let DA be drawn through 
the center E, and meeting the surface in C, A. Let DB be a line from 
I) touching the sphere at B. Join BE. Then the triangle DBE (fig. 
Euc. III. 36) is in a plane passing through D, and £ the centre of the 
sphere, and the distances DE, £B are always the same. Hence it follows 
that BD is always of the same length. Euc i. 47. 

The sphere which touches the six edges of any tetrahedron, has four 
circular sections touching the sides of the four triangles which form the 
surface of it. 

38. Let the circle ADB cut the circle AEB in the diameter AB at 
any angle, C being their common center. Next let the plane perpen- 
dicular to AB cut the circumference of the circle ADB in D, F, and the 
circumfereq^ of AEB in E, G-. Then £, D, Q, F may be proved to be 
in. the circumference of a circlo. 

39. Let AB, CD, EF be three lines meeting the surface and inter- 
secting each other at right angles in the point Q- within a sphere whose 
centre is O. Join OG and produce it to meet the surface of the sphere 
in H, K ^ then HK is a diameter. From O draw OL, OM, ON perpen- 
dicular on AB, CD, EF respectively, then these three lines are bisected 
in L, H, N^ Next draw OF perpendicular to the plane of AB, EF, and 
join PL ; PL is perpendicular to the line AB ; also in the same plane 
join PN ; PN is also perpendicular to EF. Join also OA, OC, OF. 
Then Euc. n. 9, the squares on AQ-, BG, are equal to double the squares 
AL, LG. Similarly for the Unes CD and EF ; and by Euc. i. 48, ii. 5, 
Cor. it may be proved that the squares on AG^l GtB, CG, GD, EG, GF, 
are together equal to the square on HK and twice the rectangle HG, GK. 

40. Take a point A on the spherical surface of the fragment as a center, 
and with any radius AB describe a circle upon it. Take two othei 
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points C, D in the drenmferenee of this drde, sad describe m plane tfi> 
angle A'B'Cr harins its sides eqnal to the distances AB, BC, CA« re- 
spectirel J. Describe a circle about the trian^ A'B'C, and draw the 
diameter A'D' ; irith centers A% D' and the racuns eqnal to AB, describe 
circles intersecting each other in E', and throogh the points A% jy^ Iff 
describe a circle ; the diameter of this circle will be equal to that of the 
sphere of which the fragment is giTen. 

41/ All the sections may be proved to be equilateral triangles. 

42. From the vertex A draw the line AE peri)endicular on BCD the 
base of the tetnhcdron, and from £ draw the line EF perpendicular on 
the plane ABC ; the angle between the perpendiculars ia equal to the 
inclination of two planes of the tetrahedron. It will be found that In the 
triangle AEF, the side AE is three times £P. The inclination may also 
be found as in Prob. 21, p. 339. 

43. The two lines drawn from two angles to bisect the opposite 
sides of the base of the tetrahedron, are at right angles to the sides of 
the triangular base. 

44. Draw BO and produce it to meet DC in E. Then Euc. i. 47. 

45. First, let ABCD be a, tetrahedron ; bisect the opposite edges, 
AB in £, and CD in F ; join EF, and prove EF perpendicular to AB, 

CD. Then conversely. 

46. If FE be the shortest distance of the opposite sides AB, CD ; join 

CE, DE, and shew that the square on EF is one-fourth of the square on CD. 

47. First prove the direct proposition, then the converse of it. 

48. Let ABCD be a tetrahedron and let the line EF joining the 
bisections E, F of the two opposite sides AB, CD, be bisected in Q- ; the 
line AO drawn from the verteK A to the plane of the base BCD passes 
through G. Draw the necessary lines. !cuc. ti. 4. 

49. The joining lines in the theorem, are the lines joining the centers 
of the circles inscribed in the four faces of the given tetrahe&on. 

£0. From the vertex A of a tetrahedron draw AO to the point O, the 
center of the circle which circumscribes the face BCD^ and proye AO 
perpendicular to the plane BCD ; then conversely. 

ol. Let ABCD oe a regular tetrahedron. From A in the plane 
ABC draw AE perpendicular to BC, and^oin D£ in the plane BCD, also 
from A draw AG perpendicular to the hue DE. Then the anele AEG 
is the inclination of the two faces ABC, DBC of the tetrahedron, and 
the base EG is one-third of the hypotenuse AE in the right-angled 
triangle AGE. 

Let a 6 e i e/ be s regular octahedron whose £ftoes are equal to those of 
the tetrahedron. Join a/, two opposite vertices. Draw agin, the plane 
ahe perpendicular to 5 o, and g e perpendicular to a/. "Dnw/g in the 
plane/ 6 o, and from/ draw/ A peipendicular to a ^ produced. 

Then agf is the inclination of two &oes of the octahedron. Also in 
the right-angled triangle/A^, g h may be proved to be one-third of/y, and 
fg is equal to AE. B^oe the triangles/^ h, AEF are equal in all respects. 
Therefore the angle fg h is equal to the angle ABB. Hence the angle AEF 
Is the supplement of the angle agft or the inclinataon of two oontigoous 
faoes of a tetrahedron, ii the supplement of the inclination of two contiguous 
ftoes of an octahedron. 

62. It may be shewn that the diameter of the sphere which oiroom* 
•oribes a regular octahedron irill bo to en edge as the diagonal if to the 
lideofAiquire. 



ON BOOK XIK 403 

5S. Let AB, CD, BF be three diameten of s iphere each at right 
angles to the other two, and intersecting each other in O the center of the 
sphere, the extremities of the lines meeting the surface of the sphere. 
Join AC, CB, BD, DA, then these four edges of the figure maj be proyed 
equal to one another bj the right-angled triangles. In the same waj 
the other edses maj be prored equaL Haring prored all the edges equal, 
the fisces of the figure are equilateral trianglM. Lastly pnrro the indi- 
nations of ererj two fisoes to be equaL 

It may also easily be shewn tnat if lines be drawn jaLaing the oenters 
of the faces of a cube ; tbaae will be the adges and diagonals of areguLur 
octahedron. 
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SECOND CLASS PBOVINCIAL CEBTIFICATES, 1871. 

ft 

TIME — ^TWO HOUBS AND A HALF. 

1. If two triangles have two sides of the one eqnal to two sides of the 

other, each to each, and have likewise their bases eqnal, the 
angle which is contained by the two sides of the one shall be 
equal to the angle contained by the two sides, equal to them, of 
the other. 

2. Triangles upon the same base, and between the same parallels, are 

equal to one another. 
8. If the square described upon one of the sides of a triangle be equal 
to the squares described upon the other two sides of it, the 
angle contained by these two sides is a right angle. 

4. If a straight line be divided into two equal, and also into two un- 

equal, parts, the squares on the two unequal parts are together 
double of the square on half the- line, and of the square on the 
line between the points of section. 

5. If a str^ght line be divided into any two parts, the rectangles con- 

tained by the whole and each of the parts are together equal to 
the square on the whole line. 

6. Bisect a parallelogram by a straight line drawn from a p^int in one 

of its sides. 

7. Let A B C b^ a triangle, and let B D be a straight line drawn to D, 

a point in A between A and 0, then, if A B be greater than 
A C, the excess of A B above A C is less than that of B D abovo 
DO. • 

8. In a triangle A B 0, A D being drawn perpendicular to the straight 

line B D which bisects the angle B, show that a line drawn from 
D paraUel to B C wiU biiiect A 0. 

Note. — The percentage of marks requisite, in order that a candidate 
may be ranked of a particular grade, ^Ul be taken on the value of the 
above paper, omitting question 8. 
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SECOND CLASS PROVINCIAL CERTIFICATES, 1872. 

TIME— 2f HOURS. 

1. Define a straight linet a plane rectilineal angle, a right angle, a 

Gnomon. Enunciate Euclid's Postulates. 

2. If from the ends of the side of a triangle there be drawn two straight 

lines to a point within the triangle, these shall be less than the 
other two sides of the triangle, but shall contain a greater angle. 

C » If two triangles have two angles of the one equal to angles of the other, 
each to each, and one side equal to one side, namely; either the 
sides adjacent to the equal angles, or sides which are opposite 
to equal angles in each ; then shall the other sides be equal, 
each to each ; and also the third angle of the one equal to the 
third angle of the other. {Take the case in which the assumed 
equal sides are those opposite to equal angles,) 

i In every triangle, the square on the side subtending an acute angle 
is less than the sides containing that angle, by twice the rect- 
angle contained by either of these sides, and the straight line 
intercepted between the perpendicular let fall on it ff om the 
opposite angle, and acute angle. {Take the case where the per- 
pendicular falls within the triangle.) 

0. if a straight line be divided into any two parts, the squares on the 
whole line, and one of the parts, are equal to twice the rect- 
angle contained by the whole and that part, together with the 
square on the other part. 

6. Prove that, if a straight line AD be drawn from A, one of the angles 
of a triangle A6C, to D, the middle point of the opposite side 
BC, BA X AC is greater than 2 AD. 

•. Let the equilateral triangle ABO, and triangle ADB, in which the 
angle ABD is a right angle, be on the same base AB, and be- 
tween the same parallels AB and CD. Prove that 4 AD> =^7 
AB«. 

f. From D, a point in AB, a side of the iriengJe ABC, it is required to 
draw a straight line DE, cutting BC in E, and AC produced in 
F, 80 that DE may be equal to EF« 



SECOND CLASS PROVINCIAL CERTIFICATES, 1878. 

TIME— TWO HOUES AND A HALF. 

Note. — Candidates who take only Book I, will confine themselves to 
the first eighir questions ; those who take Books I and II, will omit the 
first two questions. 

1. If two angles of a triangle be equal to one another, the sides also 

which subtend, or are opposite to, the equal angles, shall be 
equal to one another. 

2. If one side of a triangle be produced, the exterior angle shall be 

greater than either of the interior opposite angles. 

3. The opposite side, and angles of a parallelogram, are equal to one 

another. 

4. The complements of the parallelograms,which are about the diame- 

ter of any parallelogram, are equal to one another. 
6. To describe a square on a given straight line. 
6. Let A B C D be a quadrilateral figure whose opposite angles ABC 
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•ad A D ttd right angles. Prove that, if A B be equal to 
A D, C B and D shall also be equal to one another. 

7. IfABCDbea qnadrilateral figure, having the side A B parallel to 

the side G D, the straight Ime which joins the middle points of 
A 6 and D C shall divide the qnadrilateral into two equal parts. 

8. The straight line, which joins the middle points of two ddes of a 

triangle, is parallel to the base. 

9. If a straight line be divided into any two parts, the square on the 

whole line is equal to the squares on the two parts, together 
with twice the rectangle contained by the parts. 
10, In an obtuse angled triangle, is the sum of the sides containing the 
obtuse angle greater or less than the square of the side opposite 
to the obtuse angle f And, by how muohf Prove the propo- 
sition. 



SECOND CLASS PBOYIKCIAL CERTIFICATES, 1874* 

TDOB— TWO HOUBS AKD THBBS QUABTXBS. 

NoTS. — Candidates who take only Book I. will 'confine themselves 
to the first 7 questions. Those who take Books I. and IL, will omit 
questions 1, 2, and 3. 

1. When is one straight line said to be perpendicular to another ? 

To draw a straight line perpendicular to a given straight line of 
an unlimited length, from a given point without it. 

2. If one side of a triangle be produced, the exterior angle shall be 

greater than either of the interior opposite angles. 
8. If two triangles have two angles of the one equal to two angles of the 
other, each to each ; and one side equal to one side, namely, 
sides which are opposite to equal angles in each ; then shall the 
other sides be equal, each to each. 

4. What tae parallel straight lines f 

If a straight line, falling on two other straight lines, make the 
alternate angles equal to one another, the two straight lines 
shall be parallel to one another. 

5. What is a parallelogram f 

Parallelograms on equal bases, and between the same parallels, 
are equal to one another. 

8. If two isosceles triangles be on the same base, and on the same side 

of it, the straight line which joins their vertices, will, if pro- 
duced, cut the base at right angles. 
7. Let ABO be a triangle, in which the angle ABO is a right angle. 
From AC cut off AD equal to AB, and join BD. Prove that the 
angle BAO is equal to twice the angle OBD. 

3. If a straight line be divided into two equal parts and also into two 

unequal parts, the rectangle contained by the unequal parts, 
together with the square on the line between the points of sec- 
tion, is equal to &e, (5, n.) 

9. In every triangle, the square on the side subtending an acute angle 

is less than the squares on the sides containing that angle, by 
&c. (13. U). (It will be sufficient to take the case in which the 
perpendicular falls within the triangle.) 

10. To describe a square that shall be equal to a given reotHineal figure. 

11. The square on any straight line drawn froi4 the vertex of an isosceles 
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triangle to the base is less than the square on a side of a trian- 
gle by a rectangle contained by the segments of the base. 



SECOND CLASS PROVINCIAL CERTIFICATES, 1876. 

TIME— TWO HOUBS AND THBES-QUABTSBS. 

Note. — ^Those students who take only Book I, will confine them- 
selves to the first seven questions. Those who take Books I and II, will 
omit the qnestions marked with an asterisk (*), namely, (1) and (2). 
*1. If one side of a triangle be produced, the exterior angle is greater 

than either of the interior opposite angles. 
*2. If two triangles have two angles of the one equal to two angles of 
the other, each tp each, and one side equal to one 'side, namely, 
the sides opposite to equal angles, then shall the other sides be 
equal, each to each. 
0. U a straight line falling on two other straight lines make the alter- 
nate angles equal to each other, these two straight lines shall 
be parallel. 

4. If a straight line fall upon two parallel straight lines, it makes the 

two interior angles upon the. same side together equal to two 
right angles. 

5. Assuming Proposition XXXII, deduce the coroUary : " all the exte- 

rior angles of any rectiHneal figure, made by producing the 
sides successively in the same direction, are together equal to 
four right angles." 

6. If a straight line,drawn parallel to the base of a triangle, bisect one 

of the sides, it shall bisect the other also. 

7. Let ABO and ADC be two triangles on the same base AC and 

between the same parallels- AC and BD. Prove, that, if the 
sides AB and BO be equal to one another, their sum is less than 
the sum of the sides AD and DC. 

8. If a straight line be divided into any two parts, the rectangles 

contained by the whole and each of the parts are together equal 
to the square on the whole line. 

9. If a straight line be bisected and produced to any point, the rect- 

angles contained by the whole line thus produced, and the part 
of it produced, together with, etc. (6, II). 
10. Divide a straight line into two parts, such that the sum of their 
squares may be the least possible. 



FIRST GLASS PROVINCIAL CERTIFICATES 1871. 

TIME. — THBEE HOUBS. 

1. To describe a square that shall be equal to a given rectilineal figure. 

2. A segment of a circle being given, to describe the (drcle of which it is 

the segment. 

3. If the vertical angle of a triangle be divided into two equal angles 

by a straight line which also cuts the base, the segments of the 
base shall have the same ratio which the other sides of the 
triangle have to one another. 

4. In a right-angled triangle, if a perpendicular be drawn from the 

right angle to the base, the triangles on each side of it are 



dmilar to the whole triuig^e and to one another. 

5. If four etraight lines be proportionalSi the similar rectilineal figures 

similarly described npon them shall also be proportionals. 

6. Draw a straight line so as to tonch two giren circles. 

7. Let A B O be a triangle, and from B and 0, the extremities of the 

base B 0, let line B F and O E be drawn to F and £, the middle 
points of A and A B respectively, then, if B F=C E, A B and 
A G shall be equal to one another. 

8. Describe an equilateral trhmgle equal to a given triangle. 

FIRST CLASS FBOYIKCIAL CEBTIFIGATES, 1872. 

TZm^XWO VXD A HALF H0UB8. • 

1. If a straight line tonch a circle, and from the point of contact a 

straight line be drawn catting the circle, the angles which this 
line makes with the line touching the drde shall be equal to 
the angles which are in the alterniate segments of the circle. 

2. To inscribe a circle in a given triangle. 

3. Equal triangles which have one angle of the one equal to one angle 

of the other, have their sides about the equal angles reciproc- 
aliy proportionaL 

4. Similar triangles are to one another in the duplicate ratio of their 

homologous sides. 

5. In any right angled triang^d, any rectilineal figure described on the 

side subtending the right angle is equal to the similar and sim- 
ilarly deeoribed figures on the sides containing the right angle. 

6. Two circles out each other, and through the points of section are 

drawn two parallel lines, tenninated by the circumferences. 
Prove that these lines are equal. 

7. Let A and B D, the diagonals of a quadrilateral figure A B D, 

intersect in E. Then, if A B be parallel to G D, the circles 
described about the triangles ABE and ODE shall touch one 
another. 

8. Divide a triangle into two equal parts by a straight line at right 

angles to one of the sides. 

FIBST GLASS PBOVINCIAL GEBTIFIGATES» 187S. 

TIMS — THSEZ HOUBS. 

1. The angle in a semicircle is a right angle. 

2. A segment of a circle being given, describe the circle of which it 

is a segment 

3. Give Euclid's definition of proportion ; and prove, by taking equi- 

multiples according to the definition, that 2, 8, 9, 13, are not 
proportionals. 

4. Similar triangles are to one another in the duplicate ratio of their 

homologous sides. 

£. To find a mean proportional between two given straight lines. 

6. Through G, the vertex of a triangle A G B, which has the sides A C 
and B equal to one another, a line G D equal to one another, 
a line D is drawn parallel to A B ; and straight lines, A D, 
D B, are drawn from A and B to any point D in G D. Prove 
that the angle A G D is greater than the angle A D B. 
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7. A B G D is a quadrilateral figure insoribed in a eirele* From A and 

B, perpendiculars A E, B F are let fall on D (produced if 
necessary) ; and from C and D, perpendiculars G-, D H, are 
let fall on B A (produced if necessary). Prove that the rectan- 
Rles A E» B F and C G, D H, are equal to one another. 

8. A B G D is a quadrilateral figure inscribed in a cirde. The straight 

line D E drawn through D parallel to A B, cuts the side B C 
in E ; and the straight line A E produced meets D G produced 
in F. Froye, that if the rectangle B A, A I) be equal to the 
rectangle EG, G F, the triangle A D F shall be equal to the 
quadrilateral A B D. 



FIBST CLASS PBOVINGIAL GEBTIFIGATES, 187i. 

TUa. — TBBXB BOUBS. 

1. In equal cirdes/eqnal straight lines cut off equal circumferences, 

the greater, equal to the greater, and the less to the less. 

2. To describe a circle about a given equilateral and equiangular penta- 

gon. 
S. To find a mean proportional between two given straight Unet. 

4. What is meant by duplicate ratio? Write down two whole num- 

bers, which are in the duplicate ratio of i to }. 
What are similar rectilineal figures? 
Similar triangles are to one another in the duplicate ratio of their 

homologous sides. 

5. In any right angled triangle, any rectilineal figure described on the 

side subtcoading the right angle is equal to the similar and 
similarly described figures on the sides containing the right 
angle. 

6. To describe a triangle, of which the basci'the vertical angle, and the 

sum of the two sides are given. 

7. From A the vertex of a triangle ABG, in which each of the angles 

ABG and AGB is less than right angle, AD is let fall perpendicular 
on the base BG. Produce BG to E, making GE equal to AD ; 
and let F be a point in AG, such that the triangle BFE is equal 
to the triangle ABG. Prove that F is one of the angular points 
of a square inscribed in the triangle ABG, with one of its sides 
onBG. 

8. Let E be the point of intersection of the diagonals of a quadrilateral 

figure ABGD, of which any two opposite angles are together 
equal to two right angles. Produce BG to G, making GG equal 
to EA ; and produce AD to F, making DF equal to BE. Provo 
that if EG and EF be joined, the triangles EDF and EGG are 
equal to one another. 

FIRST GLASS PROVINCIAL GERTIFIGATES, 1875 

TIME— THBEE HOUBS. 

1. If two triangles have two angles of the one equal to two angles of 
the other, each to each, and one side equal to one side, namely, 
the sides adjacent to the equal angles in each, then shall the 
Other sides be equal each to each. 



APPEHDIZ. VU. 

2. From m given eurele to exxt off a segment, wMoh shall contain an 
anc^ equal to a given rectilineal angle. 

8. If the angle of a triangle be diyided into two equal angles by a 
straight line which also outs the base, the segments of the baEo 
shall have the same ratio which the other sides of the triangles 
haye to one another. 

4. The si4es about the equal angles equi*angular triangles are propor- 
tionals ; and those which are opposite to the equal angles are 
homologous sides. 

6. If the similar rectilineal figures'similarly described upon four straight 
lines be proportionals, those straight lines shall be propor- 
tionals. 

6. Any rectangle is half the rectangle contained by the diameters of the 

squares on its adjacent sides. 

7. Through a given point within a given circle, to draw a straight Une 

such that one of the parts of it intercepted between that point 
and the circumference shall be doable of the other. 

8. If, from any point in a circular arc, perpendiculars be let fall on its 

bounding radii, the distance of their feet is invariablis. 



MATRICULATION, 1871. 

1. State the points of agreement and disagreement of ]the circle, square 

and rhombus, with one another as appearing from their defini- 
tions. 

2. Any two sides of a triangle are together greater than the third side. 
Show that the som of the excesses of each pair of sides above the 

third side is equal to the sum of the three sides of the triangle. 
8. If the square described upon one of the sides of a triangle be equal 
to the square described on the other two sides of it, the angle 
contained by these two sides is a right angle. 
In an isosceles triangle if the square on the base be equal to three 
times the square on either side the vertical angle is two-thirds 
of two right angles. 

4. If a straight line be divided into any two parts the square on the 

whole line is equal to the square on the two parts, together 

with twice the rectangle contained by the parts. 
Js there any difference between the principle of this proposition and 

the statement (a + &)> = a^ -f 2ab + b^. 
Of all the squares that can be inscribed within another the least is 

that formed by joining the bisections of the side. 

5. If a straight line be divided into two equal and also into two un- 

equal parts, the squares on the two unequal parts are together 

double of the square on half the line and of the square on the 

line between the points of section. 
Poes the statement respecting the equality of the square hold f oi 

any other division of the line. 
C. Equal straight lines in a circle are equally distant from the centre ; 

and conversely, those which are equally distant from the centra 

are equal to one another. 
The lines joining the eztemities of two equal straight lines in a circle 

towards the same parts are parallel to each other.' 
7. What is meant by the Angle in a segment of a circle ? Define simile 

ar segments of circles. 
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upon the same straight line and npon the same side of it, there can- 
not be two similiar segments of ciroles not coinciding with one 
another. 

8. In equal circles the angles which stand npon eqnal arcs, are equal to 

one another whether they be at the centres or circumferences. 

If two equal circles so intersect each other that the tangents at one of 
their points of intersection are inclined to each other at an 
angle of 60** shew that 

Badius of circle : line joining their centres : : 1 : ^/JT" 

9. From a given circle to cut off a segment that shall contain an angle 

equal to a given rectilineal angle. 
In a given circle inscribe a triangle which shall have a given verti- 
cal angle and whose area shall be equal to a given triangle ; and 
shew with what limitation this can be done. 
10. When is a circle said to be inscribed in a rectilineal figure. 

To inscribe a circle in a given triangle. 
jLl. Inscribe an equilateral and equiangular pentagon in a given circle. 
Show how to divide a right angle into fifteen equal parte* 



MATEICULATION, 1872. 

BONOBS. 

1. From a given point to draw a straight line equal to a given straight 

line. 
Explain what different constructions there are in this proposition. 

2. If a side of a triangle be produced, the exterior angle is equal to the 

two interior and opposite angles ; and the three interior angles 
of every triangle are together equal to two right angles. 
Find the number of degrees in one of the exterior angles of a 
regular heptagon. 

8. Triangles upon the same or equal bases and between the same 
parallels are «qual to one another. 
By means of these propositions prove that a line drawn parallel to 
the base of a triangle and cutting off one-fourth from one of its 
sides, will also cut off a fourth part from the other side. 

4. If a straight line be divided into two equal and also into two un- 
equal parts, the squares on the two unequal parts are together 
double of the square on half the line, and of the square on .the 
line between the points of section. 
If a chord be drawn parallel to the diameter of a circle and from 
any point in the diameter lines be drawn to its extremities, the 
sum of their squares will be equal to the sum of the squares of 
the segments of the diameter. 

6. To divide a given straight line into two parts, so that the rectangle 
contained by the whole and one of the parts shall be equal to 
the square on .the other part. 
Solve the problem algebraically. Interpret and construct geome- 
trically the second root so obtained. 
Divide a given line so that one segment may be a geometric mean 
between the whole and the other. 

6. In every triangle, the square on the side subtending either of the 
acute angles, is less than the squares on the sides containing 
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^' that angle, by twice the rectangle contained by either of these 
■idoB, and the straight line intercepted between the acute angle 
and the perpendicular let fall upon it from the opposite angle. 

In a triangle ABO, if AD be drawn to the bisection of BC, the 
difference between the square on BO and twice the square on 
AO 18 double of the difference between the square on AB, and 
twice the square on AD. 
V If a straight line touch a. circle, the straight line drawn from the 
centre to ilie point of contact, shall be perpendicular to the line 
touching the drole. 

The locus of intersections of all pairs of tangents to a circle 
which contain a given angle is a circle. 

What is the magnitude of this angle, in order that the circle may 
be double the original ? 
8. The opposite angles of any quadrilateral figure inscribed in a circle 
are together equal to two right angles. 

What relation must exist between the sides of a quadrilateral in 
order that a circle may be inscribed in it? Show that your 
relation is sufficient. 
9« If from any point without a circle two straight lines be drawn, one 
of which cuts the circle, and the other touches it ; the rect- 
angle contained by the whole line which cuts th& circle, and the 
part of it without the circle, shall be equal to the square on the 
line which touches it. 

Shew that this proposition is an extension of m, 85. 

From a given point without a circle shew how to draw (when pos- 
sible) a line that wiU be divided by that circle in Medial sec- 
tion. 

10. Inscribe a circle in a given triangle. 

When is one rectilineal figure said to be inscribed in another|? 

11. In a right-angled triangle, if the perpendicular be drawn &om the 

right-angle to the base; the triangle on each side of it are 
similar to the whole triangle and to one another. 
« Construct geometrically the roots of the equation x{a — x)~h^ and 
give the geometric interpretation of the case^of equal and im- 
possible roots that the problem may present. 

12. To describe a rectilineal figure which shall be similar to one given 

rectilineal figure and equal to another given rectilineal figure. 



MATRIOULATION, 1873. 

HONOBS. 

1. ' If a straight lin^fftUs upon two parallel straight lines, it makes the 

alternate angles equal to one another, and the exterior angle 
equal to the interior and opposite upon the same side, and also 
the two interior angles upon the same side together equal to 
two right angles. 
Vary the order of proof in this proposition by proving the last 
statement first. 

2. If a straight line falling upon two other straight lines, makes the 

interior angles upon the same side together equal to two right 
angles, the two straight lines shall be parallel to one another. 
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Can this be inferred immediately from tlie 12th axiom? ' Give the 
reasons for .your answer. 
8. Any two sides of a triangle are together greater than the third side. 

A straight line is the shortest distance between two given points. 
4. In any right angled triangle, the square which is described upon 
the side subtending the right angle, is equal to the squares 
described upon the sides which contain the right angle. 
Any two parallelograms being described on two sides of any trian- 
gle, to deseribe on the third side a parallelogram equal to their 
sum. 
6. To describe a square that shall equal a given rectilineal figure. 
To divide a given straight line into two parts such that their 

rectangle is equal to a given rectilineal figure. 
What limitation must there be to the magnitude of the given figure? 

6. If a straight line drawn through the centre of a circle bisect a 

straight line in it which does not pass through the centre, it 
shall cut it at right angles ; and, if it cut it at right angles, it 
shall bisect it. 
Describe three circles of given radii which shall touch each other 
externally two and two. 

7. In the above show that the common tangents meet in one point, 

with which as centre, a circle may be described passing through 
the three points of contact. 
What proposition of Euclid does this correspond to? 

8. If straight lines within a circle intersect in one point the rectangle 

under the segments is constant. 
What limitation must be made to render the converse true ? Prove 
the converse when true. 

9. The opposite angles of any quadrilateral figure inscribed^in a circle 

are together equal to two right angles. Deduce — The angle in 
a semicircle is a right angle. (Prop. 31 Bk. m ) 

10. To describe an isosceles triangle having each of the angles at the 

base double of the third angle. 
A'tangent to a circle is drawn at an angular point of an inscribed 
regular pentagon, and a side produced through that point, shew 
that a straight line making equal intercepts on the tangent and 
the side produced, is parallel to the tangent at one of the adja- 
cent angular points. 

11. To describe a circle about a given equilateral pentagon. 

With an angular point of the regular pentagon as centre, and a 
side as radius, describe a second circle ; show that the tangent 
to the first circle at a point of intersection of the circles meets 
the common diameter at a point without the second circle. 

12. In the above show that the distance from the above point to the 

centre of the first circle is greater than the diameter of the sec- 
ond circle. 



MATBICULATION, 1874 

HOKOBS* 

*g* Ko8, 1 and 8 to be omitted for Senior MatxioTilAtion ; No0« 12 
a&d 18 to bfi omitted for Junior Matrioulation. 
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1. Parallelograms npon the same base and between the same parallels 
are equal to one another. 
From the centre O of a drole the radii OA, OB are drawn, the tan- 
gents at A and B meet in C ; if OC be bisected in D and VE be 
drawn perpendicular to OD meeting OB in E, then AE will 
bisect the figure OBCA. 

3. In every triangle the square on the side subtending any of the acute 
angles is less than the squares on the sides containing that 
angle by twice the rectangle contained by either of these sides, 
and the straight line intercepted between the perpendicular let 
fall upon it from the opposite angle and the acute angle. 
Construct a square that shall be equcd to the difference between the 
sum of the squares on two given straight lines and the rectangle 
under these lines. 

3. Through a given point to draw a straight line parallel to a given 
straight line. 
?rom a given point in the oironmferenoe of a circle to draw a chord, 
when possible, that shall be bisected by a given chord. 

i. !Find the sum of (1) all the interior angles of any rectilineal figure ; 
(2) aU the exterior angles. 
AB, CD the alternate sides of * regular polygon are produced to 
meet in £, if ^C, OJB meet in J^, O being the centre of the poly- 
gon, shew that AF»FC=OF.FE. 

6. To divide a given straight line into two parte, so that the rectangle 
contained by the whole and one of the parts shall be equal to 
the square on the other part. 
If AB be bisected in O and produced to a point D, such that AG, 
CD;=AD,DB, then AD is divided in C in l^e manner required 
by the proposition. 

6. If from any point without a eirele two straight lines be drawn, one 

of which cuts the drole and the other touches it, the rectangle 
contained by the whole line that cuts the circle and the part of 
it without the eixole shall be«qual to the square on the line that 
touches it. 
Any number of circles pass through two given points A and B ; 
shew that with any given point C in AB produced, as centre, 
ft circle may be described cutting the other circles at right angles, 
and find its radius. 

7. To draw a straight line from a given point either without or in the 

circumference which shall touch a given circle. 
Find the point in the line joining the centres of two circles of dif- 
ferent radii, such that if a perpendicular be drawn through it, 
the tangents to the circles from any point in this perpendicular 
may be equal. 

3; The angle at the centre of a circle is double of the angle at the cir- 
cumference upon the same base, that is, npon the same part of 
the circumference. 
If a cirde be described touching one of the equal sides of an 
. isosceles triangle at the vertex and having the other side as 
flhord, tiie ar6 lying between the vertex and base is one-half the 
•10 subtended by the chord. 

9. If a atrali^t line touch a given eirde and liom the point of contact 
a straight line may be drawn cutting the circle, the angles made 
by tbii line with the Una toudiing tbe oirde shall be equal to 
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the angles which are in the alternate segmonts of the cirde. 

10. To inscribe an equilateral and eqniangnlar pentagon in a given 

circle : 
If two diagonals of a regular pentagon intersect and a circle be 
described about the triangle of which the greater segments are 
two sides, two sides of the pentagon which terminate at the 
other extremities of these segments are tangents to the circle at 
these points. 

11. To describe a circle about a given square': 

Find the relation between the areas of the circles described about 
and inscribed in a given square. 

12. If a straight line be parallel to the base of a triangle it will cut the 

sides, or the sides produced, proportionally, and if the sides, or 
the sides produced, be cut proportionally, the straight line 
which joins the points of section shall be pariJlel to the base. 
1S« To find a mean proportional between two given straight lines. 



JUNIOB AND SENIOB MATBIOULATION, 1875, 

4.% Junior Matriculants will omit questions 15 and 16, and Senior 
Matriculants questions 12 and Id. 

1. Define the terms axiom, postulate, scholium, cor<^aiy. 

2. If two triangles have two sides of theone equal to two sides of the 

other, each to each, but the angle contained by the two sides of 
the one greater than the angle contained by. the two sides equal 
to them, of the other, the base of that which has the greater 
angle shall be greater than the base of the other. 
8. If a side of any triangle be produced, the exterior angle is equal to 
the two interior and opposite angles; and thd three interior 
angles of every trianjgle altogether equal to two right angles. 

4. Triangles on equid bases and between the same parallels are equal 

to one another. 

5. If the square described on one of the sides of a triangle be equal 

to the squares described on the other two sides of it, the angle 
contained by these two sides fs a right angle. 

6. If the diagonals of a quadrilateral bisect each other, it is a paral- 

lelogram: if the bisecting lines are equal it is rectangular; if 
the lines bisect at right angles it is equilateral. 

7. If a straight line be divided into two equal, and also into two 

unequal parts, the squares on the two unequal parts are 
together double of the square on half Khe line and of the 
square on the line between the points of section. 

8. Divide a straight line into two parts^ so that the rectangle con. 

tained by the whole and one of the parts may bd equal to the 
square on the other part. 

9. In the Algebraic solution of the preceding problem, we obtain a 

quadratic equation which gives two values of the unknown 
quantity. Enunciate the Geometrical proposition which cor- 
responds to the other root. 

10. The sum of the squares on the diagonals of a parallelogram is 

equal to the sum of the squares on the side^. 

11. The opposite angles of a quadrilateral inscribed in a eircle are to- 

gether equal to two right angles. 
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12. The straight linot biseoting the sides of a triangle at right angles 

meet in a point. 

13. Gonstrnot a triangle, having given the middle points of .sides. 

14. Describe a circle about a given equilateral and equiangular pen- 

tagon. 

15. From a given straight line to cut off any part required. 

16. Similar triangles are to one another in the duplicate ratio of their 

homologous sides. 

TIME — 3 HOXTBB. 

1. Describe an equilateral triangle upon a given finite straight line. 
By a method similar to that used in this problem, describe on a 

given finite straight line an isosceles triangle, the sides of which 
shall be each equal to twice the base. 

2. If a straight line fall on two parallel straight lines, it makes the al- 

ternate angles equal to one another, and the exterior angle 
equal to the interior and opposite angle on the same side ; and 
also the two interior angles on the same side together equal to 
two right angles. 
What objections have been urged against the doctrine of parallel 
straight lines as it is laid down by Euclid ? Where does the 
difficulty originate and what has been suggested to remove it. 

3. In any right angled triangle, the squares described on the sides con- 

tainiog the right angle are together equal to the square of the 
side subtending the right angle. 
Show, by describing a square on the outer side of one side, and on 
the inner side of the other, that the two squares thus descij^ed 
will cut into three pieces, so as exactly to make up the square of 
the hypotenuse. 

4. Divide algebraically a given line (a) into two parts, such that the 

rectangle contained by the whole and one part may be equal to 
the square of the other. Deduce Euclid's construction from 
one solution and explain the other. 

5. If two straight lines within a circle cut one another, the rectangle 

contained by the segments of one of them is equal to the rect- 
angle contained by ihe segments of the other. 
If, through a point within a circle, two equal straight lines be drawn 
to the circumference, and produced, they will be at the same 
distance from the centre. 

6. Explain and illustrate the fifth and seventh definitions in the fifth 

book of Euclid, and shew that a magnitude has a greater ratio 
to the less of two unequal magnitudes than it has to the 
greater. 

7. With the four lines3contain|a-|-&, a-|-c, a — 5, a—e units respective- 

ly, construct a quadrilateral capable of having a circle inscribed 
in it. 
Prove that no parallelogram can be inscribed in a*circle except a 
rectangle ; and that no parallelogram can be described about a 
circle except a rhomb. 
9, Similar triangles are to one another in the duplicate ratio of their 
homologous sides. How does it appear from Euclid that the 
duplicate ratio of two magnitudes is the same as that of their 
§^uares ? 
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FIRST CLASS PBOVINOIAL CERTIFICATES, JULY 18?6. 

XIME-^THBXE HOUBS. 

N.^. — Algebraic iymhoU must not he used^ 

1. (a) The straiglit line drawn at right angles to the diameter of n. 
circle from the extremity of it, falls without the circle ; and no 
straight line can be drawn from the extremity, between that 
straight line and the circumference, so as not to cut the circle, 
(in 16.) 
(h) Draw a common tangent to two given circled. How many can 
be drawn ? (Apollonitis,) 

2» (a) The opposite angles of any quadrilateral fignre inscribed in ^ 
circle are together equal to two right angles, (in 22.) 
(&) If straight lines be drawn from any point on the circumferencd 
of a circle perpendicular to the sides of an inscribed triangle^ 
their feet are in the same straight line. {M» Ft Ja/iohu) 

Z. (a) If the chord of a circle be divided into two segments by a point 
in the chord or in the chord produced, the rectangle contained 
by these segments will be equal to the difference o| the squared 
on the radius and on the line joining the given point with the 
centre of the circle. What propositions in Euclid follow im*- 
mediately from this ? 
(&) Describe a circle which shall pass through a given point and 
^ touch two straight lines given in position. (Apollonim.) 

4. (a) To describe an isosceles triangle, having each oi the angles at 
the base double of the third angle. (IV 10.) 
(&) Construct a triangle having each of tne angles at the base equal 
to seven times the third angle. 

o. (a) If the vertical angle of a triangle be bisected by a straight line 
which also cuts the base, the segments of the base have the 
same ratio which the other sides of the triangle have to one an- 
other ; and, if the Segments of the base have the same ratio 
which the other sides of the triangle have to One another, the 
straight line drawn from the vertex to the point of section shall 
bisect the vertical angle. (YI 3.) 
ip) The points in which the bisectors of the external angles of A 
triangle meet the opposite sides, lie in a straight line. 
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TIHB — THBEB HOVBS. 
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N.B, — Algebraic symhoU must not he used. Candidates who tahe 
Book II will omit Questions 1, 2, and 8, marked *• 

Talnef. 

16 *1. The angles at the base of an isosceles triangle are eqnal to 
one another ; and if the eqnal sides be produced, the angled 
on the other side of the base shall be eqnal to one another. 

Where does EncUd reqnire the second part of this theorum 7 
If two triangles have two sides of the one eqnal to two sides of 
the other, each to each, but the angle contained by twu 
sides of one of them greater than the angle contained by the 
two sides equal to them of the other, the base of that which 
has the greater angle shall be greater than the base of the 
other. 
Why the restriction " Of the two sides DE, DF, let DE be the 
side which is not greater than the other "? 

If two triangles have two angles of the one equal to two 
angles of the other, each to each, and have also the sides 
adjacent to the equal angles in each, equal to one another, 
tiien shall the other sides be equal, each to each ; and also 
the third angle of the one to ite third angle of the other. 
(Prove by superposition.) 

What propositions in Book I are thus proved f 

If a straight line fall upon two parallel straight lines, it makes 
the alternate angles equal to one another, and the exterior 
angle equal to the interior and opposite angle on the same 
side ; and also the two interior angles on the same side to- 
gether equal to two right angles. 

What objection may b^ taken to the twelfth axiom ? 

What is its converse ? 

In any right-angled triangle, the square which is described on 
the side subtending the right angle is equal to i^e squares 
described on the sides which contain the right angle. 

Prove also by dissection and superposition. 

Draw through a given point between two straight lines not 
parallel a straight line which shall be bisected in that point. 

The perpendiculars from the angles of a triangle on the oppo- 
site sides meet in a point. 

Given the lengths of the lines drawn from the angles of a 
triangle to the points of bisection of the opposite sides, con- 
struct the triangle. 

If a straight line be divided into two parts, the square on the 
whole line is equal to the squares on the parts, together* 
with twice the rectangle contained by the parts. 

In every triangle, the square on the side subtending an acute 
angle is less than the squares on the sides containing that 
angle by twice the rectangle contained by either of these 
Bides, and the strught line intercepted between the perpen- 
dicular let fall on it from the opposite angle, and the acute 
angle. 
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EXERCISES ON BOOK I, p. 



1 Emm. ,22. ,85. ,46. 
Sid. .80. Trin. ,37. 

2 Trin. ,40. Cal. ,67. 
Chr. ,68. 

8 Trin. ,82. ,37. ,60. 

T. H. ,62. Joh. ,64. 

S. H. ,64. 
4 Sid. ,30. ,43. Jes. 

,60. ,68. Qu. ,34. 

Trin. ,40. Cla. ,47. 

Emm. ,66. 
6 Emm. ,21. Qa.,23. 

,40. ,42. Tzin. ,26. 

,27. ,29. O. C ,30. 

,66. Pern. ,32. ,38. 

6 S. H. ,17. Trin. 
,24. ,87. Qu. ,26. 
Emm. ,27. ,48. 
Cath.,29.,48.Pem. 
,39. ,47. Sid. ,40. 
Chr. ,46. Cla. ,66. 

7 8. H. ,19. Trin. 
,29. Qu.,36. Pern. 
,44. Jea. ,49. B. S. 
.fift. 



8 Qu. ,26. ,28. S. H. 
,49. ,60. Pet. ,66. 
Emm. ,60. C. C. 
,67. Cai. ,65, 

9 Mag. ,38. Joh. ,68. 

10 Emm. ,34. 

11 Cai ,40. Joh. ,60. 

12 S. H. ,40. ,64. 

13 Cath.,31.S.H.,60. 
14 

16 Pet. ,67. 

16 Cath.,22.,33. Trin. . 
,87. 

17 Cai. .67. 

18 Chr. ,66. 

19 Emm. ,66, 

20 T. H. ,61. 

21 Jes. ,68. 

22 S. H. ,60. 

23 Qu.,19. T,H.,61, 
Emm. ,61. Pem. 
,67. 

24 Jes. ,68. 

26 8. H. ,14. aa. ,66. 
26 Cai. .41. 



69, &c. 

27 Chr. ,26. ,41. ,62 
Jes. ,62. Joh. ,31. 
Pet. ,88. Trin. ,39, 
,60. Mag. ,61. 

28 S. H. ,68. 

29 C. C. ,63. S. H. 
,69. 

80 C. C. ,63. Qu. ,64. 
Chr. ,66. 

81 Trin. ,31. 

32 S.H..36.,48.Mag. 
47. Chr. ,64, 

83 Emm. ,26. 

84 Joh. ,19. Qu. ,25. 
86 Chr. ,28. Pem. ,42. 

Jes. ,51. 

86 Trin. ,26. Sid. ,48. 
C. C. ,67. 

87 Pem. ,29. B. 8 
,48. Qu. ,62. 

38 Qu. ,60.' 

8^Qu. ,31. (;!ath..j5. 

Emm. ,36. Sid. 

,88. B. 8. ,4tr 

Trin. ,27. 



INDBX. 



40 Trin. »84. 

41 S. H. ,60. 

42 S. H. ,04. C. C. 
,23. Chr.,29. ,60. 
Gath.,36. Je8.,d2. 
Pet. »36. Qu. ,39. 
Trin. ,37. ,49. Cai. 
40. Pern. ,48. 

43 Trm.,54. Emiii.,64. 

44 Trin. ,68. 
46 Cai. ,65, 

46 Pet. ,6d. 

47 Chr. ,65. 

48 Cai. ,49. 

49 Jes. p54t, 

50 S. H. ,63. 

61 Trin. ,39. ,61. Pern. 
,61. 

62 Trin. ,43. 

63 Joh.,26. Pern. ,47. 
Chr. ,62^, ,68. . 

64 Cai. ,46. Qu. ,48. 

65 Cai. ^1. Joh. ,30. 
66 

67 JeB, ,62. Cai. ,66. 

68 Jes. f55» 

69 Pet ,61. 

60 Chr. ,39. 

61 Pet. ,36. 

62 Tri» . ,62. ,64. T.H. 

63 Pet. ,61. 

64 Trin. ,61. 

66 Jes. ,64. 

66 Pet. ,61. 

67 S. H. ,48. 
68 

69 T. H. ,64. 

70 Trin. ,40. 
71 

72 Cai.',83. Qu. ,88, 

73 Trin. ,49. 
74Qu.,81. Chr. ,66. 

Sid. ,36. Pet. ,63. 
76 Qu. ,19. 

76 Qu. ,24. 

77 Ola. i6\. 

78 Qu. ,32. Jes. ,86. 
S. H. ,49. ,60. 

79 S.£D,49.Mag.,62. 

80 Qu. ,37. 

81 Trin. ,4«. ' 

82 Chr. ,68. 
88 Chr. ,62. 
84 Trin. ,62. 
86 Cwbu ,49, 



86 da. ,07. 

87 Pet. ,46. 

88 C. 0. ,60. Cai. ,63. 

89 Mag. ,61. ,68. 

90 Jes. ,5i. 

91 Cath. ,49. S. H.,64. 

92 Jes. ,65. 

93 Cai. ,46.- 

94 Jes. ,41. 

95 Chr. ,43. 

96 Joh. ,31. 

97 Cai. ,36. Cath. ,55, 

98 Emm. ,30. Cath. 
,67. 

99 Trin. ,69. 

100 Pet. ,61. 

101 Qu. ,29. ,36. ,87« 
B. S. ,39. 

102 

103 Mag. ,62. 

104 Chr. ,47. Cla. ,48. 
106 Pet. ,61. 

106 Sid., 46. Chr. ,47.' 
Emm. ,47. 

107 S. H. ,52. 

108 Emm. ,67. 

109 S. H. .04. Cai. 
,34. Emm. ,89. 

110 Qu. ,25. Trin. 
,25. ,38. Pet. ,39. 
Je8.,62. Pern. ,42. 

111 S. H. ,03. ,18. 
Trin. ,26. ,44. Cla. 
,31. ,36. 

112 Qu. ,29. ,87. ,26. 
Trin. ,27. ,33. ,36. 
,40. ,49. ,60. Chr. 
,44. Pem. ,46. 
Cath. ,68. Emm. 
,64. Jes. ,62. S.H. 
,60. C. C. ,68. 

113 Emm. ,82. 

114 Qu.,19.,37.Emm. 
,26. ,63. Mag. ,29. 
,32. Cai. ,34. Trin. 
,37. ,38. Pet. ,44. 

• ,62. 
116 S. H. ,48. 

116 Qu. ,39. Mag. ,64. 
S. H. ,69. 

117 Trm. ,29. 

118 Emm. ,22. C. C. 
,68. 

119 Pet. ,46. 

120 S.H. ,36., 48. Joh. 
,37. 



121 Pet. ,88. Chr. ,89* 

122 S. H. ,63. 

123 Joh. ,68. 

124 C. C. ,46. 
126 Pem. ,46. 

126 S. H. ,64. 

127 Emm. ,31, Chr. 
.38. 

128 Trin.,48.Cath.,46. 
129 

130 Pem. ,47. 

131 Cla. 

132 Ki.,48. S.H.,63. 
Chr. ,65. ,67. 

133 Qu.,80. Chr. ,46. 

134 Pet. ,68. 

135 Jes. ,67. 

136 Mag. ,67. 

137 Cai. ,62. 

138 Trin. ,37. ,50. ,62. 
Joh. ,47. Emm. 
,62. ,53. ,56. Chr, 
,60. T.H. ,62. 

139 Cla. ,36. 

140 Mag. ,49. 

141 Cla, ,36. 

142 Joh. ,68. Chr. ,68. 

143 Trin. ,63. ,64. 

144 Joh. ,16. Qu.,30. 
Pem. ,33. ,49. Jes. 
,46. Trin., 47. ,68. 
C. C. ,58. 

145 Pet. ,27. 

146 S. H. ,36. 

147 Chr. ,64. 

148 Cla. ,66. 

149 Jes. ,20. Qu. ,82. 
,48. Cath. ,86. 
S. H. ,69. 

160 Trin. ,40. 
151 Pet. ,32. ,36. 

162 Pet. ,49. 

163 S. H. ,65. 

164 Jes. ,63. 
166 Chr. ,66. 

166 T. H. ,52. 

167 Joh. ,20. Emm. 
- ,26. 

168 Sid. ,46. Mag. ,68. 

159 Cai. ,37. 

160 Emm. ,32. Qu. 
,36. ,59. C C« 
,36. ,69. Mag. ,39. 
B. S. ,47. 

161 Trin. ,21. ,60. 

162 Jes. ,36. 



iudbx. 



BXEBCISES ON BOOK H, p. 113» ftc. 



1 B.H..U. »ffO. Joh. 
,18. Trin. ,36. Chr. 
,55. 

2 Joh. ,17. 

t 8. H. ,16. ,59. Trin. 
,27. ,30. ,37. .47. 
,48. Mag. ,31. ,43. 
Pet ,29. ,38. Sid. 
,34. Emm. ,21, ,27. 
,37. ,44. CaL ,43. 
Qu.,37. T.H. .66. 

4 Emm. ,34. Fein. 
,46. Mag. ,51. 

5 S.H.,0?. Joh. ,18. 
Qu. ,21. Trin. ,37. 
Sid. ,42. Chr. ,46. 
,46. ,48. 

6 Pet. ,62. 

7 Pet. ,68. 

8 Jes. ,64. 

9 S. H. ,60. 

10 Cai. ,68. 

11 Jes. ,63. 

12 Pet. ,25. 

3 Chr. ,40. 

14 Trin. ,42. 

15 Pet. ,87 

16 T. H. ,40. ,54. 

17 Qu. .87. 

18 S. 11. ,38. 

19 Chr. ,48. ,54. Jea. 
,48. Sid. ,49. Pet. 
,55. Pern. ,58. 



20 Emm. ,66. 

21 

22 Qu. ,60. 

23 Qu. ,24. 

24 Chr. ,49. 

26 S.U.,10.,04. Trin. 
29 

26 Pet ,43. 

27 Chr. ,49. 

28 Qu. ,56. 

29 Qu. ,67. 

30 Qu. ,51. 

31 Mag. ,57. 

32 Cai. ,69. 

33 Chr. ,67. 
84 Cat ,44. 
35 Joh. ,44. 

86 Trin. ,49. Cai. ,57. 

37 Joh. ,13. Emm. 
,25. ,36. Trin. ,32. 
Mag. ,33. ,40. Pet 
,62. S. H. ,63. 

88 Joh. ,21. S. H. 
,50. Pet ,54. 

89 Joh. ,25. 

40 Cai. ,42. 

41 S. H. ,53. 

42 T. H. ,68. 

43 Joh. ,26. Jes. ,87. 
Mag. ,42. 

44 Pet ,44. 



45 Emm. ,23. ,26. ,2b 
,43. ,51. Trin. .27. 
,44. ,49. ,60. Pet 
,30. Mag. .33. ,43. 
,46. ,62. B. B. ,38. 
C. C. ,51. Ckr. 
.41. ,47. ,50. 

46 Emm. ,28. Sid. 
,33. O. O. ,39. 

47 Joh. ,19. Qu. ,29. 
,30. ,48. 

*48 Chr. ,30. Emm. 
,36. S. H. ,46. 
Cath. ,52. 

49 S. H. ,07. T. H. 
,44. Pem. ,52. Joh 
,41. Trin. ,63. 
Emm. ,52. S. a. 
,59. 

50 Emm. .28, ,46. 
Trin. -32. Pern, ,47c 

51 Chr. ,51. 

52 Pet. ,53. 

53 Cai. ,28. 
54 

55 

56 

67 Jes. ,58. 

58 S.H. ,59. 



1 Chr, ,28. S.TT. ,86. 
,69. Cai. ,44. 

2 Qu.,23. T.H. ,54. 
Mag. 63. 

3 Trin. ,27. 

4 Mag. ,53. 
6 S. H. ,04. Sid. ,41. 

6 Trin. ,19, .23. Qu. 
,21., 22. Pem. ,30. 
,39. Sid. ,36. Pet 
,31. Emm. ,34, ,42. 
,44. T. H. 64. 

7 Bmm. ,22. Pem. 
,36. Joh. 67. S. U. 
^3. 

9 Pet ,29. Cla. ,46. 



EXERCISES ON BOOK III, p. 160, &c 

Qu. ,56. 
Mag. ,46. 
Mag. ,47. 
S. B[. ,43. 
S. H. ,48. 
Cath. ,53. 



9 
10 
11 
12 
13 
14 
16 
16 
17 
18 



Joh. ,67. 

Trin. ,19. Sid. ,33. 
Cai. ,84. Emm. ,34. 
Qu. ,36. S. H. ,63. 
Chr. ,56. Joh. ^57. 



19 
20 



,68. 
Emm. ,24. 
C C' ,42. 



21 Joh. ,21. 

22 Trin. ,52. 
T. H. ,58. 

23 Joh. ,17. 

24 Joh. ,21. 

25 Chr. ,27. 

26 S. H. ,48. 

27 Pet ,47. 

28 S. H. ,49. 

29 Trin. ,39. 

30 Emm. ,54. 

31 S. H. ,53. 

32 S. H. ,69. 

33 Qu. ,57. 

34 Pet ,65, 



TNDElt. 



85 Trin. ,30. ,39. C. C. 
,36. ,45. Emm. ,37. 
Chr.,39. Pem.,40. 

36 Sid. ,35. 

37 Joh. ,30. 

38 Joh. ,20. Emm. »26. 

39 Cath. ,31. 

40 Qu. »S6. 

41 Joh. ,28. Qa. ,35. 

42 Emm. ,56. 

43 TrixL ,57. 
44 

45 Qu. ,58. 

46 Pem. ,45. 

47 S. H.,14. Qu. ,20. 
,32. Joh. ,25. 
£mm.,32.Chr.,45. 
Cai. ,44. 

48 Pet. ,56. 
49-Triii. ,57. 

50 Trin. ,34. 

51 Cai. ,32. ,41. 

52 Emm. ,21. Pem. 
,32. Cla. ,36. Cai. 
,45. 

53 S. S. ,53. 

54 Cla. ,56. 

55 S. H. t^5, 

56 Cla. ,56. 

57 Emm. ,57. 

58 Tiin. ,43, 
59 

60 Trin. ,11. 

61 Qu. ,36. 

62 Cai. ,44. 

63 Jes. ,33. 

64 Joh. ,22. 

65 S. H. ,29. 

66 Joh. ,42. Chr. ,53. 

67 S. H. ,25. 

68 Cai. ,43. Emm. 44. 

69 Joh. ,14. Chr. ,26. 
C. C. ,65. 

70 Trin. ,29. Sid. ,45. 
S. H. ,50. 

71 Jes. ,58. 

72 Chr. ,48. Sid. ,52. 

73 Trin. ,39. 

74 8.H. ,36. Jes. ,57. 
76 S.H. ,02. Pem. ,32. 

T. H. ,44. 

76 Trin. ,45. 

77 8. H. ,04. ,59. 

78 Pet. ,39. Emm. ,56. 

79 Joh. ,30. Cai. ,36. 
Cla. ,46. 



80 Trin. ,35. 

81 8. H. ,59. 

82 Ei. ,50. 

83 S. H. ,03. Qu. ,22. 
Emm. ,27. Sid. ,30. 
Cath. ,30. ,35. 
Mag. ,34. ,37. ,45. 
B.S.,39.,43. C.C. 
,57. 

84 Pet. ,37. 

85 Qu. ,33. 

86 Joh. ,47. 

87 Cai. ,48. 
88 

89 Joh. ,19. Qo. ,26. 

90 S. H. ,58. 

91 Qu. ,52. 

92 Qu. ,39. Pem. ,43. 

93 Joh. ,30. 

94 Trin. ,24. 

95 Qu. ,54. 

96 Joh. ,17. 

97 Sid. ,35. Pem. ,42. 

98 Qu. ,38. 

99 Cai. ,31. 

100 S.H. ,48. Qu.,57. 

101 S. H. ,50. Qu. 
,54. Pem. ,50. 

102 Cai. ,47. 

103 Cai. ,40. 

104 Emm. ,56. »57. 

105 T. H. ,58. 

106 Pet. ,62. 

107 Cai. ,39. Jes. ,26. 
v/. O. ,38. 

108 Pet.,39.PGnL,45. 

109 Chr. ,40. 

110 Trin. ,29. ,82. ,88. 
S. H. ,08. Pet. 
,19. ,20. ,21. Qu. 
,20. ,28. Mag. ,30. 
B.S.,?9. Chr.,51. 

111 S. H. ,40. 

112 Joh. ,31. 

113 Emm. ,28. 

114 Joh. ,25. 

115 S.H.,20.Trin.,22. 
,25. Mag., 37. Qu. 
,39. 

116 S. H. ,03. 

117 Trin. .20, 

118 Jes. ,54, 

119 Cai. ,51. 

120 Cai. .37. 

121 Cai. ,42. 

122 Cai. ,36. 



123 Pet, ,48. Joh. ,58. 

124 Qu. ,54. 

125 Pet. ,52. 

126 Trin. ,42. 
127 

128 S.H. ,04. Joh. ,16. 
Qu. ,20. ,85. ,29* 
Trin. ,22. ,23. Pet. 
,31. B.S. ,30.,34. 

129 Pet. ,43. 

130 Trin. ,33. 

131 Pem. ,44. 

132 Trin. ,20. 

133 Sid. ,35. 

134 T. H. ,58. 

135 Qu. ,49. 

136 Qii. ,54. 

137 Joh. ,58. 

138 Emm. ,47. 

139 Jes. ,49. 

140 Joh. ,41. ,42. ,49. 

141 Qu. ,33. 

142 Joh. ,20. 

143 Joh. ,25. T. H, 
,55. 

144 T. H. ,58. 

145 S. H. ,48. 

146 Cath. ,58. 

147 T. H. ,54. 

148 Cla. 
149 

150 Jes. ,56. 

151 Mag. ,49. 

152 Joh. ,18. ,19. Qu. 
,26. ,39. Mag., 29. 
Emm. ,30. Tem. 

44. 

153 Mag. ,35. 

154 Cath. ,30. 

155 Joh. ,34. 

156 Trin.,26.Peiil.,S4. 

157 C. C. ,46. 

158 Joh. ,35. 

159 Trin. ,38. Joh..l9. 
Chr. ,39. Jes. ,43. 
S.H. ,42. T.H. 
,53. 

160 Jes. ,38. C.C. ,38, 

161 Jes. ,44. 

162 C. C. .33. 

163 Pet. ,32. 

164 C. C. ,25. B. S. 
,28. Mag. ,45. 

165 Cath. ,30. 

166 Joh. ,86. 

167 C. C. ,89. 



tKBKt* 



EXERCISES ON BOOK lY, p. 196, fte. 



1 8. H. ,08. ,12. Chr. 

,33. Pet. ,34. ,38. 

Trin. ,49. 
S Qu. ,20. Emm. ,27. 

Cath.,34. Trin. ,44. 

Jea. ,46. KL 37. 

Joh. ,57. 

8 Qn. ,20. ,30. ,34. 
Trin.,29. Emm.,30. 
C. C. ,35. B.S. ,36. 
Pern. ,40. ,48. ,52. 
Jes. ,52. 

4 Joh. ,16. Pet. ,36. 

5 Trin. ,31. 

6 Emm. ,24. Qu. ,32. 

7 Trin. ,37. Je§. ,47. 
8 

9 Trin. ,23. Sid. ,39. 
,47. Qu. ,41. C. C. 
,45. 

10 Chr. ,27. 

11 S. H. ,16. Qu. ,20. 
,27. C.C. ,28. Joh. 

39 

12 Joh. ,29. 

IS S.H.,13. Trin.,22. 

14 S. H. ,38. 

15 Chr. ,45. 

16 Cai.,88. 

17 Cai. ,35. 

18 Joh. ,23. 

19 Trin. ,21. Chx. ,30. 
,34. 

20 Trin. ,44. ,48. 

21 Cai. ,42. 

22 CaL ,82. 

23 Mag. ,35. 

24 Joh. ,22. 

26 Trin. ,30. S.H. ,36. 



26 Pern. ,29. C.C. ,41. 

27 Pern. ,31. 

28 Joh. ,42. 

29 Jes. ,33. 

30 Trin. ,41. 

31 Qu. ,20. 

32 Joh. ,30. 

33 Joh. ,31. 

84 Pern. ,29. ,35. 

85 S.H. ,13. Qu.,19. 
Emm. ,21. ,33. B.S. 
,26. Cai. ,35. Pern. 
,36. 

36 Jes. ,31. 

37 Trin. ,40. 

38 Joh. ,18. 

39 Joh. ,17. Trin. ,36. 

40 Pet. ,25. 

41 Qu. ,31. 

42 Pet. ,43. 
48 Joh. ,25. 

44 Trin. ,29. 

45 Cai. ,37. 

46 Trin. ,26. Qu. ,32. 
Chr. ,40. Pem.,49. 

47 Trin.,23. Emm.,28. 
,32. ,36. 

48 Emm.,21.Trin.,36. 
Pem. ,42. 

49 Chr. ,26. ,42. 

50 Emm ,21. ,25. ,40. 
,45. Chr. ,39. Pet 
,35. B. S. ,41. 

51 Cai. ,38. Jes. 49. 

62 Trin. ,21. 

63 Emm. ,24. 

54 Joh. ,18. Jei. ,49. 

55 Pet. ,25. • 
66 Trin. ,37. 



67 Trin. ,23. Qu. ,87. 

68 Qu. ,21. |26. ,86. 
69 

60 Emm >25. Mag.,42 

61 QU. ,26. 

62 Cai. 33. B. 8. ,40. 

63 Joh. ,14. ,16. ,37. 
8. H. ,44. 

64 Sid. ,29. Qu. ,48. 

65 Trin. ,31. 

66 C. C ,38. 

67 Chr. ,32. 

68 C. C. .44. 

69 Qu. ,44. 

70 Cath.,80. Mag.,83. 
,37. 

71 Cai. ,40. 

72 Sid. ,38. Trin. ,89. 

73 Cai. ,41. 

74 Trin. ,33. 

75 C. C. ,24. 

76 Trin. 22. B. 8. ,27. 

77 Trin. ,36. 

78 Jes. ,19. Trin. ,21 
,25. ,27. Qu. ,35. 
Pem. ,37. Mag. ,45 

79 Qu. ,3].,40. 
Trin. ,42. 

oO Jes. ,oo. 

81 Trin. ,27. Mag. ,48. 

82 Cai. ,38. 

83 Trin. ,19. 

84 Trin. ,24. 
86 Joh. ,25. 

86 S.H. ,03. TWn. ,24. 
,30. Qu. ,31. ,36. 
Cai. ,35. 



EXEH 3ISES ON BOOK TI, p. 302, &c. 



1 Qu. ,38. Jes. ,46. 

2 C. C. ,31. 

8 Jes. ,19. Trin. ,32. 

.44. 
4 Qu. ,23. Sid. ,34. 

C. C. ,40. 
6 KL ,45. 

6 Pet. ,38. 

7 Cath. ,51. 
R 8. H. ,60. 



9 Pem. ,46. T.H.,46. 

10 Joh. ,23. 

11 Cath., 30. Emm. 
,34. Sid. ,44. 

12 Trin. ,23. CaL ,35. 
Mag. ,37. 

18 Trin. ,30. S.H. ,04. 

Mag. ,44. 
14 Qu. ,20. ,26. ,32. 
16 Joh. ,26. 



16 Cai. ,31. 

17 Trin.— 

18 Qu. ,38. Chr. ,48. 
Trin. ,33. ,44. 

19 Emm.,23.y30.B.8. 
,29. 

20 Chr. ,36. 

21 Joh. ,20. 

22 Joh. ,15. 

23 Joh. ,14. Trin* 927* 



iJNDEZ. 



•28. .82. ,34. ,41. 

,44. Catili.,84. Cbr. 

.44. 
24 Joh. ,19. 
i5 Ou. ,30. C. C. ,40. 

26 Joh. ,28. 

27 Qu. ,38. 

28 Qu. ,34. 

29 Qu. ,24. 

30 Pern. ,d3« 

31 Trin. ,11. ,28. ,4S. 
Jes. .19. Qu. ,21. 
,23. ,26. C. C. ,26. 
Pern. ,32. ,34. ,43. 
Cai. ,33. Emm. ,21, 

32 Joh. ,26. 

33 Qu. ,48. 

34 Pet. ,28. ,35. 

35 Joh. ,19. 

36 Cai. ,36. 

37 Joh. ,26. 

38 Joh.,15. C.C.,37. 

39 Trin. ,25. 

40 Joh^ ,17. 

41 Joh. ,42. 

42 "Emm, ,47. 

43 Pet. ,25. 

44 Trin. ,38. 

45 Joh. ,21 

46 Pet. ,32. 

47 Joh. ,20. 

48 Joh. ,14. 

49 Qu. ,36. 

50 Qu. ,25. 

51 Pet. ,54. 

52 Cai. ,44. 

53 Joh. ,15. 

54 Chr.941. 



55 S. H. ,50. 

56 Mag. ,41. 

57 Pet. ,25. 

58 Joh. ,17. 

59 Qu.,22. 

60 Qu. ,21. 

61 Trin. ,26. 

62 Pet. ,85, 

63 Joh. ,19. 

64 Sid. ,30. Emm. ,49. 

65 Pem. ,30. S.P. ,42. 

66 Qu. ,35. ,36. Pem. 
37. 

67 Trin. ,21. 

68 Joh. ,35. 

69 Pet. ,26. 

70 S.H. ,18. Qu.,20. 

71 Joh. ,18. Cath.,31. 

72 CaL ,45. 

73 Trin. ,35. 

74 Pem. ,31. ,43. Qu. 
,19. ,25. ,43. Trin. 
,22. ,37. CaL ,43. 
Mag. ,32. 

75 Chr. ,48. 

76 S.H,, 39. Pem. .43. 

77 Qu. ,41. 

78 Trin. ,22. Qu. ,39. 
Chr. ,43. 

79 Qu. ,22. ,38. Trin. 
,42. ,44. 

80 Qu..,29. ,35. ,41. 
S. P. ,43. 

81 Qu.,40. 

82 Qu. ,23. ,36. ,88. 

83 Joh. ,13. Trin. ,20. 
Emm. ,24. Chr. ,87. 
,45.Qu.,86.,22.,44. 



84. Trin. ,44. 

85 Trin. ,32. 

86 Qu. ,37. 

87 Joh. ,29. Qu. ,48. 

88 Joh. ,18. 

89 Qu. ,21. 
80 Trin. ,36. 

91 S. U. ,25. 

92 Pet ,33. 

93 Joh. ,19. 
«4 Joh. ,22. Emm. ,26. 

95 Pem. ,34. CO. ,80. 

96 Joh. ,38. 

97 Cath. ,31. 

98 Emm. ,46. 

99 Joh. ,13. ,21. 
Trin. ,29. ,34. 
Qu. ,43. ,38. 

lOOC.C. ,28. Pem. ,42. 

101 C.C.,35.S.H.,11. 
Pem.46.T.H. ,46 

102 Qu. ,41. ,42. 

103 S. H. ,09. B. S. 
,30. ,31. 

104 S. H. ,36. 
1 0.5 Sid. ,29. 

106 Pet. ,36. 

107 Cai. ,89. 

108 Trin. ,11. ,20. ,38, 
,33. Chr. ,35. 

109 Pet ,37. 

110 Cai. ,31. 

111 Joh. .31. Qu. d44p 

112 C. C. ,30. 

113 Joh. ,20. 

114 Emm. ,37* 

115 Trin. ,20. 

116 Cath. ,48. 



EXERCISES ON BOOK XI, p. 336, &e. 



1 Trin. ,29. 
Chr. ,43. ,46. 

2 Chr. ,44. 

3 S.H. ,12. Trin.,27. 

4 Pet. ,25. 

5 S. H. ,20. 

6 Emm. ,58. 

7 Emm. ,34. 

8 Joh. ,51. 

9 B. S. ,51. 



10 Triu. ,3;. ,36. ,46. 
Mag. ,58. CIa.,59. 

11 Cla. ,67. 

12 Pet. ,40. 

13 Trin. ,32. 

14 S. H. ,25. Qu. ,30. 
Trin. ,25. ,35. 

15 Emni. ,32. 

16 Trin. ,24. Cla. ,58. 

17 Cla. ,55. 



18 Cai. ,43. 

19 S. H. ,59. 

20 B. S. ,55. 

21 Trin. ,44. ,47. 

22 Trin. ,30. ,41. 

23 Trin. ,43. 

24 Pet ,60. 

25 Cai. ,46. 

26 Trin. ,57. 

27 S. H. ,33 



INDSX. 



M Chr. ,51. 
29 THn. 
80 Cai. ,44. 
a I Trin. ,22. ,25. 

Mag. ,29. Joh.,84. 

Chr. ,46.' 



S3 Cai. ,42. Mag. ,59. 

83 Qa. ,80. 

84 Trin. ,29. 

85 Trin. ,49. 

36 Joh. ,22. Cai. ,52. 

37 Trin. ,31. 



88 Cai. jn. 

89 Joh. ,81. 

40 Jch. ,14. 

41 Trin. ,28. 

42 Joh. ,29. 



EXERCISES ON BOOK XII, p. 846, &o. 



1 Trin. ,23. ,27. ,46. 
Pem.,30. 8id./31. 
,44. Cai. ,31. ,34. 
,41. Emm. ,36. ,40. 
Chr. ,42. Joh. ,47. 
Qu. ,54. 

2 Je8.,19. Pern. ,32. 
Qu.,48. Chr. ,51. 
Sid. ,52. 

3 Cath. ,30. Trin. 
,32. ,57. 8.H.,03. 
,43. Chr. ,35. ,50. 
Cla. ,57. 

4 Trm. ,32. ,84. 

5 Chr. ,49. 

6 Qu.,25.,29. 
Trin. ,33. ,85. ,44. 
Chr. ,34. ,41., 45. 
Emm. ,39. Cai.,52. 

7 Trin. ,21. Qa.»87. 

8 S. H.,01. 

9 8. H. ,18. Chr. ,88. 

10 Pem. ,45. 

11 C. 0. 



12 S. H. ,44. 

13 Trin. ,50. 

14 Joh. ,22. Cai. ,38. 
8. H. ,43. Emm. 
,53. 

15 Joh. ,21. Chr. ,31. 

16 Cath. ,56. 

17 Trin^,64. 

18 Emm. ,33. 

19 8. H. ,16. 

20 Qu. ,24. 

21 Chr. ,87. 

22 Joh. ,15. 
28 Cai. ,35. 

24 Joh. ,81. 

25 Cai. ,37. 

26 Jea. ,55. 

27 Joh. ,17. 

28 Joh. ,17. 

29 Cai. ,32. 

30 Trin. ,21. Joh. ,16. 

31 Qu. ,36. 
82 C. C. ,50. 
88 Cai. ,50. 



34 Cai. ,51: 

85 Chr. ,32. 
B. 8. ,35. ,87 
Cai. ,41. ,45 

Z6 

37 Joh. ,37. 

38 Cai. ,44. 
39 

40 8. H. ,87. 

41 Qu. «50. 

42 T. H. ,59. 

43 Chr. ,56. ,5t 
44,Joh. ,58. 

45 Chr. ,59. 

46 8. H. ,61. 

47 8. H. ,62. 

48 Trin. ,49. 

49 T. H. ,60. 
50 

51 8. P. ,8i. 

52 Trin. 41. 
68 
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